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Interacting valence holes inp-type SiGe quantum disks in a magnetic field
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The interaction of holes ip-type SiGe quantum disks in a magnetic field is studied. The holes are described
by a Luttinger Hamiltonian, with parity replacing spin as a good quantum number. The interaction Hamiltonian
separates into charge-charge and parity-parity parts. The effect of parity mediated hole-hole interactions is
illustrated by numerical calculations of the energy and capacitance spectra for up to two holes in a quantum
disk for parameters corresponding to a SiGe sys{&0163-18207)04523-7

I. INTRODUCTION correspond to the heavy-hole ban@d4H) and light-hole

_ _ o bands(LH), respectively. The states with=3 andJ,=*3

_ There is currently interest in SiGe based quantum congorrespond to the split off bandS0). At finite values of the
fined semiconductor nanostructures, such as quantum ’dlsk%a\,e vectork, these bands are coupled. The SO bands are
self-organized dot$,and submicrometer tunneling diodés ot included in our model because they are separated in en-
compatible with existing silicon technologyThe SiGe sys-  ergy from HH and LH bands and have only a small influence
tems differ from the heavily studied GaAs system in a NnUM-g, the behavior of the heavy- and light-hole baht&or
ber of ways. Unlike in GaAs, in SiGe based quantum wellsinfinite barriers, the effect of strain reduces to a rigid shift of
electrons are, at best, weakly confifiehd only valence the heavy- and light-hole subbands and cannot be distin-
band holes show significant quantum confinement effectsyyished from the effect of the finite thickness of the disk. We
Since current technology allows for charging nanostructuregerefore introduce an effective thickness of the QW
with individual electron§® one might expect to study in the \which could be chosen to give the actual heavy- and light-
near future strongly interacting holes in SiGe nanostructuresygle ground states separation in a strained sample.
We therefore investigate here the effect of hole-hole interac- gecause we are interested in many-body effects we as-
tion in SiGe quantum disks built from a symmetric quantumsme a simple model of confinement yielding simple wave
well (QW), including the effect of the magnetic field. functions. We assume that holes are confined in a cylindrical

Some aspects of quantum confinement on valence bangsk of radiusr and thicknessv surrounded by infinite po-
holes have already been investigated. The single particlgyntia| barriers. An external magnetic fidis applied along

spectrum of holes in GaAs quantum bq%?eand quantum  he 7 direction, perpendicular to the plane of the disk. The
dots with parabolic confinement, including magnetic field, 7eeman effect is neglected in our calculations.

have been_ investigatéEiThe effec_t of fin_ite hole den_sity and The light- and heavy-hole states are described by a
hole-hole interaction on absorption of infrared radiation hasLuttinger-Kohn Hamiltoniart81°

been investigated within the local density approximation.

The effect of confinement on the two-hole spectrum has also P, R -S 0

been investigatetf Much of the theoretical work on holes in R* P 0 s

guantum dots paralleled theoretical and experimental work -
on electrong? For example, it has been shown recently that H=|-s+ 0o P. R | 1)
interesting physics in double-layer quantum dots can be 0 S R* P

traced back to electron “isospint® We will show that when "

valence holes are described by a Luttinger Hamiltonian, in-

teresting physics arises in single-layer valence hole systemy¢hereH, is spanned in the baslk=3, J,=3,—3,3,— 3. The
associated with parity replacing spin as a good quanturmatrix elements of the Luttinger Hamiltonid) are
number. The interaction Hamiltonian then separates into a

charge-charge and parity-parity parts, in analogy with 2

_ _ 2 2
double-layer systems:'® We illustrate the effect of parity P+—2m0[(71 2v2)ket (n1t72)K], )
mediated hole-hole interactions by numerical calculations of
the energy and capacitance spectrum of two holes in a quan- K2 ) 5
tum disk for parameters corresponding to a SiGe system. szz—mo[(v’ﬁzh)kﬁ(h— Y2 K51, (©)]

