PHYSICAL REVIEW RESEARCH 3, 033087 (2021)

Parton wave function for the fractional quantum Hall effect at v = 6/17

Ajit C. Balram

"and A. Wéjs?

Unstitute of Mathematical Sciences, HBNI, CIT Campus, Chennai 600113, India
2Department of Theoretical Physics, Wroctaw University of Science and Technology, 50-370 Wroctaw, Poland

® (Received 16 May 2021; accepted 21 June 2021; published 23 July 2021)

We consider the fractional quantum Hall effect at the filling v = 6/17, where experiments have observed
features of incompressibility in the form of a minimum in the longitudinal resistance. We propose a parton state
denoted as “321%” and show it to be a feasible candidate to capture the ground state at v = 6/17. We work out
the low-energy effective theory of the 3213 edge and make several predictions for experimentally measurable
properties of the state which can help detect its underlying topological order. Intriguingly, we find that the 3213
state likely lies in the same universality class as the state obtained from composite-fermionizing the 14 1/5

Laughlin state.
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I. INTRODUCTION

Two-dimensional electrons subjected to a strong perpen-
dicular magnetic field and cooled to ultralow temperatures
arrange themselves in some of the most exotic strongly cor-
related states realized in nature. This marvelous collective
phenomenon, known as the fractional quantum Hall effect
(FQHE) [1], is a paradigm for studying interacting electronic
systems that cannot be connected by perturbation theory to
free electrons. In the lowest Landau level (LLL) FQHE pri-
marily occurs at filling factors v = n/(2pn £ 1), where n and
p are positive integers. These states can be explained as a
manifestation of the integer quantum Hall effect (IQHE) of
composite fermions (CFs) [2] which are topological bound
states of electrons and an even number (2p) of quantized
vortices. A major portion of the FQHE phenomenology that
occurs in the LLL can be well understood using the the-
ory of noninteracting CFs [3]. Nevertheless, in the range of
fillings 1/3 < v < 2/5 very high-quality samples exhibit sig-
natures of FQHE atv = 4/11, 5/13, 6/17, 3/8, 3/10, 4/13,
and 5/17 [4-8]. An understanding of these fragile states ne-
cessitates going beyond the framework of weakly interacting
composite fermions as these states likely arise from an FQHE
of CFs themselves [9-12]. This article focuses on one such
state, namely, the 6/17 FQHE.

Amongst the aforementioned delicate states, incompress-
ibility has already been established at 4/11 and 5/13.
Experiments by Pan et al. [5] provided the first evidence
for the existence of a gapped state at 4/11. Subsequently,
Samkharadze et al. [6] also confirmed the formation of an
incompressible state at 4/11. Samkharadze et al. [6] further
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showed that incompressibility also occurs at 5/13. However,
they found that at the lowest accessible temperatures 6/17
remains compressible. Encouragingly, recent experiments on
ultra-high-mobility samples show strong features of FQHE in
the form of deep longitudinal resistance minimum at many
fractions between 1/3 and 2/5 including possibly at 6/17
[8]. These results suggest that just like at 4/11 and 5/13 the
ground state at 6/17 could be an FQHE state. It would be
interesting to study in detail the nature of the 6/17 state in
these ultrapure samples in the future. We note that although
the 6/17 state may be nonfully spin-polarized [12], in this
article, we focus only on the nature of a fully polarized state
that could occur at this filling.

