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The excitations of the 7=3 fractional Hall state, one of the most prominent states in the second Landau

level, are not understood. We study the effect of screening by composite fermion excitons and find that it

causes a strong renormalization at 7=3, thanks to a relatively small exciton gap and a relatively large

residual interaction between composite fermions. The excitations of the 7=3 state are to be viewed as

composite fermions dressed by a large exciton cloud. Their wide extent has implications for experiments

as well as for analysis of finite system exact diagonalization studies.
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While the fractional quantum Hall effect (FQHE) at
filling factor 1=3 was the first one to be understood [1],
its counterpart in the second Landau level (LL), namely,
the 7=3 state, has remained a puzzle. In particular, no
understanding exists of the excitations of the 7=3 state,
which are seen in finite-size exact diagonalization studies
to be strikingly different from those at 1=3. Remembering
that excitations are an integral part of a theory and a
fundamental manifestation of the topological structure
of a FQHE state, this raises the question whether 7=3 and
1=3 states have the same underlying physics. A proper
understanding of the 7=3 state has become all the more
important in view of the recent measurements of its shot
noise [2,3], local electrochemical potential [4], Aharonov-
Bohm interference [5,6], tilted field transport [7], and spin
polarization [8].

To gain insight into this issue, we study the role of
screening by composite fermion (CF) excitons [9–11] at
both 1=3 and 7=3, and find that it causes a substantial
renormalization of the quasiparticle (QP) and quasihole
(QH) at 7=3. The actual excitations of the 7=3 state should
therefore be viewed as composite fermions carrying a large
exciton cloud. This has relevance to experimental studies
of the 7=3 FQHE, and at the same time it shows how one
can rationalize the differences between 7=3 and 1=3 seen in
finite system studies within a common framework.

Exact diagonalization.—We begin by quoting exact
diagonalization results. The spherical geometry [12] is
used for all computations below, which considers N elec-
trons on the surface of a sphere, with a total flux 2Q
(measured in units of the ‘‘flux quantum’’ �0 ¼ hc=e)
passing through the surface. It is assumed that the system
is fully polarized, the width is zero, and LL mixing is
negligible. The phrase ‘‘7=3 state’’ refers to the 1=3 state
in the second LL. It differs from the 1=3 state in the lowest
LL (LLL) because the Coulomb interaction has different
matrix elements in the two LLs. The eigenstates are labeled
by the total orbital angular momentum L.

The Laughlin incompressible state corresponds to 2Q ¼
3N � 3. Here, the Coulomb ground states at both 1=3 and
7=3 obtained from exact diagonalization occur at L ¼ 0,
although the overlap between the two given in Table I is not
very high. The QH and QP are obtained by adding or
removing a flux quantum, i.e., at 2Q ¼ 3N � 2 and 2Q ¼
3N � 4, respectively [14]. For 1=3, the lowest state at both
these values of 2Q occurs at L ¼ N=2 (see Fig. 1 for 2Q ¼
3N � 2), which is well separated from the continuum of
other excitations; this state is identified with the QP or QH.
The structure at 7=3 is strikingly different. As seen in Fig. 1
for 2Q ¼ 3N � 2, no single state can be identified as a QH,
and the lowest state occurs at L � N=2 for up to N ¼ 15.
The same is true for the QP. Furthermore, the lowest state
in the L ¼ N=2 sector is very different from the 1=3 QP
and QH, as seen from the overlaps in Table I.
Entanglement spectrum (ES).—We next study edge exci-

tations by calculating the ES [15–19], which has been
shown to capture the structure of the FQHE edge. The
orbital ES [15] (OES) and real space ES [17–19] (RSES)
of the Laughlin state show the counting of 1; 1; 2; 3; 5; . . . as

TABLE I. Comparison of the 1=3 and 7=3 FQHE. Squared
overlaps are given for the corresponding ground states, QPs, and
QHs, all evaluated using the exact Coulomb eigenstates. N is the
total number of particles and L is the total orbital angular
momentum. At 7=3 the lowest energy QP and QH states occur
at L � N=2; we have taken the lowest energy state in the
L ¼ N=2 sector to evaluate the overlaps. The dimension of
the Fock space for N ¼ 15 at 2Q ¼ 43 is >2:2� 109. For the
ground state, the overlaps for up to N ¼ 9 were obtained
previously [13].

