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Fr om t he ana lysis of their intera ction pseu dopotential s, it is argued that

(at certain Ùlling factors ) Laughli n quasiparti cl es can form pairs . I t is fur -
ther prop osed that such pairs could have Laughlin correlations with one
another and form condensed states of a new typ e. T he sequence of fractions

corresp ondi ng to these states includes all new fractions observed recently in
exp eriment (e. g., ¡ = 5= 13 , 3/ 8, or 4/ 11).

PAC S numb ers: 71.10.Pm, 73.43. {f

1. I n t rod uct io n

In a recent experim ent Pan et al . [1] observed the fracti onal quantum Hal l
(F QH) ẽ ect [2, 3] at novel Ùll ing fracti ons ¡ of the lowest Landau level (LL).
Am ong other features, the FQH e˜ect is a m acroscopic m ani f estati on of an incom -
pressible character of the m any-b ody ground state form ed at a speciÙc Ùll ing ¡ .
The new spi n-polari zed FQH states occur at Ùll ing factors outsi de the Jain se-
quence [4] of com posite ferm ion (CF) states. Som e of them , as ¡ = 4 =1 1 or 4/ 13,
app ear in the Haldane hierarchy [5] of quasiparti cl e (QP) condensates, and there-
fore at Ùrst sight i t might onl y be surpri sing tha t they have not been observed
earl ier. However, the \ hierarchi cal " interpreta ti on of these states was questioned [ 6 ]

because of the speciÙc form of the QP { QP intera cti on, whi ch leaves thei r inter-
preta ti on qui te uncerta in. Others, such as the ¡ = 3 =8 or 3/ 10 states, do not
belong to the Ha ldane hierarchy , and thus the ori gin of thei r incom pressibi l i t y is
puzzl ing in an even more obvi ous way. In the CF picture, these even-denom inato r
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fracti ons corresp ond to the hal f-Ùlled Ùrst exci ted (n = 1 ) CF LL. W hi le for
the electro ns hal f-Ùll ing thei r n = 1 LL (i ncl uding the doubl e degeneracy of the
lowest LL, thi s am ounts to the to ta l electron Ùll ing of ¡ = 2 + 1 =2 = 5 =2 ) the
FQH e˜ect has been known for qui te som e ti m e [7] (the incom pressible ¡ = 5 =2

state is kno wn as a Mo ore{ R ead state [8]), the simi lar behavi or of electrons and
CF ' s at thi s Ùll ing is rather unexp ected. Pan et a l. ta ke thei r observati ons as ev-
idence for residual CF{ CF intera cti ons, su£ cientl y strong to cause emergence of
new FQH states (tha t, unl ike vi rtua l ly al l observed fracti ons, cannot be predi cted
from the nonintera cti ng CF model or standard Haldane hi erarchy). Ho wever, they
ignore the theo reti cal investigati ons in whi ch these intera cti ons were studi ed in
deta i l [6, 9, 10].

In thi s paper we pro pose an expl anati on for these new states involvi ng the
form ati on of QP pai rs whi ch di splay La ughl in correl ati ons wi th one another. Fi rst,
we expl ain the connecti on between the CF model and the QP hi erarchy [5, 6, 9].
Second, we recal l two sim ple typ es of two -body correl ati ons, Laughl in correlati ons
and pai ring, tha t m ay occur in an intera cti ng system depending on the Ùll ing
facto r ¡ and on whether V ( R ) i s super- or subharm onic at the rel evant range [11].
Then, kno wi ng the QP{ QP pseudopotenti al V Q P ( R ) , we appl y the concept of
La ughl in condensed states of (bosoni c) pai rs (used earl ier for the electrons in the
n = 1 LL to describe such FQH states as ¡ = 5 =2 or 7/ 3 [12]) to the parti cles
or holes in a parti ally Ùlled CF LL, i.e., to La ughl in quasielectro ns (Q E' s) or
quasiholes (QH' s). Fi na l ly, we propose the novel hierarchy of FQH states in whi ch
the incom pressibi l it y results from the condensati on of QP pairs (QE 2 ' s or QH 2 ' s)
into La ughl in correl ated pai r sta tes. The series of FQH states derived f rom the
parent ¡ = 1 =3 state incl ude all novel f racti ons: ¡ = 5 =1 3 , 3/ 8, 4/ 11, and 6/ 17 for
the QE' s and ¡ = 5 =1 7 , 3/ 10, 4/ 13, and 6/ 19 for the QH' s.