In the CF theory, the v =06/17 state of electrons is
described by the v* = 6/5 = 1 4 1/5 state of CFs [the elec-
tronic filling v is related to the CF filling v* as v = v*/(2v* +
1)]. The 6/5 state of CFs, in turn, arises from filling the lowest
CF-Landau-like level [called the Lambda level (AL)] and cre-
ating a 1/5 FQHE state of CFs in the second AL (SAL). The
natural expectation that CFs form a 1/5 Laughlin state [13] in
the SAL is not readily supported by numerical calculations
[14,15]. The pseudopotentials {V,,} (V,, denotes the energy
penalty for placing two particles in the relative angular mo-
mentum m state) of CFs [12,16-21] indicate that the residual
interaction between two CFs occupying the SAL in the pres-
ence of the filled lowest AL (LAL) is hollow-core-like, i.e.,
the interaction is dominated by a strong repulsion in the m = 3
channel. For comparison, the Coulomb interaction between
electrons in the LLL, which stabilizes the 1/5 Laughlin state
[22-24], is dominated by the hard-core V| pseudopotential.
Thus, for interactions where V3 > V,, Vi # 3, the case real-
ized for CFs in the SAL, it is not clear if the 1/5 Laughlin
state could be stabilized.

Motivated by the form of the CF-CF interaction, W¢js, Yi,
and Quinn (WYQ) proposed using the V3-only interaction as a
model Hamiltonian [20] to study the FQHE states arising from
interacting CFs residing in their SAL. Numerical studies of
the WYQ model show that it produces an exact zero-energy
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ground state at filling factor 1/5 [20,25]. This state, which
we shall refer to as the 1/5 WYQ state, is topologically
different from the 1/5 Laughlin state since it occurs at a
different shift [26] in the spherical geometry. Note that the 1/5
Laughlin state is also an exact zero-energy state of the WYQ
Hamiltonian, but it occurs at a lower density than the 1/5
WYQ state. Nonetheless, the gaps of the 1/5 WYQ state for
the V3-only Hamiltonian do not extrapolate to a positive value
in the thermodynamic limit indicating that it is a compress-
ible state [27]. Thus, even the WYQ model is inadequate to
understand the 6/5 state of CFs, and thereby an underlying
mechanism for the 6/17 FQHE is lacking. We note that these
results suggest that the consideration of only the interaction
between two CFs may be insufficient to determine the nature
of the delicate FQHE states arising from a partial filling of the
SAL. In principle, one can incorporate interaction between
three-CFs and further higher-body correlations [21], but doing
so in practice is an extremely challenging task.

In this work, instead of taking recourse to the CF theory, we
take a different approach and directly propose a wave function
for the 6/17 state of electrons. A recent work [28] showed that
a parton state [29] can be used to understand the 4/11 FQHE.
Building on that work, we construct a parton wave function
at 6/17 and show that it provides a plausible representation
of the numerically obtained Coulomb ground state in the
LLL. Furthermore, we use the low-energy theory of the 6/17
parton edge to make predictions that could be tested out in
future experiments. Remarkably, we find that the topological
properties of our parton state are identical to those of the
v* = 1+ 1/5 Laughlin state mentioned above which suggests
that they are likely different microscopic manifestations of the
same underlying phase. At present we do not know of a way to
directly interpret our parton state as a composite-fermionized
(CFized) 6/5 state, where the CFs form a 1/5 Laughlin liquid
in the SAL.

The article is organized as follows. In the next section,
Sec. II, we provide a primer on parton states and introduce
our ansatz for the 6/17 FQHE. Then in Sec. III we present
extensive results comparing our wave function with the LLL
Coulomb ground state at 6/17 obtained from brute-force di-
agonalization. In Sec. IV we discuss topological properties
of our state that are determined from a low-energy effective
theory of its edge. We wrap up the paper in Sec. V with a
discussion of the experimental signatures that could reveal the
parton order.

II. PRIMER ON PARTON STATES AND THE PARTON
ANSATZ FOR 6/17

Generalizing the idea of composite fermions, Jain intro-
duced the parton theory [29] to construct a larger class of
FQHE wave functions. In the parton theory, one imagines
dividing the electron into g fictitious objects called partons. To
construct an incompressible state, each of the partons is placed
in an IQHE state at filling factor n,, where y =1,2,...,¢
labels the different parton species. The resulting state denoted

as “nimpnz . ..," is described by the wave function
q
wpn = Py || @, Gz, (1)
y=1

where z; = x; — iy is the complex representation of the two-
dimensional coordinate of the kth electron, ®, is the wave
function for the state with n filled LLs of noninteracting
electrons, and P denotes projection into the LLL as is
appropriate for the high field limit. The effective magnetic
field seen by the partons can be antiparallel to that experienced
by the electrons. Such states correspond to negative fillings for
the partons, which we denote by 71, with ®; = &_, = 7.

