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We report on a numerical study of the relaxation rates of nuclear spins coupled through the hyperfine
interaction to a two dimensional electron 2ODEG) at magnetic fields corresponding to both fractional and
integral Landau levelLL) fillings ». The Hamiltonians of up to 20 interacting electrons are diagonalized
exactly in the spherical geometry, neglecting finite layer width, disorder, and LL mixing. The spectral functions
77 1(E) describing response of the 2DEG to the reversal of an embedded localized spin are calculated. In a
(locally) incompressiblev=1 or % state, the finite Coulomb energy of short spin waves, together with the
small nuclear Zeeman energy, prevent nuclear spin relaxation even in the limit of vanishing electron Zeeman
energy E,). However, we find that the nuclear spins can couple to the internal excitations of mobile finite-size
skyrmions that appear in the 2DEG at sufficiently I&y and atv slightly different from 1 or%. The
experimentally observed dependence of nuclear spin relaxation rdfg and v is qualitatively explained in
terms of the occurrence of skyrmions and antiskyrmions of various topological charge.
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[. INTRODUCTION promising candidate for the spin memory elements of a
quantum computéf
Two decades ago, transport experiments on two- The most enlightening experiments on spin quantum Hall
dimensional electron gd@DEG) systems in a high magnetic systems were those that offered NMR evidence for the oc-
field B revealed rich physics associated with the unique propeurrence of skyrmions in the IQKRef. 12 and FQH(Ref.
erties of their charge excitations, including the pair of most13) regimes (confirmed by subsequent opti¢al and
striking phenomena, the integtdland fractional™’ quantum  transport”*° studies. Skyrmions Sy ) and their conjugates,
Hall effects (IQHE and FQHE. Both effects are the mani- antiskyrmions &), consist ofK neutral spin waves bound

festation of a finiFe gap opening in t.he charge excitationy, a particle in the empty reversed-spir) (LL or to a hole in
spectrum at a series ¢integral or fractiongl values of the the filled (1) LL, respectively?? In the IQH regime, the rel-

1 2
evant particles are the reversed-spin electrang énd the

Landau level(LL) filling factor v=1, 2, 5, 3, etc., and of
the quasiparticle nature of the elementary charge excitationEL holes (h), and the skyrmions can be viewed 8§
=eg(egh)k or S =h(egh)« bound states, analogous to in-

of thi; 9series of gappedand thus incompressihleground
states” A ‘ |
The recent development of nuclear magnetic resortdncet€rband charged excitong -3% In the FQH regime, skyrmi-
(NMR) techniques allowed their successful application to the?nS consist of reversed-spin quasielecttbnéQEz) and
quantum Hall system¥;*3and ultimately opened an area of Laughlin  quasiholés (QH) bound to form S
research associated with their spin degree of freedom. Quark QEr(QEQH)x and S¢ = QH(QE:QH)x .%° The analogy
tum Hall systems with spin excitations are very attractive tobetween FQH and IQH skyrmions is most evident in the
both theory and experiment because of their fundamentatomposite fermior{CF) picture; in which QE; and QH are
aspects as well as for potential for applications. They argepresented by particles and holes at the integral filling of
liquids with unique(Laughlin correlation&***®and unique their effective CF LLs. In both regimes, skyrmions are
excitations(integrally or fractionally charged quasiparticles charged quasiparticles carrying large sginlf the Zeeman
without* or with*® spin, skyrmion¥=2° and their collective energyE; in a sample is sufficiently small for the isolated
excitations? and charg® and spin waves). On the other e, h, QEz, and QH quasiparticles to become unstable to-
hand, the hyperfine coupling of the mobile electron spin exwards the creation and binding of a numi&) of spin
citations to the localized nuclear spins of the underlyingwaves to form skyrmions, the number of spin flips per par-
atom$*~?® creates the possibility of controlling the latter by ticle added to or removed from a filléglectron or CFLL is
inducing appropriate phase transitions in the 2DEG under &. This quantity(K) sets the slope of the electron spin polar-
variation of such experimentally adjusted macroscopic paization(S,), proportional to the Knight shift measured in the
rameters as magnetic or electric fields, pressure, oNMR experiments?*3as a function of the filling factor near
temperaturé’ If using nuclear spin states as a physical real-v=1, 3, etc.
ization of quantum bits for storage ¢ind performing logi- Of the most recent ones, particularly intriguing seems the
cal operations onquantum information turned out to be pos- NMR experiment of Kuzmaet al,'® which revealed ex-
sible, the coupled 2DEG-nuclei system should become &remely long nuclear spin relaxation time in the FQH regime,
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7<0.5 s, exceeding times recorded eaffidny ~10°. So  relation between charge excitation gaps, which scale as
different a relaxation time found in seemingly similar sys-#w.*B for IQH states and gmuch smaller Ecx VB for
tems suggest that different microscopic mechanisms can HJeQH states.

responsible for nuclear spin relaxation, depending on experi- At this stage of our study, we have limited ourselves to
mentally variable conditions. Discussion of such mechathe calculation and analysis of a simple spectral function for
nisms is the subject of this work. the idealized many-electron states. This only allows for esti-

. B B 71 - .
We report on detailed numerical studies of the hyperfiné“ate_s ofrelative relaxation timesr™ for different ‘micro-
interaction of the incompressible quantum Hall states at SCOPIC Processes, but not for their actual magnitudes. The
—1 and?, as well as their spin excitatiorspin waves model also neglects the effects @f the finite width of the

reversed-spin quasiparticles, and skyrmjomsith the local- quasi-2DEG, the tilt of the magnetic field, the particular den-

ized nuclear spins. The many-electron wave functions arglty profile (z) in the direction normal to the 2DEG plane,

obtained from exact-diagonalization calculations carried ouf.. the nuclear polarization profilgy(2) in that directior’,
) 1ag ) . ji) the interaction-induced electron or hole scattering to
in the Haldane spherical geometry, neglecting disorder an