2. L au gh l in Q P ' s an d C F's

Let us begin wi th recal l ing the connecti on between Laughl in QP' s [3] and the
CF model (equi valent to the m ean-Ùeld Chern{ Simons tra nsform ati on) [4]. Laugh-
l in QP' s are the actua l elementa ry exci ta ti ons of a two- dim ensional electron l iqui d
Ùll ing a fracti on of the lowest LL. They have wel l -deÙned and kno wn wave func-
ti ons (and thus also densi ty proÙles, size, etc. ) and single-parti cle energy. They
carry (f racti onal ) electri c charge, counted wi th respect to the uni form ly spread
charge of the underl yi ng Laughl in state. The negati vel y and positi vely charged
QP' s are cal led quasielectro ns (QE' s) and quasiholes (QH' s), respecti vely. Mo vi ng
in the externa l m agneti c Ùeld, both ki nds of QP' s fol low cycl otro n orbi ts, conve-
ni entl y labeled by angular m om entum .

Since the uni form -densit y Laughl in states only occur at a discrete series of
Ùll ing facto rs ( ¡ = 1 =3 ; 1 =5 , . . . ), and La ughl in QP' s are sim pl y the least-energy
exci ta ti ons able to carry charge in excessof the v alue corresp ondi ng to the nearest
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La ughl in state, thei r typ e and numb er depend on ¡ . At ¡ preci sely equal to any
of the La ughl in values ¡ p = (2 p + 1 ) À 1 no QP' s exi st in the ground state and they
m ay onl y appear in a form of exci toni c, charge-neutra l QE{ QH pai rs. At ¡ slightl y
smal ler (or larger) tha n ¡ p , a numb er N QP of the \ p { typ e" QE' s (or QH' s) appear
in the Laughl in l iqui d. The QP num ber is equal to the di ˜erence between the
to ta l magneti c Ûux thro ugh the sam ple and i ts value correspondi ng to the nearest
\ parent" Laughl in state, measured in uni ts of elementa ry Ûux, N QP = j ` À ` p j =¢ 0 .

For electro ns, the Ùll ing factor is expressed thro ugh the Ûux ` and the elec-
tro n numb er N as ¡ = ` = ( N ¢ 0 ) , For the QP' s of the parent ¡ p Laughl in state,
each carryi ng charge Ï e= (2 p + 1 ) , the LL degeneracy is reduced by a factor of
(2 p + 1 ) com pared to the electro n value. Consequentl y, the QP Ùll ing facto r is
equal to ¡ QP = ` = [ (2 p + 1 ) N QP ¢ 0 ]. Note tha t ¡ QP i s a l inear functi on of ¡ near
each value of ¡ p , The situa ti on wi th ¡ far away from the nearest ¡ p , corresponds
to a large Ùll ing facto r for appro pri ate QP' s who se m utua l intera cti ons and Ùll ing
of higher QP LL' s both become importa nt.

In the mean-Ùeld CF picture, the reducti on of the QP LL degeneracy is
attri buted to a reduced magneti c Ùeld B = B =(2 p + 1 ) ra ther tha n to a reduced
QP charge. In the sim plest form ula ti on of the model, the e˜ecti ve Ùeld B resul ts
from the capture of an even numb er of m agneti c Ûux quanta 2 p¢ by each electron
(such bound state is cal led a CF), and the QE' s and QH' s are pictured as parti cles
and vacanci es in the otherwi se empty (f ul l ) CF LL' s.