The partons are unphysical entities so they should be stuck
back together to recover the physical electrons. At the level
of wave functions, this gluing procedure is implemented by
setting the different parton species coordinates z; equal to
the electron coordinate z, i.e., z,f = z; for all y. Thus, each
Slater determinant wave function ®,, in Eq. (1) is composed
of all the electronic coordinates {z;}. As the density of each
parton species is identical to the electronic density and all the
partons are exposed to the same external magnetic field, the
charge of the y parton species e, is related to the electron’s
charge —e as e, = —ve/n,,. The constraint that the sum of the
parton charges add up to the electronic charge implies that the
electronic filling factor is givenas v = [3_1_, n']~" in terms
of the parton fillings {n, }.

Many notable classes of FQHE states can be obtained as
special cases of parton states. The Laughlin state [13] at v =

1/(2p+ 1), described by the wave function \I/ll}‘iti%lzlzlz Ly =
cDZp-H

", can be viewed as the (2p + 1)-parton state where each
parton forms a v = 1 IQHE state. The Jain states, described
by the wave function \Ili’i'; J@pntly = PLiL <I>inCI>%p , can be re-
interpreted as (2p + 1)-parton states where 2p partons form
a v =1 IQHE state and one parton forms a v = £n IQHE
state. Numerous parton states, beyond the Laughlin and Jain
states, have been proposed as promising candidates to de-
scribe FQHE states occurring in the SAL [28], second LL
(SLL) [24,30-35], wide quantum wells [36], and in the LLs of
graphene [33,35,37-40]. These works suggest that it is plau-
sible that viable candidate parton states can be constructed to
capture all the observed FQHE states [24,32].

For the 6/17 FQHE, we propose the parton state denoted
as “3213” and described by the wave function
wher

313
Wity = PLL®s[ @] @] ~ o

This state is the n = 3 member of the n213 sequence, the
n =4 member of which was recently shown to be relevant
for the 4/11 FQHE [28]. The ~ sign in Eq. (2) denotes that
the states on either side of the sign differ in details of how
the projection to the LLL is implemented. We expect that
such details do not change the universality class of the wave
function [41]. The form of the 321> wave function given on
the rightmost side of Eq. (2) is the one that is amenable to a
numerical evaluation and thus it is this form that we shall use
in the numerical computations shown below. On the spherical
geometry, this state occurs at a shift [26] of S = 4. Moreover,
it is the only known shift where the LLL Coulomb ground
state at 6/17 is consistently uniform and incompressible for
all accessible finite systems [12].

Interestingly, the shift of the above parton state is the same
as that of the 6/17 state which results from filling the LAL
and forming the 1/5 Laughlin state in the SAL [12]. The wave
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function for this state, which we called “CFized 6/5,” is given
by

CFized 6/5
Yo7 P = P @iy, 3

where @ /5 denotes the state of electrons in which the LLL
is filled and a 1/5 Laughlin state is formed in the SLL. We
note that in comparison to the wave function given in Eq. (2),
itis a daunting task to numerically construct the wave function
given in Eq. (3). Nevertheless, we shall show below that these
two states likely lie in the same topological phase. In contrast,
the 6/17 state resulting from filling the LAL and forming the
1/5 WYQ state in the SAL occurs at a shift S = 14/3 [12]
and thus is topologically distinct from the 3217 state. The LLL
Coulomb ground state for N = 14 electrons is not uniform
at this shift of S = 14/3 [12] which suggests that the 6/17
FQHE is unlikely to lend itself to a description in terms of a
CFized 1 4+ 1/5 WYQ state.