N 8 9 10 11 12 13 14 15

Ground state 0.39 0.29 0.37 0.59 0.33 0.39 0.44 0.38

L ¼ N=2 QP 0.18 0.17 0.23 0.13 0.18 0.24 0.12 0.17

L ¼ N=2 QH 0.39 0.31 0.33 0.41 0.23 0.34 0.33 0.27
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we move away from the maximum angular momentum,
consistent with an edge described in terms of a single
boson [20]. Not surprisingly, the Coulomb 1=3 state also
shows the same counting. The situation is more subtle for
7=3, however. To calculate the ES, we cut the Hilbert space
into two parts A and B and then calculate the reduced
density matrix of A by a partial trace of the density matrix
over the degrees of freedom in B, i.e., �̂A ¼ TrBj�ih�j,
where � is the ground state. The eigenvalues of �̂A have
the form e�� and a plot of � produces the ES. In the OES,
the region A contains the lA orbitals localized in the north-
ern hemisphere. In the RSES, the real space is partitioned
and we choose the A region to be the northern hemisphere.
The OES is closely related to the RSES [17,18] since the
single-particle orbitals are localized in real space. In both

cases, �̂A commutes with N̂A and L̂A
z , the particle number

operator, and the z component of the orbital angular mo-
mentum operator of regionA, so �̂A can be reduced to blocks
labeled by NA and LA

z . As shown in Figs. 2(a) and 2(b),
the OES for the N ¼ 10 case does not have the single
boson edge structure, but we can identify a counting of
1, 1, 2, 3, 5 in theN ¼ 12 spectrum, which suggests that the
single boson edge spectrum is emerging with increasing N.
For the RSES, the single boson edge spectrum counting can
be observed for both N ¼ 10 and N ¼ 12, as shown in
Figs. 2(c) and 2(d), demonstrating that the RSES better
captures the thermodynamic behavior than the OES.

CF-exciton screening.—The fact that in both the lowest
and the second LLs, the Coulomb interaction produces
incompressible states (i.e., uniform L ¼ 0 ground states
with a gap) at 2Q ¼ 3N � 3 with similar entanglement
spectra, suggests similarity between the FQHEs at 7=3 and
1=3. Yet, the exact Coulomb QP and QH excitations are
strikingly different for these two states. How can we rec-
oncile these apparently conflicting messages? In what
follows, we show that a possible resolution to this puzzle
lies in a strong screening by CF excitons [10,11] at 7=3.
One may expect such screening to be significant at 7=3
because here, compared to 1=3, the exciton gap is much
smaller and the residual interaction between composite
fermions is much stronger.
We recall the basic facts of the CF theory [9]. Composite

fermions are bound states of electrons and quantized vor-
tices. They experience an effective magnetic field and form
LL-like levels called � levels (�Ls). Their filling �� is
related to the electron filling factor � by the relation � ¼
��=ð2p�� � 1Þ. In particular, the filling � ¼ 1=3maps into
�� ¼ 1 of composite fermions. The ground state at 1=3
corresponds to Laughlin’s wave function. The CF hole
(CFH) and CF particle (CFP) are shown schematically in
the upper panels of Fig. 3. The ‘‘dressed’’ CFP and CFH
are shown schematically in the lower panels of Fig. 3. To
estimate the quantitative effect of screening, we perform
CF diagonalization [21] (CFD) in the extended subspace
containing the states shown in both upper and lower panels
of Fig. 3.
For completeness, we give an outline of the CFD pro-

cedure [21]. We first construct a basis f�ð1Þ
� g of all Slater

determinant states at �� ¼ 1 of the type shown in both
panels of Fig. 3. These include a single CFH and CFP, and

FIG. 1 (color online). Comparing quasiholes at 1=3 and 7=3.
Left panels show the exact Coulomb spectra in the spherical
geometry for total flux 2Q ¼ 3N � 2 in the lowest LL. The right
panels show corresponding spectra at 7=3. N is the number of

electrons, and the energy is quoted in units of e2=�‘, where ‘ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
@c=eB

p
is the magnetic length and � is the dielectric constant of

the host material. The lowest energy state at 1=3 at total orbital
angular momentum L ¼ N=2 is identified as the 1=3 QH. The
spectrum at 7=3 has a very different structure.