The CF picture turns out very useful for the descripti on of many properti es of
the QP' s (e.g., size of cycl otro n orbi ts or LL degeneracy) or of the FQH system s in
general (e.g., the values of ¡ at whi ch the incom pressibi l it y resul ts f rom a com plete
Ùll ing of the QP/ CF LL' s). Ho wever, the QP{ QP intera cti ons importa nt for the
present pro blem in the CF model ari se as a com binatio n of ra ther compl icated two -
and three- body gauge intera cti ons between charges and Ûuxes, and because of thi s
di £ cul ty , are usual ly neglected. It is theref ore importa nt to real ize tha t the QP{ QP
intera cti on real ly is a Coul omb intera cti on between a pair of charged parti cles. For
exam ple, for two identi cal QP' s i t is repul sive, and at long range i t is sim ilar to the
electron{ electron repul sion, onl y reduced in m agni tude by (2 p + 1 ) because of a
smal ler QP charge. On the other hand, the exact form of the QP{ QP intera cti on
at short range (where i t is di ˜erent f rom the electro n{ electro n repul sion because
of the parti cular QP charge-density pro Ùle) has been qui te accuratel y calcul ated
num erical ly [6].

Kno wi ng tha t the QE{ QE and QH{ QH intera cti ons are general ly repul -
sive, Ha ldane proposed [5] condensati on of QE' s and QH' s into the hi erarchy of
\ daughter" sta tes at the series of Laughl in values of ¡ or ¡ . In these states,
the appro pri ate QP' s correl ate wi th one another in the sam e way as the electrons
do in the Laughl in states, and thei r elementary exci ta ti ons are simpl y a new gen-
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erati on of QP' s. Assum ing such QP condensati on at each level of the hierarchy one
wo uld predi ct incom pressibi l i t y of the who le electro n system at al l Ùll ing factors
given by any odd-denom inator fracti on. Thi s is in stri ki ng disagreement wi th the
exp eriments, and the reason for thi s di screpancy is tha t al tho ugh Coulombi c, the
QP{ QP intera cti on at short range is not qui te identi cal to the electro n{ electro n
repul sion responsi ble for the Laughl in correl ati ons. As a resul t, the QP' s f orm
La ughl in liqui ds onl y at very few of the Laughl in fracti ons, whi ch el iminates al l
but a few val id \ hierarchy" f racti ons [6], in good agreement wi th the exp eriment.
The sam e series of fracti ons arise natura l ly in the CF pi cture. These are the states
at ¡ = (2 p + 1 =n ) À 1 , corresp ondi ng to a numb er n of compl etely Ùlled CF LL' s
each carryi ng Ûux 2 p¢ 0 .

The new FQH states [1] occur at the values of ¡ from outsi de the Jain
sequence, and thus correspondi ng to onl y parti al Ùll ing of a CF LL. Hence, in the
CF pi cture, thei r incom pressibi l it y impl ies ro le of CF{ CF intera cti ons. In the QP
hi erarchy picture, the new states either coincide wi th the \ inval id" fracti ons (e.g.,
¡ = 4 =1 1 ) or are new fracti ons al to gether (e.g., ¡ = 3 =8 ). In both cases i t is clear
tha t the ori gin of observed incom pressibi l i t y l ies in the special form of QP{ QP
correl ati ons, and tha t these correl ati ons are of a new (non-La ughl in) typ e.

4. Q P { QP p seu d op ot ent ial

The nature of QP correl ati ons depends cri ti cal ly on the form of pseudopoten-
ti al V QP ( R ) describi ng thei r pa ir intera cti on energy V QP as a functi on of relati ve
pai r angular mom entum R . W e have shown earl ier [11, 12] tha t the correlati ons
are of the La ughl in typ e (i .e., the parti cles tend to avoid pai r states wi th one or
m ore of the smallest v alues of R = 1, 3, . . . ) only if V (R ) i s \ sup erharm onic" at
the relevant values of R for a given Ùll ing factor ¡ (sp eciÙcal ly, a t R = 2 p À 1 for
¡ ¿ (2 p + 1 ) À 1 , where p = 1 , 2, . . . ). Laughl in correl ati ons deÙned in thi s way
justi fy reappl icati on of the CF pi cture to the QP' s to select the lowest states of
the who le m any- body spectrum , and lead to the incom pressible QP \ daughter"
sta tes of the standard CF hierarchy [9]. The superharm oni c repul sion is deÙned as
one for whi ch V decreasesm ore qui ckly tha n linearl y as a functi on of the average
parti cl e{parti cle separati on

¨
r 2

˜
for the consecuti ve pai r eigenstates labeled by R .