III. NUMERICAL RESULTS

For all our numerical computations we shall use Haldane’s
spherical geometry [42]. In this geometry, N electrons move
on the surface of a sphere in the presence of a radial magnetic
field that produces a flux of strength 2Q(hc/e) (2Q is a pos-
itive integer). The total orbital angular momentum L and its
z-component L, are good quantum numbers in this geometry.
Quantum Hall states on the sphere have L = 0 and occur
when 2Q = v_!N — S, where S is a rational number called
the shift [26]. In particular, the shift [26] of the parton states
of BEq. (1)is S = ZZ:] n,. The IQHE state with n filled LLs

can only be constructed on the sphere when N > n? with N
being divisible by n. Thus, the 321° state of our interest can
only be constructed on the sphere for N = 6/, where [ is an
integer with [ > 2. Only the smallest system with N = 12 and
2Q = 30, which has a Hilbert space dimension of about 2.27
million, is accessible to exact diagonalization (ED). Below we
shall present in detail our results obtained from ED on this
system. The next system for which the 3213 wave function can
be constructed is that of N = 18 electrons at flux 2Q = 47.
This system has a dimension of over 61 billion and is well
beyond the reach of ED.

To compare the 3213 state against results obtained from ED
it is useful to have the Fock-space representation of the parton
state. In particular, this facilitates a calculation of overlaps and
energies of the trial state for a wide range of interactions. To
obtain the second-quantized representation of the 321° wave
function we use the method outlined in Refs. [24,30,43]. Since
the 3213 state is uniform we first evaluate all the total orbital
angular momentum L = O states for the relevant system and
then find the expansion coefficients of the desired wave func-
tion on this basis of all the L = O states.

To obtain an orthonormal set of basis states for the L =0
subspace we first evaluate dimension(L = 0) number of lin-
early independent L = 0 states by starting with random initial
vectors in the L, = 0 subspace and Lanczos diagonalizing
the L? operator using these vectors. Next, to orthogonal-
ize the vectors obtained in the previous step we use the
Gram-Schmidt orthogonalization procedure. Finally, if the or-
thogonalization spoils the L = 0 value of any state, we rerun
a few L? Lanczos iterations on it to ensure that the vector, in

1.0 +
=
0.5 N =12, 2Q =30
- exact LLL Coulomb state
. 3213 state
0.0
0 5 10

r/¢, r is the arc distance

FIG. 1. The pair correlation function g(r) as a function of the
distance r, measured in units of the magnetic length ¢, along the arc
of the sphere for the exact lowest Landau level Coulomb ground state
(red), and the 3213 state of Eq. (2) (blue) for N = 12 electrons at flux
20 = 30.

the end, has L = 0. Correcting the vectors this way, we end up
with a complete set of orthogonal L = 0 vectors.

To find the expansion coefficients, we evaluate the wave
function given in Eq. (2) as well as all the L = O states for
a sufficiently large number of configurations {z;} of the par-
ticles. This results in a set of linear equations the solution
of which gives us the requisite expansion coefficients. To
numerically calculate the wave function given in Eq. (2) we
obtain the constituent 12-particle 2/3 and 3/7 Jain states [44]
by a direct brute-force projection of the respective unprojected
Jain states to the LLL.

The exact LLL ground state of the system of N = 12 elec-
trons at flux 2Q = 30 is uniform and has per-particle Coulomb
energy, including the contribution of the positively charged
background, of —0.4361 ¢?/(et), where £ = /Tic/(eB) is the
magnetic length, B is the magnetic field and € is the dielectric
constant of the background host material. In comparison, the
Coulomb energy of the 3213 state is —0.4276 €2 /(e£) which
is within 2% of the exact energy. The overlap of the exact
Coulomb ground state with the 321° wave function is 0.72.
This agreement, although not as exquisite as that between the
exact LLL Coulomb ground state and the Laughlin or Jain
states [3,23,34,45], is on par with that of other candidate states
that arise in the SAL [28] and the SLL [34].