L . . , : igher LL's (i.e., LL mixing); (iii) disorder; or(iv) nonequi-
excitations to higher orbital LL's or to higher quantum well ji,m processes. All these effects may become important in

subbands. The spectral functian *(E) that describes the regjistic experimental systems, leading to the reduction of the
response of the 2DEG to the reversal of an embedded locagiectronic interaction energy scale compared to the nuclear
ized spin and governs nuclear spin relaxation timfer the  zeeman energy due to the finite width of electronic wave
particular microscopic 2DEG-nucleus spin-flip process isfunctions(i) or screeningii), dependence of the nuclear spin
calculated. relaxation rate on the correlation betwee(z) and o\(z)

We find that in a incompressible=1 or 3 state, the profiles (i), or localization of electronic excitations that re-
reversal of a nuclear spin creates a spin wave of a finite wavRixes the angular momentum conservation law in the spin-
vectork simply related to the area occupied by one electronyave—nucleus or skyrmion—nucleus scattering processes
(k\)?~w (where\ is the magnetic lengjh Since the spin jii). We plan to study these and other possible effects in the
wave dispersiorEsy(k) begins at the electronic Zeeman fyture, and the motivation for the analysis of the ideal model
gap, Esw(0)=Ez, the energy of a spin wave coupled to a ysed here is based on the fact that such model allows iden-
nuclear spin exceeds; by a termEgy(k) —Esw(0), which tification and classification of possible elementary micro-
is of the order of the characteristic Coulomb eneiy  scopic spin-flip processes, as well as the formulation of the
=e?/\xB. SinceE; andE are both much larger than the involved selection rules which will be only modified to a
nuclear Zeeman gap, the energy conservation is expected V@rious degree depending on the specific experimental con-
exclude creatior{or annihilation of spin waves as an effi- ditions.
cient mechanism for nuclear spin relaxation. Consequently,
very long relaxation times are expected for nuclear spins
embedded in dlocally) incompressible IQH or FQH state, Il. MODEL
even if E; could be made arbitrarily smalby means of an
appropriate doping or an application of presgure

At v slightly different from 1 or 3, skyrmions (or As an extension of the earlier work on the spin excitations
reversed-spin quasiparticlesppear in the incompressible of the 2DEG in the quantum Hall regim&?°we study cou-
quantum Hall liquid. The response functien'(E) is calcu-  pling of these excitations to the localize@.g., nuclear
lated for these objects and shown to have peaks corresponspins. The model to describe the 2DEG is that of Ref. 20,
ing to their “internal spin excitations” in which the skyrmion except that it is now extended to include the presence of a
spin K and angular momenturb both change by oneS;  nucleus. In order to preserve the 2D symmetry of an infinite
—S¢+1). 1t is also found that the oscillator strengﬂjl guantum well in a finite size calculation, the electrons are
of these transitions increases with increaskigSince the ~confined to a Haldane sphéwef radiusR. The magnetic field
energy gap for the internal skyrmion excitations is muchB normal to the surface is due to a Dirac monopole in the
smaller tharE, (and, in particular, it is equal to the nuclear center of the sphere. The monopole strengthi& defined in
Zeeman gap at the series of valuesgs), the skyrmion— the units of flux quantumg,=hcl/e, so that 47R’B
nucleus spin-flip processes will be allowed by the energy=2Q¢q and\=R/\/Q is the magnetic length. The single-
conservation law, and provide efficient nuclear spin relax-€lectron stategmonopole harmonigsare the eigenstate®”
ation mechanism under experimental conditions. of magnitude(l) and projection(m) of angular momentum

In both IQH and FQH regimes, our results imply critical and of spin projectionr, and they formg-fold (g=21+1)
dependence of the nuclear spin relaxation rate on the pregegenerate LL's labeled bhy=1-Q.
ence of skyrmions in the 2DE@lependent on, E,, well The cyclotron energyiw.<B is assumed much larger
width, etc), in agreement with experiments. However, it is than the Coulomb energ.= e?/\\/B. However, no as-
quite remarkable thatoecause skyrmions of the=3 state  sumption is made about the electron Zeeman energy,zand
occur only at much smaller values Bf, than skyrmions at =E;/Ec is a(smal) free parameter of the model. As a re-
v=1) the energy required to create an electron spin excitasult, only thec=—13 (|) and + 3 (1) states of the lowest
tion is much smaller in the IQH regime than in the FQH (n=0) LL need be included in the calculation, denoted sim-
regime over a long range d&,. This is opposite to the ply by |ma).

A. Electron liquid
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The many-electron Hamiltonian in the lowest LL is (many nuclei and thus variation of the electron spin polar-
ization from one nucleus to another; this causes broadening
of the Knight shift over the measured sample in the NMR
experiment; delocalization of skyrmions and restoration of
uniform electron spin polarization at higher temperatures is
+> CInTCmTEZ! (1)  called the “motional narrowing” of NMR lines(ii) A varia-
tion of skyrmion energies due to confinement relaxes the
wherec!  andc,,, are the electron creation and annihilation €N€rdy conservation law for the skyrmion-nucleus spin-flip
operators, the summation goes over all orbital and spin indiProcesses, and causes broadenings of the minima of the
ces, andV is the Coulomb interaction potential. The nuclear spin relaxation time as a function ofE;. Never-

N-electron eigenstates are expanded in the basis of Slatff€!€ss, our main conclusions regarding the form of the con-
determinants tinuous(due to spin wavesand discretédue to skyrmions

parts of the 2DEG response function, and the role of the two
L ...ch |vad, (2)  types of spin excitations for nuclear spin relaxation remain
e NN valid independently of localizatioff.

