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Corr el at ions in partiall y Ùlled electron and comp osite fermion Lan -
dau levels are studied numerically . I nsight into the nature of the correla-
tions is obtained by using model pair pseudop oten tials. Energy spectra of a
mo del short- range three- b ody repulsion are calculated. Mo ore{ Read ground

state at the half -Ùll in g and its quasielec tron , quasihol e, magnetoroton, and
pair- breaki ng excitation s are all identiÙed. T he quasielectron /qu asihol e exci-
tations are describ ed by a comp osite fermion model for Laughlin- correla ted

electron pairs. C omparison of energy spectra and wavef unction overlaps ob-
tained for di ˜erent pseudop otentials suggests that Ùnite- size e˜ects can b e
imp ortant in numerical diagonal i zati on studies on a sphere.
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1. I n t rod uct io n

La ughl in correl ati ons [1] am ong electrons in the lowest Landau level ( LL 0 )

im ply m axi mum possibl e avoidance of pai r sta tes wi th the smal lest relati ve angular
m omentum R 2 . They are responsi ble for the most pro minent fracti onal quantum
Ha l l (FQH) states at Ùll ing facto rs ¡ = n (2 pn Ï 1 ) 1 [2, 3]. Ho wever, FQH states
wi th di ˜erent, non-Laughl in correl ati ons occur as wel l , e.g., in higher electron LL ' s
(LL n wi th n Ñ 1 ) [4] or in com posite ferm ion (CF) LL ' s [5]. The correl ati ons are
determ ined by the pseudopotenti al [6] deÙned as the pai r intera cti on energy V 2 as
a f uncti on of R 2 . A \ harm oni c" pseudopotenti al produces no correl ati ons (i .e.,

A h ar m on ic p seu do po t ent ial i s li n ea r in a vera ge squ ar ed sep ar at i on r . On a spher e i t is
l in ear in L L , wh ere l a n d L l ar e t h e sin gle-p ar t icl e an d p ai r an g ul ar m om ent a,

r espect ivel y. On a p l an e (i .e. fo r l ) , it i s li nea r i n .

(575)
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each multi pl et wi th the sam e to ta l angular m omentum L has the sam e energy
E ) [7]. Of ten, the essential correl ati ons associated wi th an actua l intera cti on can
be repro duced by a sim ple \ m odel" pseudopotenti al in whi ch the harm oni c part
is neglected, and an anha rm onici ty is intro duced at a few lowest values of R 2 .
For exam ple, the La ughl in wa vefuncti on [1] at the Ùll ing factor ¡ = 1

3
i s an exact

E = 0 eigenstate of V2 ( R 2 ) = £R 2 ; 1 .
W e use an exact diagonalizati on on a Ha ldane sphere [2] to study eigenstates

of a m odel two -body pseudopotenti al U ˜ ( R 2 ) = (1 À ˜ ) £ R 2 ;1 + 1

2
˜ £R 2 ;3 . For ˜ = 0

and 1, the low- energy states avoid havi ng a large pai r am pl itude G 2 [6] at R 2 = 1

and 3, respectivel y. For ˜ ¿
1
2
, am pl i tudes f or pai rs wi th R 2 = 1 and 3 are

comparable. Because U ˜ i s subharm onic at R 2 = 1 for ˜ Ñ
1
2
, Laughl in correlati ons

cannot be responsible for the observed ¡ = 5
2

and 3
8

FQH states (corresp ondi ng to
hal f-Ùlled LL 1 and CF- LL 1 , respecti vely). Pro posed tri al wa vefuncti ons include
Ha lperin [8] and Haldane{ R ezayi [9] sta tes wi th Laughl in correl ati ons between
spi n-tri plet and spi n-sing let pa i rs, respecti vely, and the Mo ore{ R ead [10] state tha t
can be deÙned as the E = 0 ground state of a short- range three- body repul sion [11].
These pai red states were investigated in deta i l [12{ 14]. Ho wever, whi ch model best
Ùts di ˜erent exp erim ental situa ti ons is not certa in.