II. SINGLE HOLE IN A QUANTUM DISK 52
— _ 2
The spin-orbit interaction couples the hole orbital angular R= 2m0( V3) 7242, @
momentum and its spin. The hole states are described in
terms of their total angular momentuinwhereJ=3,. The h?
o e nereTee S=5—(2\3) 7K ky, ®)
set of solutions withJ=5 and z projectionsJ,=*5,*+3 Mg
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where, for a magnetic field applied in tteedirection we  wave vector, defined in terms of the rootgll) of the Bessel
write k=—iV—(e/ch)A (e>0), k.=k,*ik,, and function ask]'=ap/r. £(z) is the envelope function in the
k§=k§+ kf,, with the vector potential in the symmetric direction perpendicular to the plane of the disk. For a quan-
gaugeA=B/2(—y,x,0). The effective masses in thadirec-  tum well with infinite potential barriers and thicknessthe
tion (m,) and in the plane in the diagonal approximationtwo lowest subband wave functions for both HH and LH are
(m,) are defined asm,=1/(y;¥2y,) and m,=1/(y;  &£(2)=V(2W)cos(@z/w) and &(z)=(2Mw)sin(2wz/w).
+v,), for HH (upper sign and LH (lower sign. The axial The functionsumj(x) are the periodic part of the Bloch func-

approximation used iSy,3=(y,+ v3)/2. The mixing be- tions and m; designates the HH nf==3 and LH
tween HH and LH states is introduced by operat@rand (m;=+1/2) subbands
== .

S. o When the mixing of LH and HH states is included the
_In the absence of the mixing, the HH and LH states of thejgenstates of the Luttinger Hamiltonian shall be classified

disk can be classified by their envelope angular momenturp ot by the envelope angular momemabut by azth com-

m and described by the set of orthonormal envelope basi , .

functions xjm,n,,m;): e onela o o ot of o T et L sates wih

m - different envelope angular momenta.

- V2Im(Kip) €m? £(2)U (X).  (6) Due to inversion symmetry of the QW, the Luttinger
MNImsr(ka'D)| 27 mRe Hamiltonian can be separated by an unitary transformation

into two independent blocks, classified by the parity quantum
The J(knp) is the Bessel function of the first kind of numbers.2° The simplest set of states can be written in the

orderm and radial quantum numbar k}' represents the hole form of four component spinors:

(x|m,n,v,m,

fh*(?’lz)(p, ¢)cod wz/w)(sin(2mz/w))|mi=

5 f* 12 (p, p)cog mz/w) (sin(2mz/w))| m;=
ILNo=1(1))= \/%E Com '

f." M (p, )sin(27z/w) (cos wz/w))| m;=

)
> . @)
|
)

f 32 (p, p)sin(2mz/w) (cog wz/w))| m;=

The above states have a definite total angular momentumworking with harmonic oscillator operators suitable for para-
L and parityo, with the two possible parity configurations bolic confinement, we numerically diagonalize the Luttinger
o=1 and o=]. The quantum numbeN designates the Hamiltonian[Eqg. (1)] in the B=0 basis of the disk.
eigenstates with the given. States of opposite parities are ~ Figure 1 illustrates the effect of the magnetic field and
orthogonal and the two parity configurations are degenerateand mixing on energies of HH and LH single particle states.
in the absence of magnetic field. Under a suitable definitiorFigure Xa) shows energies of hole states without band mix-
of parity operators the parity quantum number is isomorphidng and Fig. 1b) with band mixing. In the first case the holes
to the electronic spin quantum number. present an electronlike behavior and are described by the