:
H=>, Cklgcmzarcmaa' Crn,o mym,|V|mgmy)

|m10'1 .. .mNO'N>:C

where|vag is the vacuum state. Basig) allows automatic

resolution of two good many-body quantum numbers, pro- B. Coupling to nuclear spin

jections of spin §,=X0;) and of angular momentuni{ ) . N
=>m,). However, the lengths of spifS) and of angular The coupling of the electron systefthe “background

momentum(L) are resolved numerically in the numerical duantum Hall state and its spin excitatioris a single iso-
diagonalization of eachg,,L,) Hilbert subspace. The addi- lated I.ocal'lzed nu_clear spin WI.|| be described by the contact
tional quantum numbek =N — S measures the number of NyPerfine interaction Hamiltoniah
reversed spins relative to the maximally polarized state. The
many-electron states on @inite) sphere converge to the _ o
states on afinfinite) plane in theQ = (R/\)2— limit; only F_A% S 01~ Re) ©
the spherical orbital numbersL and L, must be
appropriately® replaced by the planar ones, the projectionswhereA is the coupling constant, arfgl andl, (r; andR,)
of total and center-of-mass angular momentulki: and  denote the spifposition of the jth electron andkth nucleus,
Mcwm - respectively. Moreover, the distance between nearest nuclei
In the lowest energy states of the system described bwill be assumed sufficiently large to justify neglecting their
Hamiltonian (1) near the integral or odd-denominator frac- direct dipolar interaction, and exclude any multi-nucleus
tional filling of the lowest LL (=1 or }), a small number of phenomena.
spin waves or skyrmions movigo a good approximation, Due to the translational/rotational invariance of the
independently in the appropriate incompressible quantum2DEG, the position of the nucleus can be conveniently cho-
Hall “background” state. Being charge neutral excitations,sen at the north pole of the sphere, where all electron wave
spin waves move along straight lines and carry a linear mofunctions of the lowest LL vanish, except fdrf) and|l ] ).
mentum7k. On a sphere, their linear orbits are closed intoThen, ignoring the overall coupling constdirtdependent of
great circles, and the linear wave veclotakes on discrete the system sizeR or Q), the transverse part &f describing
values following from the quantization of angular momen-the spin-flip processes withS,=1 and projected onto the
tum,L=kR=0,1,2.... Skyrmions S), on the other hand lowest LL simplifies to
are charged, particlelike excitations that move along circular
cyclotron orbits similar to those of electrons. Their motion is |::(;|‘th;Il . (4)
therefore similarly quantized in both geometries, with the
lowest LL of states having=Mcy+K and Mcy=0,  Clearly, the reversal of the localizéducleaj spin is accom-
*1,*2,... (onaplangorL=Q—-K andL,=L, L—=1,L  panied by a reversal of an electronic spin spread oveya
—2,... (on a spherg respectively. clotron) orbit of finite radius~\.
Both spin waves and skyrmions may become localized in  According to the Fermi golden rule, the oscillator strength

the presence of disorder which has been ignored in this work.1 for the transition between a given pair of initial and final
However, the dominant effects of such localization, at leasg|ectronic eigenstatesj) and |f), is proportional to the

in the weak disorder regime, can easily be predicted by anakqyare of the matrix element &%
ogy with the interband emission of neutral and charged ex-

citons. For spin waves, the localization alters the relative _,1:| FIFi |2
occupation of differenk states(in particular, it increases mir =1 )N
ocpupatlon of thek=0 state. prever, we show Igter that and, accordingly, the spectral function for a given initial
spin waves do not couple efficiently to nuclear spins regard( round state is
less ofk. For skyrmions, the localization of their cyclotron g

orbits in the lower energy aredwithout significant distor-

tion of their wave functionshas two consequence§) A T—l(E)ET_—l(E):z 7 [E—(Ei—E/)] 6)
freezing of the positions offew) skyrmions relative to ! i voere

(5
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where E; and E; are the energies of the initial and final 0 1 kA 3 4
L 1 L 1 1 L 1 2
{b) 2Q=N-1 ©]

states, respectively. Also, from E@), F couples the elec-
tron states with equdl, andS, different by one.

Note that7 1(E) is only defined up to a coupling con-
stant that we are unable to calculate. Therefore, when com
paring our results with experiment, only the relative intensi- <

1.0 (a) N=20,2Q=19

0.8

ties of different microscopic spin-flip processdg.g., 2]

processes that involve spin waves with differkngkyrmions w + K=1
with differentK, or skyrmions as opposed to spin wavas 0.2 ® K-0
meaningful, but we are unable to estimate the actual magni-_ ] bubble size =7
tude of the nuclear spin relaxation rates. However, only these”® 0 2 4 6 8 10 12

relative intensities are a universal property of the electron L
guantum Hall system, virtually independent of many experi-

mentally variable parameterslectron density, nuclear spin ~ FIG. 1. (a) The spin wave energy spectruenergyE vs angular
polarization profile across the 2DEG pla%?eetc.). While momentumL and wave vectok) at v=1 calculated forN=20
spectral function(6) captures the essential physics of the €lectrons on Haldane sphere. The bubble diameters give the oscil-

interaction between afidea) Laughlin liquid and localized

lator strengthr~* for the spin wave emission coupled to the nuclear

spins, the details of both the liquid and the spins must p&hin reversal(b) The response function of a planar1 state to a

included in a realistic calculation of the relaxation rates.
Due to the simple form of the operatBrin our basidEq.