In spheri cal geom etry [5], most conveni ent for Ùnite-size calculati ons, thi s m eans
tha t V increasesm ore qui ckl y tha n l inearl y as a functi on of L ( L + 1 ) , i .e., of the
squared to ta l pa ir angular mom entum L = 2 l À R , where l i s the sing le-parti cle
angular m omentum.

The qual i ta ti ve behavi or of the QP{ QP intera cti on pseudopotenti al V ( R )

at short range is wel l kno wn from num erical studi es of smal l system s [6, 9, 10].
On the other hand, the repul sive character of the QP{ QP intera cti on and the
long-rangebehavi or of V ( R ) ¿ R fol low from the f act tha t QP' s are charged
parti cl es (the form of QP charge density a˜ects V only at short range, compara-
bl e to the QP size). Com bini ng the above argum ents, i t is cl ear tha t the dom inant
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features of V Q E are the smal l value at R = 1 and a strong maxi mum at R = 3.
Ana logous analysis for the QH' s yi elds m axi ma at R = 1 and 5, and nearly van-
ishing V Q H (3) .

5. Q P p ai r ing

It is evi dent tha t VQE does not support Laughl in QE{ QE correlati ons. In-
stead, we exp ect tha t at least som e of the QE' s wi l l f orm pai rs (QE 2 ) a t R = 1. A
pai red state woul d be characteri zed by a greatl y reduced fracti onal parenta ge G [11]
from the strongly repul sive R = 3 state compared to the Laughl in correl ated state,
and have the lower to ta l intera cti on energy E = 1

2
N ( N À 1 )

P
R

G ( R )V (R ) . Let
us stress tha t such pai ri ng is not a result of som e attra cti ve QE{ QE intera cti on,
but due to a tendency to avo id the m ost stro ngly repul sive R = 3 pai r sta te. At
su£ cientl y hi gh QE density thi s can only be achi eved by havi ng signiÙcant G (1),
whi ch can be interpreted as pai ring into the QE 2 m olecules. By analogy, the QH
pai ring is exp ected at R = 3. The range of ¡ QP at whi ch pai ring can be considered
is l im ited by the condi ti on tha t the separati on between the pai rs must exceed the
pai r size. W hi le for the QE pai rs thi s is sati sÙedat any ¡ QE < 1, the QH pai ring
can only occur at ¡ < 1=3.

6. L au gh l in co r rel at ions b et w een pai r s

Ha vi ng establ ished tha t the QP Ûuid consists of (b osonic) QP m olecules, the
QP À QP intera cti ons need be studi ed to understa nd correl ati ons. The QP À QP
intera cti on is described by an e˜ecti ve pseudopotenti al V ( R ) tha t incl udes cor-
relati on e˜ects caused by the fact tha t the two -pai r wa vefuncti on m ust be sym m et-
ri c under exchange of the who le QP bosons and at the sam e ti me anti symm etri c
under exchange of any pai r of the QP ferm ions. Thi s probl em is analogous to tha t
of intera cti on between the electron pai rs in the n = 1 LL [12].

Al tho ugh we do not kno w V ( R ) accuratel y, we expect tha t since i t is due
to the repul sion between the QP' s tha t belong to di ˜erent QP pai rs, it might
be sup erharm onic at the range corresp ondi ng to the QP À QP separati on. Our
prel iminary num erical results for four QE' s seem to supp ort thi s idea. Ho wever,
in contra st to the n = 1 electron LL [12], the lack of accurate data for V at the
interm ediate range makes such calcul ati ons uncerta in.