In thi s note we concentra te on the half -Ùlled LL 1 . Because the pai r{ pai r
intera cti on does not conserve R 2 of each indi vi dual pai r, i ts pseudopotenti al is
not well deÙned [15]. Theref ore, Laughl in correlati ons am ong the pai rs invo ked in
Ha lperin and Ha ldane{ R ezayi pa iri ng models cannot be ri gorously establ ished. In
fact, i t has been incorrectl y assumed [11] tha t such pairi ng resul ts for pseudopo-
tenti als attra cti ve at short range rather tha n \ harm oni call y" repul sive l ike U 1

2

. On
the other hand, the Mo ore{ Read wa vefuncti on correctl y describes the ground state
for an intera cti on wi th a very special short- range behavi or, whi le the pseudopoten-
ti als in experim ental system s depend on sampl e param eters (e.g., layer wi dth w ).
Earl ier di agonalizati on studi es indicated tha t real istic Co ulomb pseudopotenti als
in LL 1 are slightl y to o weak at short range to supp ort the Mo ore{ R ead state [14].
Thi s suggests tha t i t is not qui te as accurate a descripti on of the ¡ = 5

2
state as

the Laughl in wa vefuncti on is of the ¡ = 1
3

state.

2. Mo del

For electro ns conÙned to a spherical surface in a shell of angular m om entum l ,
V 2 (R 2 ) i s sim ply an expectati on value of the Coulom b intera cti on for an electron
pai r in LL n wi th a tota l angular m omentum L 2 = 2 l À R 2 . For CF quasiparti cles
(QP' s), V 2 ( R 2 ) can be obta ined from the num erical diagonal izati on of the Coulom b
intera cti on for smal l electron system s whi ch conta in two La ughl in QP' s [6]. Results
for V 2 ( R 2 ) in LL 0 ; LL 1 , CF- LL 0 , and CF- LL 1 can be found in the l i tera ture
[7, 16{ 18]. Num erical results for small system s on a sphere are qual i ta ti vel y correct,
pro vi ded tha t the range of the intera cti on (or correlati on length), scaled wi th a
m agneti c length Ñ =

p
h c =eB , is smal l compared to radius of the sphere R .
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Co rrelati ons in a speciÙc m any- body mul ti plet j L; Ù i are conveni entl y de-
scribed by a pair ampl i tude functi on G 2 ( R 2 ) equal to the numb er of pai rs wi th a
given value of R 2 divi ded by the to ta l numb er of pai rs

À
N
2

Â
[7]. The to ta l intera cti on

energy of a mul ti plet is given by E ( L; Ù ) =
À

N
2

ÂP
R 2

G 2 ( R 2 )V 2 ( R 2 ) .

3 . R esul t s an d d iscu ssio n

3.1. T wo-body correlat ions

In Fi g. 1 we di splay G 2 (1 ) and G 2 ( 3 ) for the lowest L = 0 states of the m odel
pseudopotenti al U ˜ ( R 2 ). The values of N and 2 l were chosen to corresp ond to
the kno wn f amil ies of incom pressible ¡ = 1

2
and 1

3
ground states in LL 1 and in

CF- LL 1 , corresp ondi ng to the to tal electron Ùll ing factors ¡ = 5

2
; 7

3
; 3

8
, and 4

1 1
.

It is cl ear tha t Laughl in correl ati ons wi th G 2 (1 ) § G 2 (3 ) occur for ˜ ¿ 0 , and an
opp osite relati on G 2 (3 ) § G 2 (1 ) holds for ˜ ¿ 1 . For ˜ ¿

1
2

(corresp ondi ng to
electrons in LL 1 ) the situa ti on is not so simpl e because V 2 ( R 2 ) i s nearl y harm oni c
at short range, and the correl ati ons cannot be expressed in term s of avoidance of
a sing le value of R 2 . Ho wever, the Mo ore{ Read state is kno wn [11] to be an exact
E = 0 ground state of a short- range three-body repul sion. Thi s suggests tha t a
careful investigati on of three- body correlati ons m ight be useful .

Fig. 1. Dep endence of pair amplitudes on parameter of pair interaction , ob-

tained for the low est states of particles at (a) and (b),

corresp ondi ng to a - and -Ùlled shell, resp ectively .