(2)], the oscillator strengths can be easily evaluated for an
known pair of|i) and|f) eigenstates. Therefore, the most

nuclear spin reversdbscillator strength-~* calculated on a sphere

for different N<25 and normalized by/N vs energyE). (c) The

response functior™! shown as a function of wave vectkr The
eeman energ¥; is excluded, and is the magnetic length.

difficult computational task is the accurate calculation of the _ _
many-electron eigenfunctions. Moreover, because of théar momenturrl (for the spin waves, =kR), and the oscil-
breaking of both spatial and spin symmetry by the operatotator strengthr—* is proportional to the diameter of a bubble

F, entire multiplets with different., and S, must be calcu-

lated for each. andS. Hence the proper identification of the

relevant many-electron eigenstates thiatdescribe a planar
system in theR/x—o limit, and (ii) have significantr— 1,
becomes essential.

IIl. INTEGRAL QUANTUM HALL REGIME

A. Spin waves

around each energy level marked with a cross.

As could be predicted from Ed4), the reversal of an
electronic spin induced bly occurs over an area correspond-
ing to a cyclotron orbit. This sets a characteristic length scale
&~ for the efficient spin-flip process, and indeed in Fig.
1(a) 7~ ! has a maximum at a finite, while it vanishes in the
limits of both small and largé.

To determine the spectral function ofie=1 state of an
infinite 2DEG we have compared data obtained for different
electron numberd\=<25, and plotted the results together in

We begin with the integral quantum Hall regime and theFig. 1(b). The oscillator strengths for discrete value€adre
filling factor of preciselyr=1. We numerically evaluate the multiplied by the factoryN=Q=R/\, which comes from
oscillator strengths~* for all possible transitions induced normalization of the wave function of the extended spin
by the operatoF from the initial nondegenerate incompress- wave over the entire sphere. All data points lie nicely on one

ible IQH ground state with.=0, S,=—3%N, and K=0.

From the commutatdrF,S?] it can easily be shown that the

spin-flip transition defined bl couples the&K =0 initial state
i) to two different subspaces, with=0 or 1. However, the
length of the total projection df|i), the vector obtained by
acting byF on the initial IQH ground state, onto the=0
subspace equalN ! in a finite N-electron initial state, and
thus it disappears in thid— o limit. Therefore, not surpris-
ingly, the only spin excitations coupled to an infinfanay

v=1 state byF are those witiK=1. Of these, the only ones

with significant oscillator strength™* turn out to be the spin

regular curve that describes the spin wave creation/
annihilation in both finite(spherical and infinite (planaj
systems. As it is the characteristic wave vedtéthrough the
characteristic length scal@ rather than the energl that
determines the position of the maximumof?, in the inset
(c) we replot it as a function df [only settingr~%(0) to zero
as appropriate for an infinite systém (k) is a more uni-
versal characteristic of the=1 IQH state thanr *(E) in a
sense that the spin wave dispersiBgy(k), in an ideal 2D
system derived by Kallin and Halperfi,in experiment it
may also depend on additional characteristics of actual

wave states, which at the same time are the lowest ener®dDEG (e.g., the well width. As expected,r (k) has a

excitations atv=1.

maximum ak~ \ %, which defines the spin-flip length scale

The numerical results for the spin-flip transitions corre-of é~\o/B.

sponding to creatiofannihilation of spin waves in a finite
v=1 state ofN=20 electrons at @=N—1=19 are shown
in Fig. 1(a). In this and all other spectra in the pajiestands

Based on Fig. 1, we make the following observatidiks:
The incompressible=1 liquid responds to the reversal of a
localized spin by emission of a spin wave whose kinetic

for the energy difference between the final and initial stategnergy, Esy(k), increases as a function & (i) The re-
and is given in the units dEc=e?/\. The Zeeman energy sponse function—*(E) vanishes in bottk=0 and limits,
E; is not included. The horizontal axis shows the total angu-and it reaches maximum & corresponding td&~ X~ L. (iii)
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FIG. 2. (a) The skyrmion energy spectruanergyE vs reversed
spin numberK) at »=1* calculated forN=12 electrons on

Haldane sphere. Open and full symbols correspond to the Zeemdh

energy E;=0 and 0.02e?/\, respectively § is the magnetic
length. (b) The energy gap\ for skyrmion spin excitations S
—Sx+1) atv=1" as a function o,, compared to the spin wave
gapA=E, atv=1.

When electron Zeeman energy is added, the energy lof a

~X\ "1 spin wave that can couple to a localized spin reversal"

is a sum of two termsE, and Egu(\"1). (iv) Since
Esw(A H~1Ec (in an ideal systefd) is typically much

larger than the nuclear Zeeman energy, the energy conservaXcitation gapdy
tion prevents efficient relaxation through emission of spin

waves in a(locally) incompressible liquid regardless of the
value of E5.
This weak coupling of thes=1 state to the nuclear spins

PHYSICAL REVIEW B 66, 165318 (2002

system(and not only atv=1, but also in the FQH regime
discussed in the following sectiprit can be quite accurately
approximated byEg(K)~ — & [K/(K+1)]“. In an ideal 2D
system, the binding energy of an infinite skyrmiorvatl is
known exactly’® £=%\/7/2 Ec, and any choice ofr~1
captures the most essential featurebg{K), which is that
Eg(K—1)—Eg(K)>Eg(K)—EgK+1) for eachK.

