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A bstract
T he en ergy sp ec trum o f a tw o -d im en sio n al e lec tro n gas (2D E G ) in teractin g

w ith a va len ce-b an d h o le is stu d ied in the high m agne tic ® e ld lim it a s a func tio n of

the ® l ling fac to r and the sep aration d b etw een the e lectro n and h o le layers. F or

d sm a ller than the m agne tic len gth , the h o le b ind s o ne or m o re e lectro n s to form

neu tra l (X ) o r ch arged (X
¡

) ex citon s. T h e low -ly ing states can b e u n derstoo d in

term s o f L augh lin -lik e corre lat ions am o ng the co nstituent cha rged ferm ions

(electro ns and X
¡

) . F o r d com p arab le to , the electro n ± ho le in tera ctio n is n ot

stron g eno u gh to bind a fu ll e lec tro n , an d fract ion a lly cha rged exciton s h Q E n

(bou nd sta tes of a h ole an d o ne or m o re L au gh lin q u as i-e lectro n s, Q E s) a re

fo rm ed . T h e eŒect of the se exciton ic co m plexe s o n the ph o to lum inescen ce

sp ectru m is stud ied n u m erically fo r a w ide ran ge o f values o f and d .

} 1 . Introduct ion

T here have been m any experim enta l stud ies o f photo lum inescence (PL ) in frac-

tiona l quantum H all system s during the past decade (H eim an et al. 1988 , B uhm ann

et al. 1990 , 1991 , 1995 , G oldberg et al. 1990 , T urber ® e ld et al. 1990 , G oldys et al.

1992 , K heng et al. 1993, K ukushk in et al. 1994 , F inkelstein et al. 1995 , 1996 , Sh ields

et al. 1995 , B row n et al. 1996 , G rav ier et al. 1998 , Jiang et al. 1998, N ickel et al. 1998 ,

T akeyam a et al. 1998 , H ayne et al. 1999 , T isch ler et al. 1999 , W ojtow icz et al. 1999 ,

K im et al. 2000 , M unteanu et al. 2000), but the data have been rather d i� cu lt to

interpret. In order to obta in a m ore com plete understan d ing of the PL process, it is

essen tial to understand the nature o f the low -energy states o f the electron ± ho le

system , and to eva luate their oscillator strength for rad iative recom b ination. In

th is note w e investigate the elem entary excita tions o f a system consisting of N

elec trons (e) co n ® ned to the p lane z ˆ 0 and interacting w ith a sing le va lence -band

ho le (h ) con ® ned to the plane z ˆ d . T h is m ode l is appropriate for system s in w hich

the ho le con centra tion is very sm all com pared w ith the e lectron concentra tion so

that the interaction betw een the ho les is neg lig ible.

T here are three nearly d istinct reg ions for the interac tion of the ho le and the

elec tron system , w hich w e refer to as w eak , strong and interm ed iate coup ling . In the

w eak-coup ling region (d m uch larger than the m agnetic length ), the electron ± ho le
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interaction is a w eak perturbation on the e igensta tes o f the interacting elec trons

(C hen and Q uinn 1993, 1994a , 1995). In the strong-coup ling reg ion (d < ), the

ho le b ind s one or tw o electrons to form a neutral (X ) or negatively charged (X
¡

)

exciton (K heng et al. 1993 , B uhm ann et al. 1995 , F inkelstein et al. 1995, 1996 , H ayne

et al. 1999 , Shields et al. 1995, W oÂ js an d H aw rylak 1995 , Pa lacios et al. 1996 ,

W hittaker and Sh ields 1997 , N ickel et al. 1998 , W oÂ js et al. 1998, 1999a , b , 2000a ,

b , T isch ler et al. 1999 , W ojtow icz et al. 1999 , K im et al. 2000 , M unteanu et al. 2000).

W hen d is equa l to zero , the neutra l exciton is com pletely uncoup led from the

rem ain ing N ¡ 1 electro ns due to the `h idden sym m etry ’ (Lerner and L ozovik

1981 , D zyubenko and Lozovik 1983, M acD onald and R ezay i 1990), and it is on ly

w eak ly coup led at 0 < d < . The X
¡

is a negatively charged ferm ion w ith a sim ilar

degenerate L andau level (LL ) struc ture to that o f an electron (W oÂ js and H awry lak

1995 , W oÂ js et al. 1998, 1999a). It has L augh lin -like correlations w ith the rem aining

N ¡ 2 electrons that can be described by a genera lized com posite ferm ion (C F)

m odel (W oÂ js et al. 1999b). In the interm ed iate-coup ling region ( d 2 ), the

ho le can no lon ger bind a full elec tron to form an X ; how ever, it can b ind one or

m ore L augh lin quasi-electrons (Q E s) to form fractiona lly charged excitons, so -ca lled

F C X s (W oÂ js and Q uinn 2001a , b ). W e denote a com plex consisting of n Q Es bound

to a ho le by the sym bol hQ E n . T o understand the stab ility o f the hQ E n sta te, it is

necessary to know the pseudopoten tials describ ing the interactions o f a Q E ± Q E pair

and of a h ± Q E pair as a function of the pa ir angu lar m om entum (W oÂ js and Q uinn

1998 , 1999a , b , 2000a , Q uinn and W oÂ js 2000). In order to determ ine these pseudo -

poten tials, as w ell as o ther properties o f bound com plexes, w e have perform ed exac t

(w ith in the low est L L) num erical d iagonaliza tions for a n ine-e lectron ± one-ho le

system as a function of the layer separation d and the m agnetic ® e ld. The ca lcu la -

tions are perform ed in H aldane’ s spherica l geom etry (H aldane 1983 , F ano et al.