7 . Co n den sed pai r st at es

The assumpti on of Laughl in correl ati ons between the QP bosons im pli es
the sequence of La ughl in condensed QP states tha t can be conveni entl y described
usi ng the \ com posite boson" (CB) m odel [12]. Let us use spherical geometry and
consider the system of N ferm ions (QP' s) each wi th (integ ra l or hal f-integ ra l)
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angular m omentum l 1 (i .e., in a LL of degeneracy g 1 = 2 l 1 + 1 ). Neglecting the
Ùnite- size correcti ons, thi s corresp onds to the Ùll ing facto r ¡ 1 = N 1 =g 1 . Let the
ferm ions form N 2 = 1

2
N 1 bosonic pai rs each wi th angular m omentum l 2 = 2 l 1 À R ,

where R i s an odd integ er. The Ùll ing factor for the system of pai rs, deÙned as
¡ = N =g where g = 2 l + 1 , equals to ¡ = ¡ . The al lowed states of two
bosonic pai rs are labeled by tota l angul ar momentum L = 2 l À R , where R i s an
even integ er. Of al l even values of R , the lowest few are not allowed because of the
Paul i exclusi on pri ncipl e appl ied to the indi vi dua l ferm ions. The condi ti on tha t the
two - fermion states wi th relati ve angul ar m omentum smal ler tha n R are forbi dden,
is equivalent to the elim inati on of the states wi th R ç 4 R from the two -boson
Hi lbert space. Such a \ hard core" can be accounted for by a CB tra nsform ati on
wi th 4 R Ûux quanta atta ched to each boson [13]. Thi s g ives e˜ecti ve CB angular
m omentum l = l À 2 R ( N À 1 ) , LL degeneracy g = g À 4 R (N À 1 ) , and
Ùll ing facto r ¡ = ( ¡ À 4 R ) .

The CB' s deÙned in thi s way condense into thei r only al lowed l = 0

state (¡ = 1 ) when the correspondi ng ferm ion system has the maxi mum den-
sity at whi ch pai ring is sti l l possible, ¡ = R . At lower Ùll ing factors, the
CB LL is degenerate and the spectrum of al l al lowed states of the N CB' s
represents the spectrum of the corresp ondi ng pai red ferm ion system. In parti c-
ul ar, using the assumpti on of the superharm onic form of boson{ boson repul -
sion, condensed CB states are expected at a series of Laughl in Ùll ing factors
¡ = (2 q ) . Here, 2 q i s an even integ er corresp ondi ng to the numb er of addi ti onal
m agneti c Ûux quanta atta ched to each CB in a subsequent CB tra nsform ati on,
l ! l = l À q ( N À 1 ) , to describe La ughl in correl ati ons between the ori ginal
CB' s of angul ar mom entum l . From the relati on between the ferm ion and CB
Ùll ing factors, ¡ = (4 ¡ ) + R , we Ùnd the fol lowi ng sequence of fracti ons cor-
respondi ng to the Laughl in condensed pai r sta tes, ¡ = q =2 + R . Fi na lly, we set
R = 1 for the QE' s and R = 3 for the QH' s, and use the hierarchy equati on [6],
¡ = 2 p + (1 Ï ¡ ) , to calcul ate the f ollowi ng sequences of electron Ùll ing
facto rs, ¡ , deri ved from the parent ¡ = (2 p + 1 ) state

¡ = 2 p + 1 ´ (2 + q =2 ) ; (1)
where \ +" corresp onds to the QE' s and \ { " to the QH' s. R emarkabl y, al l the
fracti ons reported by Pan et al . are am ong tho se predi cted for the ¡ = 1 =3 parent.
No te also tha t the sam e v alues of q = 1 , 2, 4, and 8 describe both observed QE
and QH states. Thi s indi cates sim i lari t y of the QE{ QE and QH{ QH pseudopo-
tenti als and suggests tha t both V and V m ay be superharm onic only at the
correspondi ng four values of R (i n such case, the rem aining f racti ons coul d not be
observed even in most ideal sampl es).

W e have studi ed the QP{ QP intera cti ons leading to novel spin-polari zed
FQH states in the lowest LL. Using the kno wl edge of QP{ QP pseudopotenti als
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and a general dependence of the form of correl ati ons on the super- or subha rm oni c
behavi or of the pseudopotenti al , we have shown tha t QP' s form pairs over a certa in
range of Ùll ing factor ¡ QP . Then, we argued tha t the correlati ons between the QP
pai rs should be of Laughl in typ e and pro posed a hierarchy of condensed pai red
QP states. The proposed hi erarchy of f racti ons agrees remarkably wel l wi th the
recent experim ent of Pan et al . [1].
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