Although our numerics yielda~1.7 atv=1, it is quite
illuminating to solve the simplest case @f=1 (the equally
simple arithmetics fore=2 gives essentially identical an-
swer; moreover, forr=3 it actually seems than~1).
When the Zeeman teriQE; is added to the skyrmion energy
as shown with full dots in Fig. (@) the ground state becomes
finite-size skyrmion with a certaid (as marked with an
open circle, fole,=0.02 E it turns out to beK=3). Using
our simple model

K
Eo(K)=— &

SR

7
e obtain that the transition between tiS _; and Sy
ground states occurs Bt =&/[K(K+1)] (in particular, the
smallest skyrmionS,, is stable belowE,=3¢), and the
from Sy to the lower of theSy _; or S¢ 41
stateqit is plotted in Fig. 2b) for the numerical data of Fig.
2(a)] reaches its maximum value afyx=¢&/[K(K+1)(K
+2)] atEz=&[K(K+2)].

As seen in Fig. i), the most striking feature of the skyr-

obtained above agrees well with long nuclear spin relaxatiofion €nergy spectrum in the presence of teefficiently

times measured at this filling factor at low temperatufds.

is evident from the experiments showing rapid increase o

the relaxation rate when eitheris moved away from 1 or
temperature is elevatefrom 2.1-4.2 K (Ref. 12 that

charged excitations provide more efficient mechanism fo

small) Zeeman energy is that, in contrast to the spin wave
spectrum of thelocally) incompressible IQH liquid, the gap
for spin excitations is greatly reduced compared(amd
largely independent ofE, . Indeed, it follows from our ex-

pression for the maximum of that A /E;<(K+1)?!

nuclear spin relaxation than the spin waves. Let us the@NdAk/Ez=Ez/E. Moreover, the gap skyrmioAik can be
move on to an analysis of the spin-flip processes in the pregzrought to resonance Wlt.h an e}rb|trarlly small nuclear Zee-
ence of such excitations, reversed-spin quasiparticles arf#an energy at the at entire serieskf near theSy ;<S¢

skyrmions.

B. Skyrmions

It is well-known that an extra particléa reversed-spin
electron or a spin hojeadded to thev=1 ferromagnetic
ground state induces and binds spin waisose numbeK
depends ofE, /E() to form a skyrmiof® (S¢), a particlelike
charged excitation carrying @ossibly large spinK. In Fig.
2(a) we replot the(ant)skyrmion energy spectrum calculated
earlier in Ref. 20 foN=12 electrons at @=12. Using the

transitions.

Being charged objects, skyrmions move along electron-
like cyclotron orbits and repel one another through an effec-
tive short-range pseudopotential similar to that of electrons
in the lowest LL?° Such a short-range repulsion causes
Laughlin correlations between the skyrmidnisyhich there-
fore avoid high energy collisions with one another and be-
have as well-defined quasiparticles moving independently in
the underlying IQH liquid. We know that in a similar,
electron—valence-hole system, Laughlin correlations of inter-
band charged exciton¥ (") with one another as well as with

exact particle-hole symmetry within an isolated LL, this statesurrounding electrons simplify the photoluminescence of a
can be mapped onto one in which an extra reversed-spidilute (v<%) 2DEG to the recombination of spatially iso-

electron is added to the=1 state at the same value 02
=12, and hence it will be denoted hereias 1*. Again, the
vertical axis gives the skyrmion energymeasured from the
maximally polarized K=0) state which in this case corre-
sponds to one spin hole in the=1 state. On the horizontal
axis we show the skyrmion spifr size, K, which is also
related® to its angular momentunt,=Q—K.

The open symbols in Fig.(d) mark the skyrmion energy
spectrumEg(K), excluding the Zeeman energy. In an infinite

lated X ~'s.*® By analogy, we expect that the many-skyrmion
effects can be excluded from the skyrmion-nucleus spin-flip
scattering.

To verify the possibility of efficient nuclear spin relax-
ation through the interaction with skyrmions, we have evalu-
ated the spectral functions(E) for the initial state]i) cor-
responding to a single skyrmidor antiskyrmion in a finite,
N-electronv=1 system. Due to the finite size of the skyr-
mion, its ground state is a degenerate electron-like LL. On a
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FIG. 4. (a) The oscillator strengths™* of the “internal” skyr-
mion transitionsSy — Sk, ; induced by a nuclear spin reversal, as a
function of the inverse electron numbét; %, (b) Samer %, but
calculated in a finiteN=12 electron system and plotted as a func-
tion of the skyrmion spirk. (c) Samer 1, but extrapolated tiN
—o and plotted as a function of the Zeeman endigy The po-
sition of each peak is the value Bf, at which the transition energy
A is zero. The solid line includes Gaussian broadenidgSame as
(b), but for data extrapolated fd— oo.

FIG. 3. The spectral function of the hyperfine transition operatordnd a single peak @&<0 due to aSx— Sk, transition.

F (oscillator strengthr™! vs. energyE) at v=1* calculated for
N=12 electrons on Haldane sphere. Strong peaks<a0 corre-
spond to the “internal” skyrmion transitionSx— S, ; indicated
with arrows in the energy spectra shown in indgjs-(g). L, is the

Since we are mostly interested in the processes that may
conserve energy to allow efficient nuclear spin relaxation, let
us neglect allE>0 transitions and concentrate on tBg

— Sk 1 One, whose energy includirtg, can be made equal

skyrmion angular momentum projection related to the impact pato the nuclear Zeeman gap. Clearly, it is only allowed for
rameter of the skyrmion—nucleus collision. Different frames corre-|L |<Q—(K+1) and its intensity quickly decreases when

spond to different initial electron statels:(a), S; (b), andS; (d)
close to the nucleus, arﬁf farther from the nucleu&). The Zee-
man energyE; is excluded and is the magnetic length.

