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Excitonic ions and pseudopotentials in two-dimensional systems:
Evidence for quantum Hall states of anX™ gas
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Systems of up to 12 electrons and six holes on the Haldane sphere are studied by exact numerical diago-
nalization. The low-lying states of the system involve bound excitonic complexes su¢h .ashe angular
momenta of these complexes and the pseudopotentials describing their interaction are determined. The simi-
larity to the electron pseudopotential suggests the possibility of incompressible ground states of X gas of
ions for v<1/3. Thev=1/3 states of three and foX 's are found[S0163-18209)07639-(

[. INTRODUCTION the maximum allowed pair angular momentynelated to
the minimum allowed averagAB distancé is smaller than
In a quasi-two-dimensional system in a strong dc magthat of two point particles with angular momenaandlg.
netic field, a pair of electronse(’) and a valence-band hole This is equivalent to a “hard-core” repulsion, effectively
(h™) can form a spin-triplet negatively charged excitonraising one or more highest pseudopotential parameters to
(X7).1* This state has lower energy than the multiplicativeinfinity. Knowing binding energies and angular momenta of
state predicted by hidden symmetrgyhich consists of a the composite particles and thg.-y-(L) pseudopotential,
neutral exciton(X) in its ground state and an unbound free allows us to use the composite fermi¢@F) picture? to
electron. At sufficiently high fields, it also has lower energy predict the lowest-lying band of angular momentum multip-
than the extensively studi®@pin-singletX™. Generally, in lets of a system o~ particles for various values of the
the system of electrons and holes confined to their lowesmnagnetic fieldB=(%c/eR?)S. These predictions are com-
(spin-polarizedl Landau levels, the only bound complexes pared to exact numerical results for the six-electron—three-
areX and charged multiexciton complexes, or excitonic ionshole and eight-electron—four-hole systems &<22, and
X, (n=1,2,...). Moreover, eachX, ion has only one the agreement is found to be good. For larger systems it
bound state, and the binding energéx,x;:Exn— T Ex becomes difficult to carry out exact numerical diagonaliza-
—E,, quickly decreases with increasing The X~ and tion in terms of the |nd|V|duaI_ electrqns apd holes, but the
n lowest-lying band of states will consist & 's interacting

larger ions X, are long-lived’ composite particles with through the pseudopotentiaV/y-x-(L), which can be
mass and charge; therefore, their lowest-energy states formngled numerically.

degenerate Landau levelt seems plausible that such com-

posite particles could form Laughfiincompressible ground

states at particular values of magnetic fizldn intriguing

question is whether they would exhibit the fractional quan-

tum Hall effect® in the thermodynamic limit. The single-particle states on the Haldane sphere are called
In this paper we study by exact numerical diagonalizationrmonopole harmonics They are labeled by angular momen-

the energy spectra of small systems contairiadholes and  tum|=S and its projectiorm. The (25+ 1)-fold degenerate

N, electrons, confined to the surface of a Haldane sphefe  lowest Landau level consists of the S multiplet. The char-

radius R and monopole strengthSEhc/e). From our nu-  acteristic wave-function length scale is the magnetic length

merical results we are able to determine the angular momenx (R>=S\?).

tum |, of the composite particlesA=e, X, X5, etc) The Hamiltonian of an interacting system N electrons

and the pseudopotentialé,g(L) describing the interaction and N, holes in the lowest Landau level contains the con-

of any pairAB as a function of the pair angular momentum stant cyclotron energy and tleee, e-h, andh-h Coulomb

L. At sufficiently large values o8and small values df, i.e.,  interactions(for the matrix elements see Ref.)14he Hil-

at large averag@B distance, the pseudopotentials of all pairsbert space ok-h states is spanned by single-particle con-

are very similar and can be well approximated by those of digurations classified by the total angular momentum projec-

pair of electrongpoint particle$ with individual angular mo- tion M. The eigenstates, obtained through numerical

mental , andlg . However, ifA or B is a composite particle, diagonalization of the many-body Hamiltonian in tié

Il. MODEL
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FIG. 2. Energy spectrum of four electrons and two holes&t 2
=15. Open circles, multiplicative states; solid circles, nonmultipli-
cative states; triangles, squares, and diamonds, approximate pseudo-

. . potentials.
eigensubspaces, fall into degenerate total angular momentum

(L) multiplets.