FIG. 2 (color online). Entanglement spectra of the exact
Coulomb 7=3 state for 10 and 12 electrons. Orbital entanglement
spectrum for (a) N ¼ 10, NA ¼ 5, and lA ¼ 14 and (b) N ¼ 12,
NA ¼ 6, and lA ¼ 17. Real space entanglement spectra for
(c) N ¼ 10 and NA ¼ 5 and (d) N ¼ 12 and NA ¼ 6. The
counting of relevant states is indicated.
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a CFH and CFP þ a CF particle hole pair. We diagonalize
L2 to obtain the basis in each angular momentum

sector denoted f�ð1Þ
L;�g. We then composite fermionize [9]

this basis according to f�ð1Þ
L;� ¼ P LLL

Q
j<kðujvk �

ukvjÞ2�ð1Þ
L;�g, where P LLL denotes projection into the

LLL, � labels different states at a given L, and u ¼
cosð�=2Þeið�=2Þ and v ¼ sinð�=2Þe�ið�=2Þ are spinor coor-
dinates of a particle on a sphere. (The L quantum number is
conserved under this mapping.) The LLL projection is
carried out by the method in Ref. [22]. We finally obtain

the spectrum by diagonalizing within the basis f�ð1Þ
L;�g the

Coulomb Hamiltonian. The orthogonalization of the basis
functions and the determination of the interaction matrix
elements require evaluation of multidimensional integrals,
which is performed using the Monte Carlo method
described previously [21].

We begin by studying the effect of screening by CF
excitons at 1=3. Here, the bare CFH and CFP are already
very accurate, as shown in Fig. 4. Screening by excitons

makes only a small difference but brings the dressed CFP
and CFH into an almost exact agreement with the actual
Coulomb QP and QH. The situation at 7=3 is very differ-
ent. The 7=3 state is simulated in the LLL by working with
the interaction

VeffðrÞ¼1

r
þ B3ffiffiffiffiffiffiffiffiffiffiffiffi

r6þ1
p þ B5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r10þ10
p þðC0þC1rþC2r

2Þe�r2 ;

where r is in units of magnetic length ‘. With B3 ¼ 1,
B5 ¼ 2:25, C0 ¼ �20:94019, C1 ¼ 12:98214, and C2 ¼
�1:53215, this interaction produces almost exactly the
same matrix elements in the LLL as the Coulomb inter-
action in the second LL [23,24]. The CFD spectra are
shown in Fig. 5; red dashes mark the energy of the bare
CFP and CFH. We will tentatively identify the lowest
L ¼ N=2 state as the dressed QP and QH. A substantial
dressing of the CFP and CFH by excitons is indicated by
a lowering of its energy by an amount comparable to the
7=3 gap [25], and also by a significant change in the
density profiles (Fig. 6), which shows that the dressed
CFP and CFH have a much larger size than the bare
ones. Figure 6 also shows the density profiles of the
Coulomb QP and QH, which have a diameter of >30‘,
much larger than �12‘ for the bare particles. While the
density of the dressed CFP and CFH at 7=3 agrees well
with the density of the Coulomb QP and QH at small r,
deviations appear at larger r, implying that dressing by a
single exciton is inadequate. Inclusion of two or more

FIG. 3 (color online). The ‘‘bare’’ CF hole at 1=3 is a missing
composite fermion in the lowest �L (upper left), while the
‘‘bare’’ CF particle is an additional composite fermion in the
second �L (upper right). The lower panels show schematically a
‘‘dressed’’ CF hole and a ‘‘dressed’’ CF particle screened by a
single exciton, where the exciton is a neutral CF particle-hole
pair. The horizontal lines are �Ls, and the spheres with two
arrows represent composite fermions carrying two vortices.

FIG. 4 (color online). The density profiles �ðrÞ=�0 at � ¼ 1=3
for bare and dressed CF hole and CF particle along with those for
the exact Coulomb quasiparticle and quasihole located at the
origin (the North Pole). Here �0 is the density of the background
FQHE state. The results are for a system of N ¼ 15 particles.

FIG. 5 (color online). Spectra for CF hole (left) and CF
particle (right) at � ¼ 7=3 obtained from CF diagonalization.
The dressed CF hole and the dressed CF particle are encircled.
The energy of the bare CFH and CFP is shown by a red dash.
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excitons will bring the dressed particles closer to the real
ones but we have not pursued that.

The large QP and QH size at 7=3 provides a possible
rationalization for the puzzling behavior seen in exact
diagonalization studies (e.g., Fig. 1): these are unable to
capture the true character of the QP or QH because the
system sizes are small compared to the size of the QP or
QH. This view is supported by the N dependence of CFD
spectra. The state at L ¼ N=2 (marked by a circle in Fig. 5)
does not have the lowest energy in small systems, but with
increasing N, it moves down, becoming the lowest energy
state for sufficiently large N. The value of N where the
crossover takes place for the QP does not match precisely
in exact and CF diagonalizations [26], which is not surpris-
ing because (i) our interaction accurately reproduces sec-
ond LL pseudopotentials in the planar geometry but will
have finite-size corrections on the sphere and (ii) screening
by more than one exciton has been neglected. Nonetheless,
we believe that our CFD results combined with the ground
state studies and entanglement spectra make it plausible
that for sufficiently large N the lowest energy Coulomb
states may also occur at L ¼ N=2. That makes it likely that
7=3 and 1=3 are governed by similar physics. In other
words, while the exciton screening has a large quantitative
effect at 7=3, it probably does not cause a phase transition.