In Fig. 1 we show a comparison of the pair-correlation
function g(r) of the exact Coulomb ground state and the 321°
states. The g(r) of the exact and 3213 states are in good agree-
ment with each other. Both states show decaying oscillations
at long distances which is a typical fingerprint of gapped
states [46—48]. While the g(r) of the two states differ in the
short-to-intermediate distance regime, at long distances, the
g(r) of the 3213 state nicely tracks the g(r) of the exact state.
Thus, although the 3213 state does not provide an extremely
accurate microscopic description of the LLL Coulomb ground
state, it likely lies in the same topological phase as the true
ground state. The g(r) of the 321° and the Coulomb ground
state lack a “shoulder-like” feature at intermediate distances
(seen in non-Abelian states [33,49,50]) which suggests that
these states are Abelian.

To further assess the stability of the 3213 state we have
calculated its overlap with the Coulomb ground state incor-
porating finite well-width corrections. We take a simplified
model to simulate the effect of finite-thickness in which the
transverse wave function of the quantum well is taken to be
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FIG. 2. Overlaps of the 3213 state with the exact lowest Landau-
level Coulomb ground state (red diamonds) and neutral gaps (blue
squares) as a function of the well width w/£. Results are shown for
the spherical (filled symbols) and disk (open symbols) pseudopoten-
tials for a system of N = 12 electrons at flux 2Q = 30.

that of the ground state of an infinite square well of width
w. To allow for further variations in the interaction, we have
evaluated the exact ground state using both the spherical and
planar disk pseudopotentials. The overlaps of the 3213 state
with the exact ground state of this model finite-width interac-
tion are shown in Fig. 2. The overlaps are of the order 0.75
and increase as the well width is increased indicating that the
finite thickness of the quantum well enhances the stability of
the 3213 state. We mention here that, taking into account the
effect of finite width, WYQ argued that the 6/17 FQHE could
arise from the formation of a 1/5 Laughlin state of CFs in the
SAL [20]. Our finite-width results lend further support to their
assertion.

Next, we turn to evaluate gaps for the 6/17 FQHE. Since
only a single system is accessible to ED we have not been
able to estimate the thermodynamic gaps of the 6/17 state.
Nevertheless, for the system of N = 12 electrons, we have
evaluated the neutral gap which is defined as the difference
in the two lowest-energies at the flux of 2Q = 30. The neutral
gaps, also shown in Fig. 2, are of the order 0.005 ¢?/(e£) for
the entire range of widths considered. Therefore, the ground
state is robust to changes in the interaction stemming from the
finite width of the quantum well. For comparison, the neutral
gap at the neighboring 1/3 state is an order of magnitude
larger [34] which shows that the 6/17 FQHE state is quite
delicate. For this system of N = 12 electrons, we find that
the charge gap (energy required to create a far-separated fun-
damental quasiparticle-quasihole pair) is less than the neutral
gap which indicates the presence of strong finite-size effects.
We anticipate that the charge gap would be at least as large as
the neutral gap in the thermodynamic limit.

IV. LOW-ENERGY EFFECTIVE THEORY
OF THE 321° EDGE

In this section, we consider the topological properties of
the 3217 state that are derived from the low-energy effective
theory of its edge. The 3217 is the n = 3 member of the n213
family of states, and the edge theory of this sequence of states
was worked out in detail in Ref. [28]. The topological prop-
erties of the 3213 state are encoded in the K matrix [51-54],
charge vector 7, and the spin vector 5 [26] which are given

by [28]
2 1 0 -1 0 2
12 0 -1) - fo] . [-
K=1o o -2 1| "=|o|™E=1]
1 -1 1 3 1 5/2
)

The filling factor and shift can be obtained from the K ma-
trixas [S3]v=¢T . K" - 7=6/17and S = 2/v)(T - K" .
8) = 4. These values are consistent with that ascertained from
the microscopic wave function given in Eq. (2). The ground-
state degeneracy of the 3213 state on a manifold with genus g
is [53] D = |Det(K)|® = 17%. The K matrix of Eq. (4) has one
negative and three positive eigenvalues which implies that the
3213 state has a chiral central charge of 2.