We now discuss the energy spectrum of a single hole in atatesm,n,v,m;). The labels in Fig. () correspond to the
magnetic field. In numerical results we use parameters corenvelope angular momentum and the arrows to the parity
responding to the $i,Ge material ¢=0.13). The Lut- of the states. The HH states from up to th&*shell and LH
tinger parameters are y,=5.467, 7,=0.846, and states from up to the 3 shell of the disk are shown. The
¥3=1.997, obtained by linear interpolation from Si and Ge.states corresponding tom; are degenerate. The states from
In this example the radius of the disk iis=300 A and the different shells with-=m are degenerate only Bt=0 T. The
thicknessw=120 A. Three different aspects determine thefinite magnetic field breaks the time reversal symmetry of the
energy spectrum of a valence hole in a disk: the lateral conHamiltonian and the states af m split as a function oB.
finement controlled by the radius the HH and LH band The energies @8=0 T are determined by the potential bar-
mixing due to the off-diagonal matrix elements of the Lut- riers in thez direction and in the plane of the disk. With the
tinger Hamiltonian, controlled by the effective thickness increase of the magnetic field the different energy levels
and the magnetic field. evolve to form Landau Levels. Figurédl shows the Landau

The effect of the magnetic field on light and heavy holeslevels LL;, LL,, and LL; of heavy holegHH’s) and the first
in bulk materials and quantum dots with parabolic confine-Landau level of light holes LL(LH).
ment can be solved using the algebra of the annihilation and When band mixing is considered the description of a hole
creation operators of the harmonic oscillatdf’ Instead of s given in terms of stateé,N, o). The corresponding ener-
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lence holes in second quantization can be written as

_ + +
H—; E]CJ Cj+2 Uj’jerCj
I

1
.l ... ctefe o
+2 ,-1%3“ V11,12,13,]4CJlC12013C]4, ®)

where E; are one-hole energies. Because we work with
single particle states which are not eigenstates of the Lut-
tinger Hamiltonian at finite magnetic fielt;,; is the matrix

element for the one particle scattering induced by the mag-

E (meV)

netic field. V; ; ;.;, is the matrix element of the Coulomb
9 - : - : interaction between two holes in the absence of the magnetic
field. We define both matrix elements in the Appendix.
24 ) ' ) ' ' The Coulomb matrix elements conserve the total angular

momentum of the two holels,=L;+L,. Due to the degen-
eracy of the single-hole statéls;,N;, 1) and|—L;,N;,|) at
zero magnetic field the Coulomb matrix elements have sym-
metries with respect to the simultaneous inversion of angular
momentum and parity:(@) if o;=0, and o,=o03,
(0109 o201)=Vp, (b) if o1#0, and o,# 03,
(0109 Vi o304)=Vyx, (c) if just one of the particles
changes its parityV,=0.

Using the parity properties of the Coulomb interaction we
can rewrite the hole-hole interaction term as

E (meV)

1
9 N 1 4 1 2 - Ll,Lz,L3,L4 + +
0 5 10 15 V=52 > {Vy [CL N, 1CL,N, 1 CL NS TCL N, 1

20
B (TESLA) b

+ +
T C LNy 1C— LNy C- LN, 1 C— LNy
FIG. 1. Single-hole energy spectrum as a function of magnetic N "
field (a) without band-mixing(b) with band mixing. Solid lines T CL N, 1C— LNy C—LgN3 I CL N,
represenr=| and dashed lines=1 states in(b). N .
+c_ c CL,N,1C—L,N, 1]
LN L LN, T 9LgN5T aNgl

gies are shown in Fig. (). The inclusipn of band mixing +V"1"‘2"‘3"‘4[c+ e c

lifts the degeneracy between states witk- T and o= at X LiNgTHLoNTHLgNgl LNy
finite magnetic fields. The low energy states of the system tct ot c c

are theo= | states. They form a LL at high magnetic fields. LNy LY —LoNp L= = LgNg T = LNt