1986) w ith the electron ± ho le interac tion m odelled by V eh …r† ˆ e
2
= …r

2 ‡ d
2 † 1= 2

, fo r

va lues o f d sa tisfy ing 0 d 5 .

} 2. M any-electron system

T o in terpret the w eak-coup ling reg im e w e m ust begin w ith the understand ing of

an electron system in the absence of the ho le. In ® gures 1 (a) ± (d ) we d isp lay the low -

energy spectra of n ine electrons at the L L degeneracy g ˆ 2S ‡ 1 correspond ing to

the m agnetic m onopo le strength of 2S ˆ 24, 23 , 22 an d 21 , respective ly (on

H aldane’ s sphere, the low est L L is represen ted by a degenerate m ultiplet at angu lar

m om entum l ˆ S ). T he low est energy sta tes conta in (a) zero , (b) one, (c) tw o and (d )

th ree Q E s in the L aughlin ˆ 1

3
state and can be sim ply understood using the C F

picture . T he eŒective m onopo le strength (C hen and Q uinn 1994c , W oÂ js and Q uinn

1998 , 1999a , b , 2000a , Q uinn and W oÂ js 2000) seen by one C F is g iven by

2S ˆ 2S ¡ 2… N ¡ 1† , and the angu lar m om entum of the kth C F shell

(k ˆ 0 ; 1 ; . . . ) is lk ˆ S ‡ k . T he Q E s are the C Fs in the ® rst excited shell (n ˆ 1)

and thus have lQ E ˆ l1 . The quasiho les (Q H s) are the em pty sta tes in the low est C F

shell (n ˆ 0) and thus have lQ H ˆ l0 . F or 2S ˆ 24 the n ine C Fs ® ll com pletely the

l0 ˆ 4 she ll g iving a tota l angu lar m om entum L e ˆ 0 . T h is non-degen erate ground

sta te (G S) is the Laugh lin incom pressib le ˆ 1

3
state. F or 2S ˆ 23 , eigh t o f the C Fs

® ll the l0 ˆ 7

2
shell, and the n inth is a Q E w ith lQ E ˆ 9

2
. Th is g ives a to tal angu lar

m om entum L e ˆ 9

2
fo r the n ine-e lectron G S. For 2S ˆ 22 we obta in two Q Es each

w ith lQ E ˆ 4 ; add ing the angu lar m om enta of these two identica l ferm ions g ives

L e ˆ 1 3 5 7 as the low -energy band of states. For 2S ˆ 21 there are three
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Q E s each w ith lQ E ˆ 7

2
. A dd ing their three angu lar m om enta g ives the low -lying n ine-

elec tron states a t Le ˆ 3

2

5

2

7

2

9

2

1 1

2

1 5

2
.

In the absence of the Q E ± Q E interaction (de ® n ed by a pseudopoten tial

VQ E ¡ Q E …L† , i.e . pair interaction energy as a function of pa ir angu lar m om entum ),

a ll o f the 2Q E and 3Q E states w ou ld be degenerate (Chen and Q uinn 1994c, S itko et

al. 1996). H ow ever, the interaction between (charged) Q E s exists and rem oves th is

degeneracy . In ® gure 1 (c), the 2Q E states w ith L ˆ 3 and 7 are low ered relative to

those w ith L ˆ 1 and 5. For the 3Q E states in ® gure 1 (d ), the m ultiplet a t L ˆ 5

2
has

the low est energy and those at L ˆ 3

2
and L ˆ 9

2
have the h ighest energy. R em arkab ly,

the 2Q E and 3Q E `m olecu le’ states w ith the m axim um allowed angu lar m om entum

(L ˆ 2lQ E ¡ 1 ˆ 7 and 3 lQ E ¡ 3 ˆ 1 5

2
, respec tive ly), that is w ith the m inim um average

Q E ± Q E separation , have low energy (W oÂ js and Q uinn 2000b). W e ca ll these sta tes

Q E 2 and Q E 3 .