L, is increased from the minimum allowed val(®uch in-

crease ofL, corresponding to an increase of the nucleus—
skyrmion average separation before the collision, i.e., of the
impact parametgr Because we assume no localization and

Haldane sphere, this LL is represented by the angular mahys allow that a skyrmion moves freely over the position of

mentum multiplet atL=Q—K. Different values ofL,

the nucleugplaced at the north pole by an arbitrary chgjce

=—L, —L+1,...,L label different cyclotron orbits, and the it s more physical to consider * summed over all allowed

closest orbit to the north polghe position of the nucleliss
that with L,=L for a skyrmion §¢) andL,=—L for an
antiskyrmion Gy). Clearly, the value ofr;; for a giveni
—f transition involving a skyrmion depends &1, which

values ofL, as a characteristic of this “internal skyrmion
transition.”

In order to complete the analysis of the role of skyrmions
in nuclear spin relaxation, to the facts that the skyrmion-

plays the role of an impact parameter of the skyrmion-nucleus spin scattering has a finite oscillator strength and that

nucleus collision.

it can conserve energy, we ought to add the dependence on

We have numerically studied a few systems with differentthe skyrmion size,K. In Fig. 4b) we display the total

values ofN and 20=N. For eachN we have calculated the
completer;; spectra corresponding to tHanti)skyrmionic
initial statesi)=S;, S;, S, , ... with different values of
L,, and to all possible finite staté§). As an example, in
Fig. 3 we show the results fdd=12 and the initial states
with K=0, 1, and 2(for K=1 data for two values dof, are

(summed over all,) values ofr~* for the Sx— S, ; tran-
sitions calculated foN=12 and plotted as a function &f.
Surprisingly, the functionr—1(K) has a maximum at a finite
K. In order to estimate-"! in an infinite system, we have
recalculatedr~ 1(K) for differentN. The results are shown in
Fig. 4@ where we plotr~! for K=0, 1, 2, and 3 as a

shown. The transition energy given on the horizontal axis isfunction of the inverse system sizd,"*. The very regular

E=E;—E; (excludingE;), and the units of! on the ver-
tical axis follow from Eq.(4). In the insets we display the

dependence of ! on N~ for eachK allows their accurate
(quadrati¢ extrapolation to theN™*—0 limit, as indicated

corresponding energy spectra in which the initial skyrmionby the solid lines. The result of the extrapolation is that in an

states as well as all the final states can be identified for eadhfinite (planay system, 7~

transition.

! increases monotonically with

increasingK, which indicates that the nonmonotonic behav-

All the spectra are quite similar in that they can be de-ior in Fig. 4(b) is an artifact.

composed into the quasicontinuous partat0 (here dis-

The nearly linear increase of the extrapolated values of

crete because of size quantizatialue to the response of the 7~ ! with increasingk shown in Fig. 4d) suggests that the
underlying IQH state discussed in the preceding subsectioriotal intensity7~* (summed over alL,) depends predomi-
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nantly on the skyrmion area. Because in experiments the 00 05 1.0 kA 20 25
P | s

differential cross section for the skyrmion-nucleus collisions 0.12 +——t——t—————=— 0.4
also depends on the skyrmion area, one can also expect thy,o ] = * 3 ;1 T g f 02N .
the nuclear relaxation rate will increase as a functiok ¢ét 1 TR e -
a constant number of skyrmiondn Fig. 4c) we plot the  § 7] t! z
71 peaks corresponding to subsequ&t— Sy, transi- f J(@N=6,2Q=15 Lot 0 g 1 Fo02
tions as a function ok, at which the energy of this transi- ] ol

tion (E) vanishegcompare Fig. &) in which the closing of > ] O + K=1 Yy
the gap is showh Assuming that the skyrmion-nucleus spin 0021 (%) ® K0 N gé 2

scattering is a dominant nuclear spin relaxation process, any g, } © "~ beblesizs =|Tfl L= % |
that it is most efficient whefE~0, the curves obtained by 01 2 3 4 5 6 7 80 002 004 006
broadening of the discrete peaks with Gaussians imitate the L E (e2/h)

nuclear spin relaxation rate as a functiorggf. It is remark-
able that when the value d&; is lowered, the peaks with FIG. 5. Same as Fig. 1 but for=3. More excited states appear
higherK are selected from the spectral function, the separall frame (@ in addition to the spin wave.

tion between the neighboring peaks decreases and their in-

. 1 L
tensity increases. Let us stress that this expected behavior fGRiculations for thev= 5 filling as described in Sec. Il for
v=1% differs qualitatively from what we predict at precisely »~1- Let us begin with the Laughlin incompressible FQH

caly— 1
»=1, where the relaxation rate should increase monotoniSt&te at precisely=3. We found that the reversal of a

cally with decreasing, and remain small even &,=0. nuclear spin in this state creates a spin wave, in perfect anal-
‘ ‘ ogy to what happened in the IQH regime. The main differ-

ence is that the spin wave at % consists of a QR QH pair
IV. FRACTIONAL QUANTUM HALL REGIME whose interaction energy scale is about an order of magni-

Recent NMR(Ref. 13 and opticad® experiments near tude smaller than it was for ex-h pair atv=1, predomi-
—1 revealed a similar dependence of the electron spin pa?@ntly due to the fractional QEand QH charggbut also due
larization on the magnetic field to that found earlier:at {0 @ larger size of the QEand QH wave functions In Fig.
=1. In contrast to an earlier predictidhit now seems plau- 2 We show the graphs for the FQH regime similar to those of
sible that the fast and weakly temperature-dependent nucle5#d: 1. The spectrum shown in Figi& is for N=6 electrons
spin relaxation near=% is somehow related to the presence @ 2Q=15. In the CF picture, this corresponds to six CF's
of skyrmions in the Laughlin liquid. filing exactly their lowest spin: LL of degeneracyg™