The slope of this LI, corresponds to hole states of large
mass, therefore revealing that the magnetic field mixed the
m;=*3/2 components of the spinor with those of
m;=*1/2. At higher energies the LL is formed of states
with parity o= 1. The slope of the ground LLis identical to - ; ; )

the LL;(HH;) of Fig. 1(a). The reason the dispersion of eraﬁ):rf';nlng the following set of chargp and parity\ op
these states is the same in both figures is that the magnetic '

field acts in such a way as to decrease the coupling among pi j:CIN.TCL-N-T+CtL.N¢C—L-N-1v (10)

the valence bands, imposed by the confinement in the plane. ' SRR i I

They converge to the anomalous bulk E1This figure also X ot N 11
illustrates the mixing of HH and LH states at higher energies. 1= O Oy Conny Gy (1)
The crossing of HH and LH levels presented in Fi(®1s e can rewrite the interaction Hamiltonian, apart from linear
replaced by the anticrossing effects shown at the upper pagt, s inp and\, as
of Fig. 1(b). This behavior is due to the coupling of states

with the same angular momentumand parityo.

+ +
T CL N, 1C— LN, C—LgN31CL,N, |

+ +
FC I Ny 1 CUN, 1 CLgNg 1 C—L N, 1 1) €)

\4 2 {Vopiapaat VsNiNsg. (12

210 N}
In the expression above, the first term is related to the

We write our Hamiltonian in single particle basis charge density-charge density interactions. However, the im-
liY=|L,N,o) for B=0 T. The HamiltoniarH=Hy+V is a  portant aspect of this expression, that distinguishes it from

sum of the one-body term; and two-body Coulomb inter- the electron case, is the presence of a pdsipjn) dependent
action termV. The general form of the Hamiltonian for va- termVy. The same type of Hamiltonian describes electrons

I1l. INTERACTING HOLES IN A DISK
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FIG. 2. Single particle occupation numbers of envelope angular . o
momentumm for the two distinct two-hole statda/2,1;—1/2,1) FIG. 3. (a) Energy of two-hole states without subband mixing

(white bay and|1/2,]; — 1/2,]) (dark bay atB=0 T: (a) no sub- (Coulomb interaction includedas a function of magetic fieldb)
band mixing, no C;)uylomb 'interactio(lb) no subband mixing but Osci_llatior!s of the ground state between singlet and triplet parity
with Coulomb interaction(c) subband mixing included, but no c&nﬂguratlons. f((;]) Total envfelopt_a afngular _mfc_)rr|1dentum
Coulomb interactior(d) subband mixing and Coulomb interaction (M=m,+mj,) of the system as a function of magnetic field.
included.

516 occupation numbers corresponding to the two-hole
in double-layer electron system.® Therefore the role + +

DA . D L4T, Loy =
played by the parity in interacting one-layer valence hole>t s ILal LaT) CleéTCLZ:—%T|O> and [Lyl,Lal)
system is analogous with “isospin” of double-layer electron =" llC: - ll|0>’ for four different situations(a no
2= 72

systems. Li=2
y band mixing and no Coulomb interactiofly) no band mix-

ing but Coulomb interaction included¢) subband mixing
included but no Coulomb interaction, afd) both band mix-
ing and Coulomb interactions included. In Figapthe oc-

As an illustration of the general theory we present resultgupation numbers correspond to free particle states. When
of numerical calculations of the spectrum of two holes in aCoulomb interaction, but no subband mixing, is considered
magnetic field. We restrict ourselves to the low energy statel~ig. 2(b)], the statefL;1,L,T) acquires a small projection
with a strong heavy-holéHH ;) character as shown in Fig. corresponding to envelope angular momemte=3 and
1. These single particle states are used to construct a basisf=0 , not present in the free particle description. Similarly,
two-hole state$L,,N;,04;L,,N;,0,) and the Hamiltonian ~ state|L,|,L,|) acquires a small projection onto angular mo-
is numerically diagonalized in this basis. One can alternamentam= —3 andm=0. However, no coupling exists be-
tively classify the two-hole states by the total parity, singlettween statef;1,L,1) and|L,|,L,]), because without sub-
or triplet, in analogy with the isospin in double dot band mixing we havéL,T,L,T|VpeL1l,Lol)=0.
systems?® Turning on the subband mixing but not the Coulomb in-