A ll o f the m any -electron sta tes in the low est ban d can be understood on the basis

o f the C F picture; excellen t agreem ent w ith the num erica l resu lts is obtained w hen

interactions betw een quasipar ticles (Q P ˆ Q E or Q H ) are inc luded phenom eno log i-

ca lly (S itko et al. 1996). A dd itiona lly , in m any cases the ® rst excited band of states

can be identi ® ed using the C F picture . In th is band , one of the C Fs is excited to the

next h igher she ll. D epend ing on whether a C F from the n ˆ 0 or 1 shell is exc ited ,

th is co rresponds to the creation of an add itional Q E ± Q H pair or to the excita tion of
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a Q E with lQ E ˆ l1 to the Q E * state w ith lQ E ˆ l2 . L et us identify the ® rst excited

bands in ® gure 1

F or 2S ˆ 24 , no Q P s occur in the low est band , and thus the ® rst excited band

conta ins a single Q E ± Q H pair. Because lQ H ˆ 1

2
…N ¡ 1 † ˆ 4 and lQ E ˆ 1

2
…N ‡ 1 † ˆ 5 ,

the m ultiplets from L ˆ lQ E ¡ lQ H ˆ 1 to lQ E ‡ lQ H ˆ N ˆ 9 are expected for such a

pair. It is know n (S itko et al. 1996) that the state at L ˆ 1 (i.e. a t the sm allest average

Q E ± Q H separat ion) is pushed to h igher energy (or forb idden) by the strong hard -

core Q E ± Q H repu lsion . A s a resu lt, the `m agnetoro ton ’ Q E ± Q H band extends from

L ˆ 2 to N .

F or 2S ˆ 23 , tw o d iŒerent Q P con ® gu rations occur in the ® rst excited band . The

® rst consists of a sing le Q E * w ith lQ E ˆ 11

2
giving a lso the to ta l angu lar m om entum

of L ˆ 11

2
. T he second consists of a sing le Q H w ith lQ H ˆ 7

2
and a pair o f Q Es each

w ith lQ E ˆ 9

2
. Tota lly ignoring interactions be tween these Q P s gives the fo llow ing se t

o f degenerate angu lar m om entum m ultiplets for the 2Q E ‡ Q H con ® guration :

L ˆ 1

2
… 3

2
†2 … 5

2
† 3 … 7

2
† 4 … 9

2
† 4 … 11

2
† 4 … 1 3

2
† 3 … 15

2
† 3 … 1 7

2
† 2 … 1 9

2
† 2 2 1

2

2 3

2
. The

Q P ± Q P interactions (particu larly, the Q E ± Q H hard-core repu lsion ) w ill rem ove

the degeneracy of th is band and push som e of the m ultiplets into the continuum

of h igher energy states. H owever, a lm ost a ll o f the pred icted m ultiplets app ear in the

num erica l spectrum in ® gure 1 (b).

F or 2S ˆ 22 there are ag ain tw o possible con ® gurations for the ® rst excited

band . T he ® rst con tains one Q E w ith lQ E ˆ 4 and one Q E* w ith lQ E ˆ 5 , and

g ives a band of m ultiplets extend ing from L ˆ 1 to 9. T he second con ® guration

conta ins three Q Es each w ith lQ E ˆ 4 and a Q H w ith lQ H ˆ 3 . N eg lec ting Q P ± Q P

interactions, these tw o Q P con ® gurations w ould y ield a degenerate band of m ulti-

p lets a t L ˆ 0
2

1
3

2
5

3
6

4
7

5
6

6
7

7
5

8
4

9
3

10
2

11 12. The

num erica l spectrum shown in ® gure 1 (c) contains m any of these sta tes in a ® rst

excited band w hich is ra ther we ll separated from the continuum of h igher states

for L < 3 and L > 6, but not w ell de ® n ed betw een these regions.

F ina lly , fo r 2S ˆ 21 there are tw o con ® gurations for the ® rst excited band :

® rst w ith tw o Q E s each w ith lQ E ˆ 7

2
and one Q E * with lQ E ˆ 9

2
, and second

w ith four Q E s w ith lQ E ˆ 7

2
and one Q H w ith lQ H ˆ 5

2
. T he form er con ® gu ration

y ield s the set o f m ultiplets a t L ˆ 1

2
… 3

2
† 2 … 5

2
†3 … 7

2
† 3 … 9

2
† 4 … 1 1

2
† 3 … 13

2
† 3

… 1 5

2
† 2 … 1 7

2
† 2 19

2

2 1

2
. T he latter one g ives L ˆ … 1

2
† 2 … 3

2
† 4 … 5

2
† 6 … 7

2
† 6 … 9

2
† 6

… 1 1

2
† 5 … 1 3

2
† 5 … 1 5

2
† 3 … 17

2
† 2 19

2

21

2
. A ga in, w e expect m any of these m ultip lets to be

pushed into the higher energy continuum by the Q E ± Q H hard-core repu lsion . From

the num erica l resu lts in ® gure 1 (d ), it can be seen that the ® rst excited band is rather

w ell de ® n ed for L 3

2
and for L 1 3

2
, w here the fo llow ing m ultiplets occur:

L ˆ 1

2
… 3

2
†3

and L ˆ … 1 3

2
† 6 … 15

2
† 4 … 1 7

2
† 3 … 1 9

2
† 2 … 21

2
† 2

.