Because of the hidden symmetmjue to symmetrie-e,
e-h, andh-h interactions, the numbeXy of decoupled ex- In Fig. 2 we display the energy spectrum of a system of
citons is another good quantum number labeling many-bodfour electrons and two holes aS2 15. The states marked
e-h states. The states witiy=0 are called nonmultiplica- by open and solid circles are multiplicativeontaining one
tive, and the states witNy>0 are multiplicative. The mul- or more decoupleX’s) and nonmultiplicative states, respec-
tiplicative states are obtained by addition of a zero angulatively. ForL <10 there are four rather well defined low-lying
momentum exciton into the eigenstate ofexh system with  bands. Two of them begin &t=0. The lower of these con-
one lesse-h pair. sists of twoX™ ions interacting through a pseudopotential

Vy-x-(L). The upper band consists of states containing two
decoupled X's plus two electrons interacting through
. TWO-ELECTRON —ONE-HOLE SYSTEM Ve-o-(L). The band that begins &t=1 consists of oné&

In Fig. 1 we show the energy spectrim magnetic units plu_s anX~ and an electron mteract!ng throug_tgixf(L),
of a system of two electrons and one hole &=210 as a yvhlle.the band that starts ht=2 consists of aiX, interact-
function of the total angular momentutn. The lowest- NG With a free electron.
energy state at =S is the multiplicative state with one neu- ~ Remember that,=S, Ix-=S—1, andly =S-2, and
tral exciton in itsly=0 ground state and one electron of that decoupled excitons do not carry angular momentum
angular momentunb,=S. Only one state of lower energy (Ix=0). For a pair of identical fermions of angular momen-
occurs in the spectrum. It appearslatS—1 and corre- tuml, the allowed values of the pair angular momentum are
sponds to the only bound state of the negatively chargetl=2I—j, wherej is an odd integer. For a pair of distin-
exciton X~.° The value of theX™ angular momentuml,y - guishable particles with angular momehtaandl gz, the total
=S—1, can be understood by noticing that the lowest-angular momentum satisfifig,—Ig|<L<I,+1g. The states
energy single-particle configuration of two electrons and oneontaining two free electrons and two decoupled neutral ex-
hole is the “compact droplet,” in which the two electrons citons fit exactly the pseudopotential for a pair of electrons at
have z component of angular momentum=S andm=S  2S=15; the maximum pair angular momentumLi$®=14
—1, and the hole hasm=—S, givingM=S—-1. as expected. The states containing t{/0's terminate at_

As marked with lines in Fig. 1, unbound states above the=10. Since theX™’s are fermions, one would have expected
multiplicative state form bands, which arise from then  a state at "®=2ly-—1=12. This state is missing in Fig. 2.
interaction and are separated by gaps associated with thgy studying 2X~ states for low values df we surmise that
characteristic excitation energies of anh pair (the e-h the state withL =L does not occur because of the finite
pseudopotential, i.e., the energy spectrum of an exciton, isize of theX™. Large pair angular momentum corresponds to
shown in the ins¢t These bands are rather well approxi- the small average distance, and to's in the state with
mated by the expectation values of the totadg and e-h) LM would be too close to one another for the bodds to
interaction energy, calculated in the eigenstates ofetfie  remain stable. We can think of this as a “hard-core” repul-
interaction alonéwithout e-e interaction. sion for L=L"# Effectively, the corresponding pseudopo-

FIG. 1. Energy spectrum of two electrons and one hole &t 2
=10. Inset: energy spectrum of an electron-hole pair.