An important feature of the Coulomb interaction betweenteraction, we describe the,;1,L,7) and|L,|,L,|) states in
holes is the coupling of states with opposite parities:terms of spinorg7). Each state has now a nonzero projection
(LL|VhnlTT). This coupling is not allowed for electrons with on the envelope angular moments= —2,—1,0,1,2, as can
equivalent spin configurations. Figure 2 illustrates this effectbe seen in Fig @). However, when we turn on Coulomb
It presents the single particle angular momentum) ( interaction as well as band mixing we obtain the single par-

IV. SPECTRUM OF TWO HOLES
IN A MAGNETIC FIELD
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FIG. 4. (a) Energy of two-hole states with subband mixing F.|G' 5. (8) The Enagnetlc field depende_nce of the chemical po
. 2 . - tential w(N), for N=2 (upper curvg andN=1 (lower curve. (b)
(Coulomb interaction includedhs a function of magnetic fieldb) k .
. ) - . Charging energyJ of the two-hole system as a function of the
Parity configuration of the two-hole system as a function of mag_magnetic field

netic field.(c) Average total envelope angular momentufi{) of
the ground statésolid line).
ground state still changes as a function of the magnetic field,

ticle occupation numbers shown in Figd2 We notice that as shown in Fig. @), with all ground states foB>1T hav-
both states are coupled, presenting very similar angular mdng a parity configuration] | ) [Fig. 4b)]. The band mixing
mentum distributions. This is a consequence of the fact thaand the Coulomb interaction break the degeneracy of the
(L1T,LoT|VilL1l,L5])# 0 when band mixing is included. three triplet configurations. The fact that the magnetic field

Figures 3 and 4 present the ground state energy, parityprces the parity configuratioh| |) to be the ground state
and angular momentum of two interacting holes as a functiowan be understood in terms of the single-hole results of Fig.
of magnetic field. In Fig. @) the interacting HH and LH 1. In that case the magnetic field increased the band mixing
holes are treated without taking into account the band mixingf hole states with parityy more than those of parity,
produced by the off-diagonal terms of the Luttinger Hamil- causing their effective masses to increase. Therefore the two-
tonian. With increasing magnetic field the parity of the hole states made e@f=| have a lower energy than those of
ground state of the system oscillates between parity singlet=1. In Fig. 4c) we present the average envelope angular
and ftriplet configurations, as shown in FighB8 This is momentum{M) of the hole statessolid line). The dashed
known to be a consequence of the Coulomb interaction bdine is plotted as a reference and it corresponds to a situation
tween the particle§?2-2* Figure 3c) shows that the total where no band mixing is present. We observe that odd values
envelope angular momentunM(=m;+m,) of the system of M correspond to th¢| |) states. The increasing separa-
changes with the parity configuration, with even values oftion of these two lines, aB is increased, is another indica-
M associated with singlet states and odd valueMoWwith  tion that the magnetic field increases the band mixing of
triplet states. these states. The band mixing of holes can be considered as

When band mixing is included we obtain a different be-an effective “Zeeman effect” that causes the ground states
havior, shown in Fig. 4. The main result of the band mixingof the system to remain a triplet state, associated with only
is the removal of the oscillatory behavior of the parity of the odd values of angular momenta.
ground state. Once the singlet parity ground state changes to The effects of hole-hole interactions can be measured via
a triplet atB=1T the change of parity from triplet back to single electron capacitance spectrosco8ECS. SECS
singlet does not occur. The angular momentunof the  measures the chemical potential of the dot
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w(N)=EggN)—Egg(N—1) as a function of the number of Spin in double-layer electronic systems. The exact diagonal-
holesN in the dot. In Fig. %a) we show the dependence of ization studies of this Hamiltonian were carried out for up to
w(N) on the magnetic field foN=1,2. Figure ) shows two holes in SiGe quantum disk. The ground state energy
the magnetic field dependence of the charging energ§hows cusps associated with magnetic field indgced changes
U=EIYN=2)-EX"(N=2) for two holes. The dominant Of the ground state angular momentum. We find that the
total envelope angular momentM] of the corresponding parity trlplet-smg_let transition, (_:haracterlstm of electrons in
ground states are indicated. As the total angular momenturfUCh structures, is not present in the case of holes. The mag-
of the system increases as a function of magnetic field thgetic field dependence of the charging energy in a capaci-
holes tend to move farther apart from each other, thereforiNce spectra is analyzed.