} 3 . Weak-coupling regim e

In the w eak-coup ling lim it w e exp ect to obta in fairly w ell de ® n ed bands for the

electron ± ho le system by treating the interaction of the ho le w ith the e lectrons as a

sm all perturbation (C hen and Q uinn 1993 , 1994a , 1995). T he low -energy bands are

clear ly visible in ® gure 2 , and they are easily understood on the ba sis o f ® gure 1 w ith

the add ition of the angu lar m om enta of the low -energy electron m ultiplets to that of

the ho le. The angu lar m om entum of the ho le, lh , is equa l to S , and so lh ˆ 12, 23

2
, 11

and 21

2
in ® gures 1 (a) ± (d ), respectively. In ® gure 1 (a) the on ly electron m ultiplet in

the low -energy sector is the L augh lin G S at L e ˆ 0. T herefore, the low-energy band
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in ® gure 2 (a) consists o f a single m ultiplet a t L ˆ lh ˆ 12. In the other fram es of

® gure 1 , the a llow ed low -energy electron m ultiplets are those of (b) one , (c) tw o and

(d ) three Q E s. W hen lh is added to each of the va lues o f L e correspond ing to a low-

energy electron state, a band of m ultiplets is obta ined w ith va lues o f L satisfying

jlh ¡ L e j L lh ‡ L e . If the separation d betw een electron and hole layers w ere

in ® n ite, so that V eh ˆ 0 , every m ultiplet in a g iven ban d w ould be degenerate and

have an energy equal to the energy of the app ropriate electron sta te p lus the (cyclo-

tron) energy of the ho le, w h ich is a constant . The ® n ite electron ± ho le interaction

causes ® n ite a ttraction betw een the ho le and (negatively charged) Q Es so that the

energ ies w ith in each band increase w ith increasing L (decreasing average h ± Q E

separation). F or the e lectron ic m ultiplets that are close in energy , the h ± Q E attrac-

tion can a lso cause m ixing or even revers ing of the order o f the correspond ing

elec tron ± ho le bands.

T h is very sim ply exp lain s all o f the e lectron ± ho le bands appearing in the low -

energy sector o f ® gure 2. F or exam ple, in ® gure 2 (c) there are four h+ 2Q E bands

star ting at L ˆ 4 , 8 , 6 and 10 resu lting from the low -energy e lectron ic states in ® gure

1 (c) a t Le ˆ 7 , 3 , 5 and 1, respec tively. T he bands star ting at L ˆ 4 and 8 have low er

energy than those starting at L ˆ 6 and 10 because the electron ic m ultiplets a t L e ˆ 7

and 3 have low er energy than those at L e ˆ 5 and 1. F or the ® rst excited sector in
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F igure 2 . T he en ergy spectra (en ergy E versu s an gu lar m o m en tum L) of th e n ine-elec tron ±

on e-ho le sys tem on H a ldan e’ s sp he re w ith the m o n op ole s treng th b etw een 2S ˆ 24

an d 21 . T he sepa ra tion o f elec tron an d ho le layers is d ˆ 4 (w eak -cou pling reg im e).
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® gu re 2 , w e do exactly the sam e th ing , add lh to the a llow ed va lues o f L e in the ® rst

excited sector o f ® g ure 1 . F or 2S ˆ 24 this g ives bands beginn ing at L ˆ 3 , 4 , 5 , . . . ,

10 , correspond ing to L e ˆ 9, 8 , 7 , . . . , 2 . A ll these bands are observed in ® gure 2 (a).

A t 2S ˆ 23, there are a very large num ber of electron ic m ultiplets in the ® rst excited

sector o f ® gure 1 (b), bu t if we concen trate on the low -energy m ultiplets at

L e lh ˆ S , wh ich w ould g ive low -energy e lectron ± ho le bands beg inn ing at low

values o f L ˆ jlh ¡ L e j, w e w ould expect only a sing le band beginn ing at L ˆ 0

and a sing le band beg inn ing at L ˆ 1, originating from the 2Q E ‡ Q H m ultiplets

a t Le ˆ 2 3

2
and 21

2
, respectively. B eg inn ing at L ˆ 2, w e w ould expect tw o new bands,

one at low er and one at h igher energy , originating from tw o 2Q E ‡ Q H m ultip lets a t

L e ˆ 19

2
. W e would a lso expect one low - and one h igh-energy band beg inn ing at

L ˆ 3 arising from the tw o m ultiplets a t L e ˆ 17

2
, etc. A ll these bands can be identi-

® ed at low L in ® gure 2 (b). F or 2S ˆ 22 and 21, the ® rst excited bands beg inn ing at

low values o f L can be understood in exac tly the sam e w ay, that is by p ick ing out the

low -energy electronic sta tes a t va lues o f L e close to lh . T hus, a ll the low-energy

electron ± ho le bands in ® gure 2 can be rather w ell understood in the w eak-coup ling

lim it.

A ltho ugh the attraction between the ho le and a given N -elec tron eigenstate

vanishes in the d ! 1 lim it, the m ost tigh tly bound sta tes o f a ho le and one , two

and three Q E s can be identi ® ed in ® gure 2. In these sta tes, denoted as hQ E , hQ E 2

and hQ E 3 , a Q E or an appropriate Q E m olecu le m oves as close to the ho le as

possible. T hese sta tes have the sm allest L w ith in their h+ Q E , h+ Q E 2 or h+ Q E 3

bands and , together w ith the `uncoup led -ho le’ state h in ® gure 2 (a), are the elem en -

tary excita tions o f the w eak-coup ling reg im e at ® n ite d .