IV. FOUR-ELECTRON —TWO-HOLE SYSTEM
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tential parameteWy-x-(L™®) is infinite. In a similar way, "6_0 - % 3 § § [ mutipicat | &+ - 8 .
Ve-x-(L) is effectively infinite for L=L"*=14, and 4 & o ¥, o |® nonmutipl .
Ve-x-(L) is infinite for L=L"*=131° Ho o 8 @ VereXs [° e
2 . 1.4 00 e™=X"-X3
Once the maximum allowed angular momenta for all four - o | O XXX K4
pairingsAB are established, all four bands in Fig. 2 can be n o 8 8
roughly approximated by the pseudopotentials of a pair of & .1, . ¢ § § ° - v ¥
electrons(point chargeswith angular momentd, andlg, Sl 8 8.8 ®...0
shifted by the binding energies of appropriate composite par-¢ e 2
ticles. For example, thi™-X~ band is approximated by the &', ;| @2s=8 | [ (b) 25=8
- . . — [
e -e  pseudopotential for=I1y-=S—1 plus twice theX U o 5 8 4 . o v,
energy. The agreement is demonstrated in Fig. 2, where the? o © ; S w v @ -
squares, diamonds, and two kinds of triangles approximate & 1.0 - s ° § - v & v
the four bands in the four-electron—two-hole spectrum. The § . # 3 R AN
fit of the diamonds to the actual -X~ spectrum is quite 1.5.0.8 2.8 ! E
good forL<10. The fit of thee™-X~ squares to the open ] . . g s . . O % o
circle multiplicative states is reasonably good fox 12, and 09d—2® a O o= &
the e™-X, triangles fit their solid circle nonmultiplicative i * . e
states rather well fot <11. At sufficiently large separation - ° (c) 28=11 ® (d) 28=11
(low L), the repulsion between ions is weaker than their 0 1 2 3 4 8 6 70 1 2 3 48 6 7
binding, and the bands for distinct charge configurations do angular momentum

not overlap. .
FIG. 3. Energy spectra of six electrons and three holesSat 2

=8 and 11. Open circles, multiplicative states; solid circles, non-
V. MANY X~ SYSTEM multiplicative states; triangles, squares, and diamonds, approximate
spectra; dashed lines, estimated lower bounds of spectra given by

We know from exact diagonalization calculations for up triangles and squares.
to 11 electron¥"!® that the CF picture correctly predicts the
low-lying states of the fractional quantum Hall systems. Theoverlap slightly at highet, but at lowL they are separated
reason for this success has been shHéwmbe the ability of by gaps reflecting different energies of ions in different
the electrons in states of low total angular momentum tagroupings. The lowest-energy state within each band corre-
avoid large fractional parentatjefrom pair states associated sponds to the three ions moving as far from each other as
with large repulsive values of the Coulomb pseudopotentiapossible(maximally avoiding high pair angular momepté
Ve-e-(L). In particular, for the Laughlinvg=1/3 state, the the ion-ion repulsion energies were equal for all groupit@gs
fractional parentage from pair states with the pair angulagood approximation for dilute systemsthe two higher
momentum ofL"® vanishes. We hypothesize that the samebands would lie above dashed lines, marking the ground-
effect should occur for a system & 's whenl,=Sis re- state energy plus the appropriate difference in binding ener-
placed byl - =S— 1. Defining the effective&X™ filling factor ~ gies. The low-lying multiplicative states in Figs(ap and
of the NX~ system at the monopole strength o§2s  3(c) can also be identified as three ion states and fall into
vx-(N,S)=14(N,S—1), we expect the occurrence of in- following bands: X-e -e -e7, 2X-e -e -X",
compressibld.=0 ground states of charged excitons at allX-e™-e™-X, , andX-e™-X"-X", whose bottom edges can
Laughlin and Jain fractions fory-<1/3. States withvy- be estimated based on binding energies. The bands of three
>1/3 cannot be constructed because they have some fraipn states are separated by a rather large gap from all other
tional parentage from pair angular momentuff?*, which is  states, which involve excitation and breakup of composite
essentially infinite due to the hard-core repulsion. particles.

In Fig. 3 we present numerical results for a system of six It follows from above discussion that the energy spectrum
electrons and three holes, for values &28 and S=11. of N, electrons andN,, holes contains well-developed low-
Both multiplicative (open circles and nonmultiplicative energy bands of states containing particular combinations of
(solid circleg states are shown in framds) and (c). In bound charged composite particligsns) and decoupled ex-
frames(b) and(d) only the non-multiplicative states are plot- citons. The relative position of bands is governed by the
ted, together with the approximate spectra marked with largeinding energies of ions. Th¥, binding energy decreases
open symbols. The approximate spectra are obtained by dsufficiently quickly with increasing, that if No.=2N,,, the
agonalizing the system of three negatively charged particlemwest band consists only of statesNf identical X~ ions.
with the actual pseudopotentialsee Fig. 2, appropriate to Knowing that the lowest-lying states in Fig. 3 contain
the three possible groupings of six electrons and three holasreeX ’s (states approximated by the diamopdad using
into three ions: X" -X"-X~ (diamondg, e -X"-X; the arguments on the correspondence betweeiN&esys-
(squares ande™ -e”-Xj (triangles. tem at the monopole strengthS2and theNX™ system at