The above physics is somewhat reminiscent of
Skyrmions, wherein the spin texture of a spin reversed
electron at � ¼ 1 is enlarged due to dressing by low energy
spin waves [27]. The study of that complex excitation has
given rise to much elegant physics. We do not consider the
spin degree of freedom above.

Implications for experiments.—The renormalization of
the 7=3 CFP and CFH implies a renormalization of com-
posite fermions in the 7=3 ground state as well. In other
words, the 7=3 state is to be thought of as one filled �L of
dressed composite fermions. That explains why it is poorly
described in terms of free composite fermions, and why it
is much less robust than the 1=3 state. One may ask if other
fractions of the form 2þ n=ð2n� 1Þ can be understood as
filled �Ls of dressed composite fermions; numerical
studies [28] do not support a two filled �L description of
2þ 2=5 for systems with zero width. We note that screen-
ing by excitons is, of course, always present—it is fortu-
nate that such screening has a negligible effect in the LLL,
allowing an accurate quantitative description in terms of
bare composite fermions.
The strikingly large size of the QP and QH (�500 nm

for typical experimental conditions) has relevance to sev-
eral experiments. A substantial enhancement in tunneling
across a narrow constriction at 7=3, as compared to 1=3
(or 5=3), may be observable. The large size of the 7=3 QPs
and QHs should make an interference measurement of
their braid statistics [29] more challenging, which requires
that the braiding particles do not overlap [30]. It is also
relevant to the issue of localization of composite fermions
by disorder, because the localization length is sensitively
dependent on the size of the localized particle. These
considerations are pertinent to the local electrometry
measurements [4], Aharanov-Bohm oscillations [5], and
interference spectroscopy [6] where phase slips have been
observed and interpreted in terms of fractional braid
statistics. The large size of dressed CFP and CFH implies
that their crystal in the vicinity of 7=3 is unlikely; evidence
for such a crystal in the vicinity of 1=3 is seen in micro-
wave experiments [31], which show conductivity reso-
nances interpreted as pinning modes of the CFP and CFH
crystals [31,32]. Finally, the complex structure of the 7=3
QP and QH should make them more susceptible to external
perturbations, such as a mass anisotropy [7,33].
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[25] A. Wójs, Phys. Rev. B 80, 041104(R) (2009).
[26] For QP, the crossover does not occur until N ¼ 15 in exact

diagonalization but occurs already at N ¼ 10 in CFD.
[27] S. L. Sondhi, A. Karlhede, S. A. Kivelson, and E.H.

Rezayi, Phys. Rev. B 47, 16419 (1993); H.A. Fertig, L.
Brey, R. Cote, and A.H. MacDonald, Phys. Rev. B 50,
11018 (1994); R. L. Doretto, A. O. Caldeira, and S.M.
Girvin, Phys. Rev. B 71, 045339 (2005).

[28] G. J. Sreejith et al., arXiv:1301.6565.
[29] B. I. Halperin, Phys. Rev. Lett. 52, 1583 (1984).
[30] H. Kjønsberg and J. Myrheim, Int. J. Mod. Phys. A 14, 537

(1999); H. Kjønsberg and J.M. Leinaas, Nucl. Phys. B559,
705 (1999); G. S. Jeon, K. L. Graham, and J. K. Jain, Phys.
Rev. Lett. 91, 036801 (2003); Phys. Rev. B 70, 125316
(2004).

[31] H. Zhu, Y. P. Chen, P. Jiang, L.W. Engel, D. C. Tsui, L. N.
Pfeiffer, and K.W. West, Phys. Rev. Lett. 105, 126803
(2010).

[32] H. Yi and H.A. Fertig, Phys. Rev. B 58, 4019 (1998); R.
Narevich, G. Murthy, and H.A. Fertig, Phys. Rev. B 64,
245326 (2001); C.-C. Chang, G. S. Jeon, and J. K. Jain,
Phys. Rev. Lett. 94, 016809 (2005); A. C. Archer and J. K.
Jain, Phys. Rev. B 84, 115139 (2011).