} 4 . Strong -coupling regim e

In the strong-coup lin g reg im e the ho le b inds one or tw o electrons to form an X

or an X
¡

. F or d ˆ 0 , the X is to ta lly uncoup led from the rem aining N ¡ 1 elec trons

(L erner a nd Lozovik 1981, D zyubenk o and L ozovik 1983 , M acD onald and R ezay i

1990) and it is on ly weak ly coup led if d is sm all com pared to . In contrast, the X
¡

is

a negative ly charged ferm ion w ith L L structure just like an electron (W oÂ js and

H aw ry lak 1995 , W oÂ js et al. 1998, 1999a). B ecause the e ± X
¡

pseud opoten tial rises

m ore qu ick ly w ith pa ir angu lar m om entum than the harm onic pseudopoten tial

(W oÂ js and Q uinn 1998, 1999a, b, 2000a , Q uinn and W oÂ js 2000) the low -energy states

o f the X
¡

and N e ˆ N ¡ 2 rem aining electrons can be described by the gen era lized

C F picture (W oÂ js et al. 1999b) which accoun ts for Laugh lin -like correlations am ong

the tw o types o f constituen t charged partic les.

F or the system conta ining one X
¡

and N e rem aining elec tron s, the eŒective

m onopo le strengths seen by an electron is g iven by (W oÂ js et al. 1999b)

2Se ˆ 2S ¡ m e ¡ 1… † N e ¡ 1… † ¡ m eX ¡ ; … 1†

w hile that seen by an X
¡

is

2SX ¡ ˆ 2S ¡ m eX ¡ N e : … 2†

H ere m eX ¡ is the exponent describ ing the L augh lin correlations be tween the X
¡

and

each electron in the tw o-com ponent m any-body w avefunction . In the genera lized C F

picture , electrons and X
¡

’ s a re co nverted into two types o f C F s: C F-e and C F -X
¡

.

T he an gu lar m om en ta of their low est shells are le ˆ Se and lX ¡ ˆ SX ¡ ¡ 1. T he

fo llow ing types of Laugh lin Q Ps can be de ® ned : the particles in the ® rst excited
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C F-e shell are `e-type’ quasi-elec trons (Q E -e) w ith lQ E e ˆ le ‡ 1 , the em pty sta tes in

the low est C F-e sh ell are `e-type’ quasiho les (Q H -e) w ith lQ H e ˆ le , and a sing le

particle in the low est CF -X
¡

shell is an `X
¡

-type’ quasi-electron (Q E -X
¡

) w ith

lQ E X ¡ ˆ lX ¡ . F or sim p licity , in the ® gures w e denote Q H -e and Q E -X
¡

by Q H and

X
¡

, respectively.

L et us turn to the n ine-electron ± one-ho le spectra show n in ® gure 3 . F or 2S ˆ 21 ,

the energ ies o f the m ultip lica tive sta tes (conta ining one uncoup led X ) are exactly the

sam e as those of eigh t electrons, w ith the energy sh ifted by the X bind ing energy . For

the eigh t electrons, the lowest C F shell has l0 ˆ 7

2
, and it is ® l led com pletely g iving an

L ˆ 0 L augh lin G S. A n excita tion of one C F to the next shell g ives a `m agnetoro ton ’

Q E ± Q H band extend ing from L ˆ 2 to 8 , m arked w ith a dashed line. T he low est

non-m ultiplicat ive state s conta in seven e lectrons and an X
¡

. F or m e ˆ 3 and

m eX ¡ ˆ 2 w e obta in 2S e ˆ 2SX ¡ ˆ 7 . The e igh t states in the lowest C F-e she ll con-

tain one Q H -e w ith lQ H e ˆ 7

2
, and the sing le Q E-X

¡
has lQ E X ¡ ˆ 5

2
. The add ition of

lQ H e and lQ E X ¡ g ives the band of m ultiplets extend ing from L ˆ 1 to 6. T hese states

are the bound states o f a Q H -e ± Q E -X
¡

pair, connected by a solid line in ® gure 3 (d ).

T he ir energy increases w ith increasing L , just as that o f the neutra l exciton does. O ur

interpreta tion of th is low -lying band of non-m ultiplica tive sta tes is tota lly d iŒerent

from that o f a neutra l exciton w ith ® n ite m om entum w hich is dressed by m agneto-
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F igure 3 . T he en ergy spectra (en ergy E versu s an gu lar m o m en tum L) of th e n ine-elec tron ±

on e-ho le sys tem on H a ldan e’ s sp he re w ith the m o n op ole s treng th b etw een 2S ˆ 24

an d 21. T he sep a ra tio n o f electron an d h ole layers is d ˆ 0 (stro n g-co up lin g reg im e).
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ro tons of the L augh lin cond ensed sta te, suggested by previous authors (A palkov and

R ashba 1992 , 1993, M acD onald et al. 1992 , W ang et al. 1992). T he latter p icture

does not w ork because the coup ling of an exc iton w ith a ® n ite electric d ipo le m om en t

to the electrons is too strong to be treated perturbative ly.