The cri teri on for the avo idance of a speciÙc pai r sta te at R 2 i s tha t i t corre-
sponds to the dom inant positi ve anharm onic term of V 2 (R 2 ) [7]. The three- body
states are also labeled by relati ve (wi th respect to the center of mass) angular
m omentum R 3 = 3 , 5, 6,. . . , and larger R 3 m eans a larger avera ge area spanned
by the three parti cles. Since no degeneracies appear in the V 3 ( R 3 ) spectrum for
R 3 < 9 , i ts low- R 3 part can be considered a three- body pseudopotenti al analo-
gous to V 2 ( R 2 ) . The resul ts obta ined for di ˜erent pai r intera cti ons are shown in



578 A . W§j s, J .J. Qui nn

Fig. 2. T riplet interaction pseudop otential s V 3 ( R 3 ) for various pair pseudop oten tials.

Ñ is the magnetic length.

Fi g. 2. The nonm onoto nic behavi or of V 3 ( R 3 ) in frame (c) m ost likel y precl udes
the tendency to avoid the R 3 = 3 tri pl et sta te in the quasielectron (QE) system s.
On the other hand, the monoto nic character of V 3 ( R 3 ) in frame (b) might lead
to the avo idance of the sam e R 3 = 3 tri plet sta te in a parti al ly Ùlled LL 1 . The
dependence of V3 (R 3 ) on V 2 ( R 2 ) can be captured by calcul ati ng the leading V 3

coe£ cients for the model pai r pseudopotenti al U ˜ . Onl y around ˜ ¿
1

2
is V 3 ( R 3 )

a superl inear (i .e., superharm onic) functi on for smal l R 3 .

3.2. T hree-body correlati ons

The hyp othesi s of the avoidance of the R 3 = 3 tri plets in parti ally Ùlled
LL 1 can be tested using \ tri plet am pl i tude" G 3 (R 3 ) . It is deÙned in analogy to
the pai r ampl itude, as an exp ectati on value of the operato r P i j k ( R 3 ; Ù 3 ) pro jecting
a m any-body state ˆ onto the subspace wi th three parti cles i j k being in an eigen-
state j R 3 ; Ù 3 i (here, Ù 3 disti nguishesdi ˜erent m ulti plets at the sam e R 3 ; i t can be
om i tted for R 3 < 9 ). The tri pl et am pl i tudes are norm al ized,

; Ù
G 3 ( R 3 ; Ù 3 ) = 1 ,

and sati sfy an addi ti onal sum rul e:

L ( L + 1 ) +
N ( N À 3 )

2
l ( l + 1 ) =

N ( N À 1 )

6
;Ù

G 3 (R 3 ; Ù3 ) L 3 ( L 3 + 1 ); (1)

where L 3 = 3 l À R 3 i s the to ta l tri plet angular m omentum . Energy of ˆ i s E =
N
3 ; Ù

G 3 ( R 3 ; Ù 3 ) V 3 ( R 3 ; Ù 3 ) .
In Fi g. 3 we plot the leadi ng ampl itudes G 3 ( R 3 ) as a f uncti on of ˜ , calcul ated

in the lowest L = 0 states of the FQH systems used earl ier. Cl earl y, al l tri pl et
am pl i tudes signi Ùcantl y depend on ˜ , but we especial ly want to point out the
fol lowi ng three features for R 3 = 3 : (i ) at ¡ = 1

2
, the tendency to avoid R 2 = 1

pai rs at ˜ ¿ 0 i s n o t synonym ous wi th the avo idance of R 3 = 3 tri plets; (i i ) G 3 (3 )

vani shes for ˜ ¤
1
2

at ¡ = 1
2
; (i i i ) G 3 (3 ) inc r ea ses when ˜ increases beyond 1

2
in

al l fram es.
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Fig. 3. Dep endence of triplet amplitudes G 3 on parameter ˜ of pair interaction U ˜ ,

obtained for the low est L = 0 states of N particles in the same FQH states as used in

Fig. 1.

Observ ati on (i i i ) conÙrm s the suspicion based on the form of V 3 ( R 3 ) in
Fi g. 2c tha t, against an earl ier assumpti on [11], the Ha lperin pai red state [8] is not
an adequate descripti on for system s wi th subharm onic pseudopotenti als at short
range. In parti cul ar, such a m odel appears inappro pri ate for the QE' s in CF- LL 1

(i .e., in the FQH states at ¡ = 3
8

and 4
1 1

). Instea d of Ha lperin' s pai ri ng, groupi ng
into larger clusters m ost l ikel y occurs.