Following the derivation outlined in Ref. [28], one can
show that the K matrix, charge and the spin vectors of the
CFized 6/5 state described by the wave function given in
Eq. (3) are as follows:

k=(3 7). 7=(i) wai=(33) ©

One can readily check that the filling factor and shift obtained
from the above K-matrix are v = 6/17 and S = 4 that are
identical to those determined from the wave function given
in Eq. (3). The ground-state degeneracy of the CFized 6/5
state on the torus is D = 17. The K matrix of Eq. (5) has two
positive eigenvalues and thus the CFized 6/5 state has a chiral
central charge of 2. Remarkably, these topological properties
of the CFized 6/5 state are identical to those of the 3213,
indicating that they both likely lie in the same phase. Thus,
it should be possible to view the 321 state, which occurs at
filling factor v = 6/5, as a 1 4+ 1/5 Laughlin state. We leave
out a detailed exploration of this intriguing connection for
future work.

We mention here that the Haldane-Halperin hierarchy state
[42,55] at 6/17 that is obtained by condensing Laughlin quasi-
particles at 1/3 is also described by the K-matrix given in
Eq. (5) and thus likely lies in the same topological class as
the 321° state. However, the 6/17 wave function produced
by the hierarchical construction is not readily amenable to a
numerical evaluation. Moreover, the 4/11 state, which pre-
cedes 6/17 in the hierarchical construction along the sequence
v = 2n/(6n — 1) does not lie in the same topological phase as
the Coulomb ground state at 4/11 [28].

V. DISCUSSION

In this concluding section, we discuss many experimentally
testable properties of the 3213 ansatz that can help establish its
underlying topological order. A single particle in the factor
@3 and & results in a quasiparticle that carries a charge
—2e/17 and —6e/17 respectively. On the other hand, a single
particle in the factor @5 results in a quasiparticle (obtained by
complex conjugating a single hole at ®,) that carries a charge
of —3e/17. The smallest charged quasiparticle, generated by
creating a hole in the factor of ®3 and a particle in the factor
of @5, carries a charge of +2¢/17 — 3e/17 = —e/17. All the
excitations of the 3213 state are Abelian anyons.
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The Hall viscosity ny of the 3213 state, which is propor-
tional to its shift on the sphere, is quantized [56] as ny =
(6/17) h/(2€?). Assuming that all the edge states equili-
brate, the thermal Hall conductance «,, at a temperature T
that is lower than the gap of the FQHE state is completely
determined by the chiral central charge of the FQHE phase
[57]. Therefore, for the 321 state Kkyy 1s also expected to
be quantized as k, = 2[7'r2k123 /(3h)T]. Recently, thermal Hall
measurements have been carried out at several filling factors
in the LLL [58,59].

The 3213 state is the n = 3 member of the n213 family of
states occurring at fillings v = 2n/(5n + 2) with shift S =
n 4+ 1 and chiral central charge n — 1. The n = 1 member is
identical to the 2/7 Jain state. The n = 2 member produces
a novel Zj-ordered state at filling factor 1/3 [33] which al-
though competitive with the 1/3 Laughlin state in the SLL,
is unlikely to materialize in the LLL [33,35]. The 4213 state
provides a candidate wave function at v = 4/11 and was stud-
ied in detail in Ref. [28]. The 5213 state occurs at v = 10/27
where as yet no signs of FQHE have been reported.

Finally, we mention the possibility of two-component
states at 6/17. In the LLL, we anticipate that the singlet

and the partially polarized 6/17 states likely arise from the
corresponding CF states at v* = 6/5 [12]. The 3217 state also
allows for the formation of unpolarized states building on the
singlet state at v = 2 and the partially polarized state at v = 3.
It is conceivable that these states could be relevant for certain
interactions.
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