F or 2S ˆ 22 , there is a single low -energy m ultip let a t L ˆ 4 that is a m ultiplica -

tive state. It corresponds to a sing le Q H in the l0 shell. T he non-m ultiplica tive states

exh ibit a low -energy band conta ining the m ultiplets a t L ˆ 0 1 2
3

3
3

4
4

5
3

6
3

7
2

8
2

9 10. These arise from tw o Q H -e’ s each w ith lQ H e ˆ 4

p lus one Q E -X
¡

w ith lQ E X ¡ ˆ 3 . T he G S ca lled X
¡

Q H 2 m arked w ith an open square

is the m ost tigh t ly bound sta te o f Q E -X
¡

and a (Q H -e) 2 m olecu le. Its angu lar

m om entum L ˆ 4 results from add ing two lQ H e ’ s to obtain l… Q H e †
2

ˆ 2lQ H e ¡ 1 ˆ 7 ,

and then add ing to it one lQ E X ¡ to obtain lX ¡ Q H 2
ˆ j lQ E X ¡ ¡ l…Q H e† 2

j ˆ 4.

F or 2S ˆ 23 , the low-energy band of m ultip lica tive sta tes conta ins tw o Q H s each

w ith lQ H ˆ 9

2
, resu lting in the m ultiplets L ˆ 0 2 4 6 8 (connected w ith a

dashed line). T he non-m ultiplicative sta tes have a low-energy band con taining

three Q H -e’ s each w ith lQ H e ˆ 9

2
and one Q E -X

¡
w ith lQ E X ¡ ˆ 7

2
. A dd ition of these

angu lar m om enta gives a band of m ultiplets at L ˆ 0 1
4

2
6

3
7

4
8

5
9

6
8

7
8

8
7

9
5

10
4

11
3

12
2

13 14. T he angular m om entum

of the m ost tigh tly bound sta te o f a Q E-X
¡

and a (Q H -e)3 m olecu le is lX ¡ Q H 3
ˆ 7 .

T h is sta te is (m ost likely) the one m arked w ith an open rectang le.

F ina lly , fo r 2S ˆ 24 the low -lying band of m ultiplica tive sta te conta ins

L ˆ 0 2 3 4
2

5 6
2

7 8 9 10 12, arising from three Q H s each

w ith lQ H ˆ 5 . T he low est non-m ultiplica tive band contains four Q H -e’ s each w ith

lQ H e ˆ 5 and one Q E-X
¡

w ith lQ H X ¡ ˆ 4. It produces 194 m ultiplets starting w ith

L ˆ 0
3

1
6

. . . and end ing w ith 15
3

16
2

17 18 . O nly the low er-energy m ulti-

p lets o f th is set are show n in ® gure 3 (d ) in w hich w e have restricted the range of

energy and L .

It is really quite rem arkab le that the m yriad of m ultiplets associated w ith the

low est band of both m ultip lica tive and non-m ultiplica tive state s appear in the

num erica l spectra show n in ® gure 3 exactly as pred icted by the genera lized C F

picture . Th is sim p le m odel ignores the in teraction between Q P s w hich can lead to

som e overlap of the low est bands w ith h igher band s at som e va lues o f L w hen the

Q P ± Q P interaction energy becom es large .

} 5. Interm ediate-coupling regim e

W h en the separation d increases beyond roughly one m agnetic length , the

attractive Cou lom b potentia l o f the ho le is not strong enough (and its reso lution

is not h igh enough) to b ind a fu ll electron . W e know th is from num erica l ca lcu lations

for a single electron and ho le as a function of d at d iŒerent va lues o f 2S . W hen m any

electrons are presen t, it is possib le that the X and even the X
¡

m ay persist to larger

va lues o f d due to correlations w ith in the entire electron system . H ow ever, from

know ing that at large va lues o f d , V eh ac ts as a sm all perturbation on the N -electron

eigenstates, we m ight guess that Laugh lin Q Es rather than `fu ll’ electrons cou ld b ind

to the ho le to form F C X s. The pred iction that Q Es can b ind to a ho le at d > at

w hich `fu ll’ electrons do not is based on tw o sim ple facts: (i) negative e lectric charge

of Q E s (qQ E ˆ ¡ 1

3
e at ˆ 1

3
) causes h ± Q E attraction and (ii) because the num ber of

Q E s is sm aller than the num ber of e lectrons, their characteristic separation is larger

and their in teraction energy is sm aller than those of electrons, an d thus sm aller
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strength and low er reso lution of the ho le ’ s attractive potential are su� cien t to p ick

one out o f m any interacting Q Es to form a bound sta te.