Near »v=(2p+1)~! (p=1 is an integer Laughlin fZQ*+1_=6. Similarly to Vfl, additional weak transi- _
correlation4 allow a mapping of the low-energy interacting tions to higher states appear in a small system, but the spin
electron states onto the noninteracting composite fermioi/ave will remain the dominant feature of the spectrum in the
(CP) states with an effective filling factor* ~1. The Chern- N—% |!m't- _

Simons transformation, in which@2magnetic flux quanta !N Fig. 5(b) we overlay the spin wave spectra *(E)
are attached to each electron, results in an effective CF Lbtained for different values &. Similarly to»=1, all data
degeneracy ofy* =g—2p(N—1). On a spher&,this re- points (with 7~ multiplied by \/N) fall on the same regular
places the electronic single particle angular momentum curve which, as expected, vanishes in bBth 0 andE=

=Q~1(2p+1)(N—1) by an effective CF angular momen- limits, and reaches maximum at the eneigy 0.025E,
tum I* =Q*~1(N—1), where D* denotes the effective about an order of magnitude smaller thanvatl1. In Fig.

CF monopole strength. 5(c) we replotr~ ! as a function of wave vectdr=L/R. By

There are two types of low energy charge-neutral excitaanalogy tor=1, we expect that the length of spin wave
tions of Laughliny=1% ground state, similar to the charge most strongly coupled b to a nuclear spin reversal corre-
and spin waves of the =1 state. This similarity lies at the Sponds to the smallest area containing one electind thus
heart of the CF picturéwhere these excitations correspond containing one unit of electron spin that must flip to com-
to promoting one CF from a completely filled lowest (Pensate for the nuclear spirFor the uniformy =% state, the
=0) spin{ CF LL either to the first excitedn=1) CF LL  average area per electron is three times larger thardt,
of the same spin() or to the same CF LLr{=0) but with  Yielding \/3 times larger length scalg, and thus the maxi-
the reversed spinf(. Similarly to »=1, charge and spin mum of 7 (k) is expected atk=¢ 1~(y/3\)!
waves atv=1 are composed of three types of elementary~0.58 ~'. Indeed, this seems to be true of our Fi¢c)5
quasiparticles: a hole in the=0 spin{ CF LL and the To summarize our results at precisely- 3, the mecha-
particles in then=1 spin{ andn=0 spin{ CF LLs, rep- nism of the coupling to the nuclear spins is very analogous.
resenting the Laughlin quasihol@H) and quasielectron The two major differences can be predicted from the simple
(QE) and the reversed-spin quasielectron RErespec- arguments of the three times reduced electron density and the
tively. Each of these quasiparticles is characterized by suctiree times reduced charge of the involved quasiparticles.
single-particle quantities adractiona) electric charge, en- These differences ar@) about a\/3 times larger character-
ergy, or Landau degeneracy of the single-particle Hilberiistic length scale of the responggwave length of the “ac-
space. tive” spin wave and (i) about a 3 smaller interaction en-

Expecting a similar behavior, we have carried out similarergy Egy(¢~1) of such active spin wave. Whilé) is the
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s=2 008{% 8 o : L=-1008{ ¢ 3 . z (&N z{eH)
zlg:l = e 8 2'&:2 2o ° e FIG. 7. The comparison of transition energidsof IQH and
0.2 B f 1° ¢ ° @ e : ¢ (;) FQH systems corresponding to the spin wave emission and the
* 1 1| O . . . . . .
o ] 05=0 internal skyrmion excitations, obtained from E@). E; is the Zee-
S bosl , poa @S-l man energy and is the magnetic length. Franib) shows a blow
1 L 4 o L 3 up of the shaded part of frania).
Y p of the shaded part of f )
A0 | -
@ | o
| N=6 (@ 2 )
uoj‘ ,T_| =1n/2 E for the IQH regime® and about a ten times
0.0 et et b T ,|-, prt -,|-? " smaller value for the FQH regime. This determines the de-
-0.04 000 004 008 -004 000 004 008 pendence of the skyrmion siZ€ and its gapA for spin
E (e?/n) E (e2/n) excitations §x— Sk~1) on Ez in both regimes. These plots

of A(E,) are marked as “IQH-Sky” and “FQH-Sky” in Fig.
7. On the other hand, it follows from the fact thatis the
size of a cyclotron orbit that the spin waves must have

) ) - ~\"! to strongly couple to a localized spin reversaliat
reason for theeductionof ! of the corresponding transi- —1 Also, knowing® the spin wave dispersioBgy(k) al-

tions (compare the maxima of N7~ in Figs. 1 and 5 (i)  lows one to estimate the totéZeeman plus Coulomben-
should actuallyenhancenuclear relaxation due to spin waves ergy gap for such “active” IQH spin wavesy~E,+ Ec.
(if E; can be made disappgaas a result of the weaker By reducing the interaction energy by an order of magnitude
violation of the energy conservation. one can also predict the spin wave gap in the FQH regime,
Let us now turn to the spin-flip processes involving FQHA ~E,+ LE.. These two plots ofA(E,) are marked as
skyrmions. Their energy spectra and gaps for the “internal™|QH-SW” and “FQH-SW” in Fig. 7.
excitations are very similar to those at=1 except for an Since the energy conservation requires thaie equal or
overall reduction of the interaction energy scale and breakingt |east close to the nuclear Zeeman energy which is essen-
of the skyrmion—antiskyrmion symmetfy.In particular, tially zero, it is clear from Fig. 7 how the relative efficiencies
graphs analogous to those in Fig. 2 describe also the FQUf spin waves and skyrmions in both regimes depené& on
Skyrmions, Only with about an order of magnitude Sma”er|t is noteworthy that the({R-h or QER'QH) interactions can
critical values ofE. have different effect on the spin gap, depending on the