decreasing their interaction energy. The charging energy

would be responsible for the operation of a single-hole tran- ACKNOWLEDGMENTS
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pacitance spectra of interacting valence holes in quantum

disks in a magnetic field. We have shown that hole states can APPENDIX

be classified by parity instead of spin. The magnetic field

plays an important role in controlling the mixing between The external magnetic field induces scattering among the

different parity states. The Coulomb scattering of holes consingle-hole basis states that conserve the angular momentum

tains parity conserving and parity flipping contributions. (L) and parity ¢). The magnetic field dependent parts of

Therefore the Hamiltonian is a combination of charge-chargéhe matrix elements corresponding to the operal®rs R,

and parity-parity interaction terms, in analogy with the iso-andS are, respectively,

V. CONCLUSIONS

12 . 0?2 Aoy
<U’N’L’|Upi|LNcr>=Z—rno(yliyz); E’ c:,Lr:: cmjf’[7<n'm|p2|mn>—9mam ]5t 57, (A1)
i n,n
72 , 02p? d
AN AT LA _ L' oo’ *LN'o LNo ’
= (— , — — + —
(o' N'L/[UF|LNo) =5 ﬁ)yzséLﬁzn’Zn,{mj__;/z’_llzcn (mj+z>cnmj<n<m 2>(nm 2 Qpﬁp) mn
"o szz J
+m__§2 1/2c:,§¢‘nj2>ch?‘n;’<n'(m+2) —Qm-—, +Qp%> mn } (A2)
J_ il

sz _4Q !
ANUBAIRE — L' oo’ *LN"o LNo ) ’ _
(o'N’L’|US|LNo) 2mo(z\/s)y:,;(—s\/v )05,_ & r% {mj=3/2,uzcn’<mﬁ1>cnmﬂ sgrim;)(n’(m—1)|p|mn)
_ *LN'c  ~LNo Nn!
mj:_%w Cryim,1,Crmy SGH(m))(n <m+1>|p|mn>], (A3)

whereL=m+m;, o(1)=1, o(])=—1, Q=ey?, andeg=rc/eB)*. The function sgnfy) stands for the sign af; . The
matrix elements involving vectotsnn) are calculated in terms of scalar products between Bessel fundtjgkSp) [Eq. (6)].
In order to obtain the Coulomb matrix elements we use the expansion of Coulomb interaction in terms of Bessel functions

1 (e , ,
o] = 2, |, 4a€ 3 @p)d @p e, (A4)

the Coulomb matrix elements among hole stajes=|L;,N;,o;) are written as

2

. . € *LyNjog LaNgog *LoNoos LaNgog [ © L,Lmt Lalom2 .y w

<1112|th|J3J4>:E_OrE1 > 2 c 'c* TiC 22EC S SJ dQGnin:mJ(Q)annzzm'(Q)Xm'm‘ (Q—),
m;

2 1n2p3pad MM 4M; nm; 3M; 0 0102030 r

mj n=-,n=,n%,n
(A5)

]

wheree is the static dielectric constant of3iGe, 13 andr is the radius of the disk. We defir@=rq and
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L—m; L'—m;
L 2[5sdsd _m (Ky "rs)d 1 (qrs)dp (K, rs)
Gnn’ I - l L-m; L’—r’:r ! (AB)
|‘JLfmj+1(kn 'r)JL'—ij(kn, il
. m;l'm.2 .
with p=sr. The form factory ! ’ [Q(w/r)] can be written as
1¥2%3%4

i = azetangien [* aal@e@e s (A7)

0'10'20'30'4 —W/Z 0'2 0'3 _le 0'1 0'4
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