In ® gu res 4 and 5 w e presen t the spectra obta ined for the n ine -electron ± one-ho le

system at d ˆ and 2 . W e sha ll a ttem pt to interpret the low -lying bands in term s of

the elem entary excita tions and their interactions. B ecause d ˆ and 2 are on the

borders o f strong- and weak-coup ling reg ions , re spectively, the interpreta tion is not

a lw ays un ique . T he stable elem entary excita tions o f the strong-coup ling reg im e are

X , X
¡

, X
¡

Q H or X
¡

Q H 2 , and tho se of the w eak-coup ling regim e are h , hQ E and

hQ E 2 . A t the values o f 2S ˆ 21 an d 24, a t w h ich the lowest-lying sta tes or bands at

sm all and large d occur at d iŒerent L , the d -driven phase transition between the two

reg im es is of ® rst o rder and the crossing of the appropriate energy levels is observed

in the spectru m . H ow ever, this is not the case for 2S ˆ 22 w here X
¡

Q H 2 has the

sam e L ˆ 1

2
…N ¡ 1 † as hQ E 2 , o r at 2S ˆ 23 w here X

¡
Q H 3 has the sam e L ˆ N ¡ 2

as hQ E . In these spectra , the anti-crossing of energy levels occurs, and the ana lysis of

w avefunctions is needed to detect the phase transition (o f the second order) betw een

the two regions .

F or 2S ˆ 21, it is clear from ® gures 4 (d ) and 5 (d ) that the band of sta tes

extend ing from L ˆ 0 to 6 appearing in ® gure 3 (d ) is still p resen t beyon d d ˆ .

F or L ˆ 5 and 6 it c rosses into the con tinuum of h igher energy sta tes. F or d ˆ 0 , th is

band w as identi ® ed as the m ultiplica tive state o f eigh t electrons in a Laugh lin
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F igu re 4 . T h e en ergy sp ectra (ene rgy E versu s an gu lar m o m entum L) of the n ine-elec tron ±

on e-ho le sys tem o n H aldan e’ s sph ere w ith the m on op o le stren g th be tw een 2S ˆ 24

an d 21 . T h e sep a ra tio n of e lectro n and ho le laye rs is d ˆ (in term ed iate-co up lin g

regim e). is the m agn etic len gth .



incom pressible sta te p lus an X in its G S at L ˆ 0 and the X
¡

Q H band pred icted by

the genera lized CF picture at L ˆ 1 , 2 , . . . , 6. H ence, w e conclude that the X and X
¡

bound sta tes persist beyond d ˆ in this system . T he band of states extend ing to

L ˆ 8 w hich crosses the X
¡

Q H band at L ˆ 5 can be associated w ith a bound state

o f the ho le and tw o L augh lin Q E s, interacting w ith a th ird Q E . T he hQ E 2 is the m ost

strong ly bound FC X , as w e shall see later in th is section . Since the L augh lin Q E has

lQ E ˆ l1 ˆ S ¡ …N ¡ 1 † ‡ 1 ˆ 7

2
, the a llow ed values o f L2Q E are 0 2 4 6 . The

2Q E state w ith the sm allest average Q E ± Q E separation is the Q E 2 m olecu le w ith

lQ E 2
ˆ 6 , and the hQ E 2 state has lh Q E 2

ˆ jlh ¡ lQ E 2
j ˆ 9

2
. A dd ing to lh Q E 2

the angu lar

m om entum of the third Q E as if it were d istingu ishab le from the two Q E s w ith in the

hQ E 2 w ould g ive a band of states extend ing from L ˆ jlh Q E 2
¡ lQ E j ˆ 1 to

lh Q E 2
‡ lQ E ˆ 8. H ow ever, the three Q E s in the hQ E 2 ‡ Q E band are identica l fer-

m ions and m ust obey and the Pau li exclusion principle. The exclusion princip le

forb ids a num ber of hQ E 2 ‡ Q E pair sta tes correspond ing to the sm allest hQ E 2 ±

Q E separation . The forb idden sta tes can be m ost easily iden ti ® ed by noticing that the

largest angu lar m om entum of three Q E s is lQ E 3
ˆ 3lQ E ¡ 3 ˆ 1 5

2
w hich , w hen added

to lh ˆ 21

2
, cannot resu lt in a tota l h+ 3Q E angu lar m om entum sm aller than 3 . Thus,

the L ˆ 1 and 2 sta tes o f the hQ E 2 ± Q E pair are forbidden and the hQ E 2 ± Q E band is

expected to extend from L ˆ 3 to 8 , exactly as observed in ® gure 5 (d ). R em arkab ly,

a lthough the hQ E 2 and Q E have opposite charges (qh Q E 2
ˆ ‡ 1

3
e and qQ E ˆ ¡ 1

3
e),
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F igure 5 . Th e en ergy spectra (ene rgy E versu s an gular m om en tum L) o f the n ine-e lec tro n ±

on e-ho le sy stem on H a ldan e’ s sp he re w ith the m o n op ole streng th b etw een 2S ˆ 24

an d 21 . T h e sep aration o f elec tron and h ole laye rs is d ˆ 2 (in term ed iate-co up lin g

reg im e). is the m agn etic leng th .



the interaction energy does not increase w ith increasing L as it does for the elec tron ±

ho le pa ir. T h is is due to the com plex (not po int particle) structure o f the constituen ts,

w h ich m akes the hQ E 2 ± Q E interaction not generally attractive (and is responsib le

for the instab ility of the hQ E 3 co m plex). In ® gure 5 (d ), the en tire hQ E 2 band at

L ˆ 3 to 8 is observed at d ˆ 2 , as it is low er in energy that the rem nants o f the X
¡

±

Q H band .