[33] M. Padmanabhan, T. Gokmen, and M. Shayegan, Phys.
Rev. B 80, 035423 (2009); 81, 113301 (2010); T. Gokmen,
M. Padmanabhan, and M. Shayegan, Nat. Phys. 6, 621
(2010); Y. Liu, S. Hasdemir, M. Shayegan, L. N. Pfeiffer,
K.W. West, and K.W. Baldwin, arXiv:1302.6304.

PRL 110, 186801 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
3 MAY 2013

186801-5

http://dx.doi.org/10.1103/PhysRevLett.108.226801
http://dx.doi.org/10.1038/nature09680
http://dx.doi.org/10.1073/pnas.0812599106
http://dx.doi.org/10.1073/pnas.0812599106
http://arXiv.org/abs/1112.3400
http://dx.doi.org/10.1038/nphys2118
http://dx.doi.org/10.1038/nphys2118
http://dx.doi.org/10.1103/PhysRevLett.110.026801
http://dx.doi.org/10.1103/PhysRevLett.63.199
http://dx.doi.org/10.1103/PhysRevLett.69.2843
http://dx.doi.org/10.1103/PhysRevB.61.13064
http://dx.doi.org/10.1103/PhysRevB.61.13064
http://dx.doi.org/10.1103/PhysRevLett.54.581
http://dx.doi.org/10.1103/PhysRevLett.54.581
http://dx.doi.org/10.1103/PhysRevLett.51.605
http://dx.doi.org/10.1088/0022-3719/21/1/010
http://dx.doi.org/10.1088/0022-3719/21/1/010
http://dx.doi.org/10.1103/PhysRevLett.101.010504
http://dx.doi.org/10.1103/PhysRevLett.101.010504
http://dx.doi.org/10.1103/PhysRevLett.106.100405
http://dx.doi.org/10.1103/PhysRevLett.106.100405
http://dx.doi.org/10.1103/PhysRevB.85.115321
http://dx.doi.org/10.1103/PhysRevB.85.115321
http://dx.doi.org/10.1103/PhysRevB.85.125308
http://dx.doi.org/10.1103/PhysRevB.85.125308
http://dx.doi.org/10.1103/PhysRevLett.108.256806
http://dx.doi.org/10.1103/PhysRevLett.108.256806
http://dx.doi.org/10.1142/S0217979292000840
http://dx.doi.org/10.1103/PhysRevB.66.155302
http://dx.doi.org/10.1103/PhysRevB.66.155302
http://dx.doi.org/10.1103/PhysRevB.55.R4895
http://dx.doi.org/10.1103/PhysRevB.55.R4895
http://dx.doi.org/10.1142/S0217979297001301
http://dx.doi.org/10.1103/PhysRevB.77.155127
http://dx.doi.org/10.1103/PhysRevB.77.155127
http://dx.doi.org/10.1103/PhysRevLett.96.246805
http://dx.doi.org/10.1103/PhysRevB.80.041104
http://dx.doi.org/10.1103/PhysRevB.47.16419
http://dx.doi.org/10.1103/PhysRevB.50.11018
http://dx.doi.org/10.1103/PhysRevB.50.11018
http://dx.doi.org/10.1103/PhysRevB.71.045339
http://arXiv.org/abs/1301.6565
http://dx.doi.org/10.1103/PhysRevLett.52.1583
http://dx.doi.org/10.1142/S0217751X99000270
http://dx.doi.org/10.1142/S0217751X99000270
http://dx.doi.org/10.1016/S0550-3213(99)00353-3
http://dx.doi.org/10.1016/S0550-3213(99)00353-3
http://dx.doi.org/10.1103/PhysRevLett.91.036801
http://dx.doi.org/10.1103/PhysRevLett.91.036801
http://dx.doi.org/10.1103/PhysRevB.70.125316
http://dx.doi.org/10.1103/PhysRevB.70.125316
http://dx.doi.org/10.1103/PhysRevLett.105.126803
http://dx.doi.org/10.1103/PhysRevLett.105.126803
http://dx.doi.org/10.1103/PhysRevB.58.4019
http://dx.doi.org/10.1103/PhysRevB.64.245326
http://dx.doi.org/10.1103/PhysRevB.64.245326
http://dx.doi.org/10.1103/PhysRevLett.94.016809
http://dx.doi.org/10.1103/PhysRevB.84.115139
http://dx.doi.org/10.1103/PhysRevB.80.035423
http://dx.doi.org/10.1103/PhysRevB.80.035423
http://dx.doi.org/10.1103/PhysRevB.81.113301
http://dx.doi.org/10.1038/nphys1684
http://dx.doi.org/10.1038/nphys1684
http://arXiv.org/abs/1302.6304