W e have evaluated the value ˜ 0 at whi ch G 3 (3 ) drops (nearl y) to zero at
2 l = 2 N À 3 for di ˜erent N ç 1 4 , but it is di£ cult to rel iabl y estim ate ˜ 0 on a
pl ane. However, o ther evi dence [19] suggests tha t ˜ 0 i s close to 1

2
f or N ! 1 .

Since U accuratel y models Co ulomb intera cti on in LL 1 , the R 3 > 3 correlati ons

are expected to accuratel y describe experim enta l FQH systems at ¡ ¿
5
2
.

3.3. Spect ra of three-body repul sion

T o study exci tati ons of the Mo ore{ R ead state, a sim ple m odel three- body
repul sion W ( R 3 ) = £ 3 can be used [12, 13], whi ch induces exactl y the ri ght typ e
of correl ati ons (R 3 > 3 ). In Fi g. 4a we present the energy spectrum for N = 1 4

and 2 l = 2 N À 3 . There is exactl y one E = 0 state in the spectrum at L = 0

(a t 2 l < 2 N À 3 every state has E > 0 , and at 2 l > 2 N À 3 there is m ore tha n
one E = 0 state). Thi s fact m akes the Mo ore{ R ead an extensi on of the La ughl in
idea for the ¡ = 1

3
state at 2 l = 3 N À 3 being the only state in its Hi lbert space

wi th no pai r am pl itude at R 2 = 1 . Just as the avo idance of more tha n one pai r
sta te generated the who le ¡ = 1

3
; 1

5
, . . . sequence, the avo idance of not pai rs, but

tri plets gives ri se to incom pressibi l ity at new values of ¡ .
The analogy to the La ughl in ¡ = 1

3
state goes beyond the incom pressible

ground state. The low-energy exci ta ti ons clearl y form a band tha t resembles the
m agneto roto n curve [13]. In frame (b) we overl ay data obta ined for N = 6 to 14
and plot i t as a functi on of wa vevector k = L= R . The conti nuous character of thi s
band and the mini mum at k ¤ 1 : 5 Ñ 1 are clearl y vi sibl e.
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Fig. 4. (a) Energy spectrum E ( L ) of N = 1 4 particles interacting through triplet

pseudop oten tial W ( R 3 ) , at the Mo ore{Read value of 2 . (b) Energy

disp ersi on for the excited magnetoroton band. is the magnetic length.

An increase in for in Fi g. 1a as com pared to the La ughl in
correl ated state at m ight indicate pai ri ng. If the pai rs had Laughl in corre-
lati ons [8], novel FQH states would resul t. Ho wever, unti l now such correlati ons
have not been establ ished in any real isti c FQH system . Since only for , 10,
and 14 (but not f or or 12) do the ground states occur for QE' s,
thi s picture seems inadequate in CF- [15]. Ho wever, f or half -Ùlled , large
values of and, at the same t ime, the vanishi ng of supports thi s idea
in the Mo ore{ Read state. By e˜ecti vely acti ng l ike a short- range three- body re-
pul sion , Co ulomb repul sion in al lows groupi ng electro ns into pai rs, but
yi elds Laughl in correl ati ons am ong them . Thi s can be modeled by a Ùctiti ous Ûux
atta chm ent in a standard way.

The CF m odel describing Laughl in-correl ated pai rs wi th and
wo rks in the fol lowing way: 7 Ûux quanta (4 to account for the Paul i pri nci pl e,

4 to m odel correl ati ons am ong the pai rs, and to convert bosons to ferm ions) are
atta ched to each of the pai rs, givi ng an e˜ecti ve angul ar m omentum

of the lowest CF- pai r shell (CFP- ). For ,
i ts degeneracy is . W hen , the CFP' s com pletel y
Ùll CFP- givi ng an ground state. The m agnetoroto n band describes
a QH{ QE exci ta ti on between the CFP- and CFP- shells. The quasiho le
(QH) and QE angular m omenta are and , respectively,
givi ng a QE{ QH band wi th . The lower- states of thi s band merge
wi th the conti nuum , but tho se at larger are clearl y vi sible in Fi g. 4a.