In Fig. 6 we display some of the™*(E) spectra calcu- presence of skyrmions in the system. Compared to a nonin-
lated forN=6 electrons at @* =N andN+2, correspond- teracting system for which =E;, the interactionsncrease
ing to one skyrmion(or QE, or QE) and antiskyrmion(or  the spin gapA associated with the creation of spin waves,
QH) in the Laughlinv= 3 state, respectively. As in Fig. 3, in put decreasesuch a gap associated with the skyrmion exci-
the insets we show the energy spectra in which the initial angations. For spin waves, the enhancement\ois due to a
final states for each transition can be found. In perfect analdecrease oéx-h or QEx-QH attraction at a finite wave vec-
ogy to the IQH system, we identify the sequences Oftor k~/»/\ (that can be interpreted as a spin wave kinetic
F-induced transitions witkE <0 that occur between the skyr- energy. For skyrmions, the reduction af is due to interac-

mion or antiskyrmion states of differelt QE—~QEz—S,  tion induced level crossings and ground state transitions.

FIG. 6. Same as Fig. 3 but for= % The initial states in differ-
ent frames are QHa), QE (b), QEx (c), andS; (d).

—S,—--- and QH-S/ —S; —- - It is clear from Fig. 7 that the strong interactions in the
IQH regime prevent the spin waves a1 from coming
V. COMPARISON OF IQH AND FOH REGIMES into resonance with nuclear spins regardless of the value of

E,, and practically eliminate them as an efficient nuclear

Let us finally compare the skyrmion and spin wave exci-spin relaxation mechanism at this filling. But at the same
tations and their possible coupling to the nuclear spins in théime, these interactions allow efficient relaxation nearl

IQH and FQH regimes. It turns out that the following behav-through the spin-flip nucleus-skyrmion collisions over a long

ior depicted in Fig. 7 that can be predicted from the simplerange ofE;. On the other hand, the much weaker interac-

arguments and existing analytical results alone is not fations in the FQH regime do not completely exclude nuclear
from the results of our exact calculations. The skyrmion entelaxation by means of spin wave emissionEgt~0, but
ergy spectrum is adequately reproduced by &g. with £  they considerably shorten the rangeEgfin which the skyr-
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mions occur and can spin-flip collide with the nuclei. There-py a kinetic term~ 2E-v?. This implies that even in the
fore, a drop of the nuclear spin relaxation timeaused by limit of vanishingE,, the energy conservation law will pre-
the introduction of charge excitations to the incompressible/ent a coupling of thélocally) incompressible quantum Hall
liquid (by varying density or magnetic field to mowveaway  states to nuclear spins. This result agrees with long nuclear
from 1 or 3, increasing temperature, or inducing curient spin relaxation times observed in experiments in the absence
should be more pronounced in the IQH regime. This agreesf charged excitationgat preciselyr=1 or + and at low
with the experiments that typically show much longer relax-temperature

ation times atv=1 than atv=3. The situation changes dramatically when skyrmions are
introduced into the 2DEG by either movingaway from 1
VI. CONCLUSION or 3, increasing temperature, or applying voltage to induce

. . _ — . electric current. The reason for the different behavior is the
Using exact numerical diagonalization techniques we

. . : _ -so-called “internal” spin excitations of skyrmior(@ which
have studied possible relaxation mechanisms of nuclear SPiIRReir spinK changes by onewhose energy is much smaller
coupled through the hyperfine interaction to the quantu

MhanE, and can be brought into resonance with the nearl
Hall states of a 2DEG at filling factors near=1 and3. By z g y

X o vanishing nuclear Zeeman energy. Moreover, we have
extrapolation of our finite-size results, we were able to deter

mine the spectral function™ }(E) describing the response of checked that the oscillator strengtit™ of the skyrmion-
- ; N "
an infinite (plana) 2DEG to the reversal of an embedded nucleus collision corresponding to the— (K + 1) transition

. : . is large and increases with increasikg
localized spin. We found that the spectral function can be" | both IQH and FQH regimes, our results imply a critical

decompo;ed into a_continuous part describing trar_]s'itionaependence of the nuclear spin relaxation rate on the pres-
from the incompressible “background” state, and a discrete

part which is due to the presence of additional charge excience of skyrmions in the 2DEG, in good agreement with the
tations(skyrmions.

The continuous part of the response functiort(E) de-
scribes the emission of a spin wave, whose ené&rgy is a
sum of the electronic Zeeman g&p and a kinetic energy
dependent on the wave vectkr We found that, when ex-
pressed as a function of wave vecter,! vanishes in both
k=0 and limits, and that it has a maximum at a finite
~\"Yv. Using the known spin wave dispersion for The authors acknowledge partial support by the Materials
=1, we showed that the emission energy of an “active” spinResearch Program of Basic Energy Sciences, U.S. Depart-
wave that can couple to a nuclear spin reversal excegds ment of Energy.

experiments. The contrast between the forbidden relaxation
due to spin waves and the efficient relaxation due to skyrmi-
ons should be more pronounced:at1 than atv=73, be-
cause of a largefby an order of magnitudeanteraction en-
ergy scale.
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