Good agreement between the exact and approximate spe2{S—1), we can make the following identificatioi) The
tra in Figs. 3b) and 3d) allows identification of the three ion lowest-energy state atS=8 is an L=0 incompressible
states in the spectrum and confirms our conjecture about irground state of thre&X™’'s corresponding tovy-=1/3. In
compressible states of a gas Xf's for vy-<1/3. States fact, this is the only state of thre€ s for this value of B
corresponding to different groupings form bands. The bandsother states of threX™’s are forbidden by the hard-core
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repulsion. Note that it occurs at a magnetic field that is 4 > 3 EH
larger by 1/3 than that for Laughlim=1/3 state of three .%ghe
electrons(ii) The lowest-energy state a2 11 corresponds ] © ® 6X-
to one quasielectron withye=3/2 in the v=1/5 Laughlin 3.90 boodb R O ™6X~X
state and thus can be thought of as one gMasiin the ° O e™4X™X7
vy-=1/5 state. < ° 2 —E(6X )+A-

The largest systems for which we performed exact calcu-2 | | |- E(BX M-t
lations are the six-electron—three-hole and eight-electron—~ 3807
four-hole systems at the values oS2ip to 12 (Laughlin = (a) 28=17, v=113
vy-=1/5 state of threeX"’s and one quask™-hole in the B s, e o ° T, 06
vyx-=1/3 state of fourX’s, respectively. In each case the § ] o * s . I
CF picture applied to th¥ ™ particles works well. For larger & o : T ¢ o T
systems the exact diagonalization becomes quite difficult. § > . .  J— . o
For example, for the twelve-electron—six-hole system, we - . . .
expect thevy-=1/3, 2/7, 2/9, and 1/5 incompressible states . . B
to occur at B=17, 21, 23, and 27, respectively. Unfortu- 8207 | o0
nately, the exact diagonalization of this 18-particle system at 1° .
such values of 3 is beyond our current computer capability. a8 (b) 26=23, v=2/13 () 28=27, v=1/5
However, we managed to extrapolate ¥e x (L) pseudo- 0123466789 01234586789
potential making use of its very regular dependence 8n 2 angular momentum

and use it to determine approximate bands ¥f 6states.

The spectra obtained in this way are shown as the solig
circles in Fig. 4. At =17 [Fig. 4a)], the only state of the "
6X~ charge configuration is the=0 ground state; higher
configurations are forbidden by the hard coré/f (L) at
L=14. The low-lying states of the neighboring charge con-
figurations,X-5X"-e~ andX, -4X"-e", are shown as open andX,, ), and a gas oX™ ions can form Laughlin incom-
circles and open squares, respectively. These are obtainggessible states fory-<1/3. We find that these charged
using the appropriate pseudopotentisligs(L) and binding  complexes remain stable for a separatibbetween electron
energies, and the results demonstrate that the energies g4 nhole layers up to at least B,7and that theVy- -

charge configurations other than st ions are separated o . -
. o pseudopotential increases withfor d<<0.7n, which further
from its L=0 ground state by a gap. AtS*23 and 27 stabilizes theX™ Laughlin ground states fory-<1/5. A

E)Fclgjr'_é(b) and 4c)], all features predicted by the CF picture clear signature of thX™ will be visible in the photolumi-

Note also that the number dfiX~ states lying below hescence spectrum; however, systems containing a gas of
higher bands, corresponding to other combinations of ion§oth electrons an&™ ions must be analyzed. These results
(below dashed lines in Fig.)4increases whervy- de-  Will be reported in a subsequent publication.
creases. This is because the ion binding energies increase and
the ion-ion repulsion energy decreases when the magnetic
field increases. At sufficiently lowy-, a significant low- ACKNOWLEDGMENTS
energy part of the spectrum remains unaffected by the pos-
sibility of appearance of other combination of ions.

FIG. 4. Approximate &~ bands(solid circleg in the spectra of
elve electrons and six holes &2 17, 23, and 27. Open symbols
at 25=17-X-5X"-e~ and X, -4X~-e~ higher bands. Horizontal
lines, estimated lower bounds of higher bands.
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