In Fi g. 5 we present the spectra obta ined for even values of and
. At , there is always a band of states at

, [13], corresp ondi ng to two QH' s in CFP- of degeneracy
. The Ùrst exci ted band above the tw o-QH states conta ins an addi ti onal

QE{ QH pai r. At no states can have , but the lowest band
conta ins two QE' s in CFP- of degeneracy . Indeed, in spectrum (b),
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Fig. 5. T he same as Fig. 4a but for (a) 2l = 2 N À 2 and (b) 2 l = 2 , corresp ondin g

to tw o QH ' s and two QE' s in the Mo ore{Read state, resp ectively .

the low-energy band at L = N 2 2 ; N 2 4 ,. . . can be found.
The CFP m odel cannot describe pai r-breaki ng exci tati ons, genera lly ex-

pected to be neutra l ferm ions. They can be identi Ùed in the spectra for odd N and
2 l = 2 N 3 [11], as shown in Fi g. 6a. For any odd value of N , the lowest band
occurs at L = 5

2
; 7

2
,. . . , 1

2
N , tha t seems to describe di spersion of an exci to nic state

of two QP' s of opposite charge. Thi s becom es m ore convi nci ng in Fi g. 6b, where
the data obta ined for di ˜erent N i s pl otted to gether as a functi on of wa vevector k ,
and a clear m agnetoroto n- t yp e m inimum appears at k 1 : 0 Ñ 1 .

Fig. 6. (a) T he same as Fig. 4a but for an odd numb er of particles and

. (b) Energy disp ersion for the pair- breaki ng band. is the

magnetic length.

3.4. Fi ni te-si ze ẽ e cts

Earl ier studi es using Coulomb pseudopotenti al in LL 1 [11, 14, 17] showed
L = 0 ground states wi th a gap at 2 l = 2 N 3 but there were no clear indi cati ons
of the QP or pair- breaki ng exci tati ons identi Ùed in the spectra of W [12, 13]. A
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m ajor pro blem wi th the calcul ati ons on a sphere is the size-dependence of the cri t-
ical value ˜ 0 at whi ch R 3 = 3 i s avo ided. It is clear from the analysis of squared
overl aps ± u ( ˜ ) = j h ¢ ˜ j ê u ij

2 of the eigenstates ¢ ˜ of U ˜ wi th the eigenstates ê u

of various other intera cti ons u : three- body repul sion W and electro n and QE pai r
pseudopotenti als V2 in LL 0 ; LL 1 , and CF- LL 1 . The exact Mo ore{ R ead eigenstate
of W turns out to be an excellent ground state of U ˜ at ˜ ¤ 0 : 4 2 5 . So is the
ground state of Co ulomb pai r intera cti on in LL 1 , but at a di ˜erent ˜ ¤ 0 :5 . The
di sagreement between these two values of ˜ does not di sapp ear in wi de sampl es
(e.g., j h ê W j ê L L 1 i j

2 = 0 : 4 8 , 0.58, and 0.71 for w =Ñ = 0 , 1.75, and 3.5, respec-
ti vel y). Thi s ra ises the question of whether the Mo ore{ Read tri al sta te and i ts
QP exci ta ti ons actual ly occur in the FQH ¡ = 5

2
state. Fortuna tel y, the di sagree-

m ent appears to be largely arti Ùcial . The size-dependence of ˜ 0 can be tra ced
to tha t of the pai r am pl i tudes G 2 ( R 2 ) of the tri pl et eigenstates at R 3 = 3 , 5,
6,. . . , di rectl y caused by the surface curvature. Thi s curv ature causes ˜ 0 to be
smal ler tha n the value 1

2
appro pri ate for the Co ulomb pseudopotenti al in LL 1 . As

N ! 1 , we expect ˜ 0 !
1
2

in agreement wi th the behavi or of V 2 (R 2 ) in the same
l im it. Then the energy spectra of V2 ( R 2 ) in LL 1 and of W ( R 3 ) shoul d become
sim i lar. We surm ise tha t: (i ) Fi ni te- size calcul ati ons on a sphere using Coulom b
pai r intera cti on do not correctl y reproduce correl ati ons of an inÙnite ¡ = 5

2
state.

They use pseudopotenti als corresp ondi ng to ˜ ¤
1
2
, di ˜erent f rom ˜ 0 < 1

2
leading

to the avoidance of R 3 = 3 . The ˜ = ˜ 0 = 1
2

coinci dence is probably recov-
ered for N ! 1 whi ch wo uld m ean tha t the real , inÙnite system s at ¡ = 5

2
do

have the \ R 3 > 3 " correl ati ons whi le the correl ati ons in Ùnite system s are di ˜er-
ent and size-dependent. (i i ) In Ùnite system s, correct \ R 3 > 3 " correl ati ons are
recovered i f the pai r pseudopotenti al is appro pri atel y enhanced at short range.
(i i i ) Assum ing tha t the ˜ = ˜ 0 = 1

2
coinci dence is restored in inÙnite systems, the

equivalence of Coulomb and W intera cti ons at half -Ùll ing is not l im i ted stri ctl y
to the Mo ore{ Read ground state. The ( Ï e= 4 ) -charged QP' s and the pair- breaker
identi Ùed in the spectra of W accuratel y describe the low-energy exci ta ti ons in the
real ¡ = 5

2
system s.

4. Co n cl u si on

W e have studi ed two - and three- body correlati ons in parti ally Ùlled degen-
erate shells f or vari ous intera cti ons between the parti cles. Vari atio n of the relati ve
streng th of two leadi ng pai r pseudopotenti als dri ves the correla ti ons thro ugh three
regim es.The interm ediate regime, correspondi ng to the nearly harm onic pseudopo-
tenti al at short range, describes correlati ons am ong electrons in LL 1 , parti cul arl y
in the ¡ = 5

2
FQH state.

In contra st to the correl ati ons between electro ns in LL 0 or between La ughl in
QE' s in CF- LL 1 (who se pseudopotenti als are strongly super- and subha rm oni c at
short range, respecti vely), the interm ediate regime is not characteri zed by a simpl e
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avoidance of just one pair eigenstate corresp ondi ng to the stro ngest anharm oni c
repul sion. Instea d, we have shown tha t near hal f-Ùll ing the low-energy states for
such intera cti ons have simpl e three- body correl ati ons. They consist of the m axi -
m um avoidance of the tri pl et sta te wi th the smal lest relati ve angul ar momentum
R 3 = 3 . In parti cul ar, at exactl y half -Ùll ing, thi s corresponds to the fact [11] tha t
the Mo ore{ R ead ground state is the E = 0 eigenstate of a m odel short- range
three- body repul sion W wi th the onl y pseudopotenti al param eter at R 3 = 3 . The
Mo ore{ Read ground state is a three- body analog of the Laughl in ¡ = 1

3
state

wi th R 2 > 1 . It is separated by a Ùnite exci ta ti on gap from a magneto roto n band
wi th a minimum at k ¤ 1 : 5 Ñ À 1 . Its elementary exci ta ti ons are the ( Ï e= 4 ) -charged
QP' s and the pai r-breaker. The bands of few-QP states near hal f-Ùll ing are well
described by a CF picture appro pri ate for La ughl in pai r{ pa i r correl ati ons.

Fi nal ly, the problem of num erical calcul ati ons on a sphere associ ated wi th
the surf ace curv ature is addressed. It is found tha t Ùnite-size m odels using Coulom b
intera cti on between electrons do not correctl y repro duce correl ati ons of the
¡ = 5

2
FQH state due to the distorti on of tri plet wa vefuncti ons. Overl aps wi th the

Mo ore{ Read- l ike correl ated states are smal l . Ho wever, i t is argued tha t the ¡ = 5
2

FQH state observed experim enta lly is described m uch better by the Mo ore{ R ead
tri al state tha n could be expected from the calcul ati on of overl aps in smal l sys-
tem s. Consequentl y, the origin of i ts incom pressibi l i ty is precisely the avoidance
of the R 3 = 3 tri plet sta te, and i ts elementary exci ta ti ons are the ( Ï e= 4 ) -charged
QP' s and the pai r-breaker.
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