F or 2S ˆ 22, a second-order transition betw een the X
¡

Q H 2 G S of the strong

coup ling at L ˆ 4 and the hQ E 2 G S of the weak coup ling at the sam e L is observed

in ® gures 4 (c) and 5 (c). A lthough it is not clear from the energy spectrum alone, the

tw o G Ss anti-cross at d . The low-lying excita tions o f the hQ E 2 sta te at d ˆ 2

are connected w ith a solid line in ® gure 5 (c). A t th is interm ed iate va lue of d , they are

best interpreted as a dispersion of a hQ E ± Q E pair. T h is changes at larger d w hen the

Q E ± Q E interac tion becom es dom inant over the hQ E ± Q E interaction and the low -

lying ex citations o f the hQ E 2 sta te turn into the h ± Q E 2 pair exc itations iden ti ® ed in

® gure 2 (c).

F or 2S ˆ 23 , a sim ilar second-order transition betw een the X
¡

Q H 3 and hQ E

states occurs at L ˆ 7. A dd itiona lly , a w ell-de ® n ed band of hQ E 2 ± Q H pair sta tes

occurs at L ˆ 0 to 6 . T h is band occurs on ly in the interm ediate-coupling reg ion (at

d ) and cannot be found in ® gure 2 or 3 . The range of d in w h ich it has low

energy is determ ined by the com petition betw een the hQ E ± Q E bind ing energy ga ined

through the form ation of a hQ E 2 sta te and the Laugh lin energy gap to create an

add itiona l Q E ± Q H pair. T he angu lar m om en ta of the hQ E 2 ± Q H states resu lt from

add ing lh Q E 2
ˆ 7

2
to lQ H ˆ 7

2
to obta in L ˆ 0 to 7 . The L ˆ 7 sta te correspond ing to

the sm allest average hQ E 2 ± Q H separation is m ost likely pushed to a high en ergy

because of the Q E ± Q H hard core.

F ina lly, at 2S= 24 the low ering of energy of the h sta te at L ˆ 12 w ith increasing

d is observed . In th is state the ho le becom es com pletely uncoup led from the n ine-

elec tron L augh lin G S in the d ! 1 lim it. O ther low -energy bands that occur in the

interm ed iate-coup ling reg im e invo lve one or tw o Q E ± Q H pairs spo ntaneusly

induced in the elec tron system to screen the charge of the ho le. A t a sm aller

d ˆ , the coup ling of the ho le to the Laugh lin excita tions of the e lectron G S is

stronger and the hQ E 2 ‡ 2Q H band has the low est energy . A t a larger d ˆ 2 , the

coup ling is w eaker (and so is the h ± Q E attraction com pared to the Laugh lin gap)

and the band of hQ E ± Q H pair sta tes a t L ˆ 3 to 11 m oves dow n in energy relative to

the hQ E 2 ‡ 2Q H band. T he band starting at L ˆ 4 an d go ing sligh tly above the

hQ E ± Q H band is best interpreted as the band of hQ E * ± Q H states in w hich hQ E *

is the ® rst exc ited sta te o f hQ E, w ith the angular m om entum lh Q E ˆ lh Q E ‡ 1 . A s

show n in ® gure 2 (a), at even h igher d , w hen the d istan t ho le uncoup les from the

elec tron system , a ll band s invo lving Q E ± Q H pairs reconstruct and the h G S becom es

stab le. T he angu lar m om enta of the hQ E ± Q H and hQ E* ± Q H pairs can be ca lcu lated

by add ing lh Q E ˆ 7 or lh Q E ˆ 8 to lQ H ˆ 4 to obta in L ˆ 3 to 11 and L ˆ 4 to 12 ,

respective ly. For the hQ E 2 ‡ 2Q H band , lh Q E 2
ˆ 3 m ust be ad ded to all possible

values o f L2Q H ˆ 1 3 5 7 . T he resu lt is L ˆ 0 1 2
3

3
3

4
4

5
3

6
3

7
2

8
2

9 10 ; a ll these m ultip lets occur below the dotted line in ® gure 4 (a).

} 6. Photolum inescence

In the preceding sections w e have identi ® ed the low -lying elem entary excitations

o f an idea l system conta ining N electrons con ® ned to a p lane and one ho le con ® ned

to a neighbouring para llel plane in the high m agnetic ® e ld lim it. In this lim it the
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cyclotron energy ! c is so large com pared w ith the C oulom b energy e
2
= that on ly

the low est L L need be con sidered (W oÂ js and Q uinn 2001a , b ). In actua l experim ents

at ® n ite m agn etic ® e lds, the m ixing of L Ls by the C oulom b interac tion occurs. It is

particu larly im portant in the strong-coupling reg im e. W hile on ly one bound X
¡

state

ex ists in the low est L L Ð the non-rad iative triplet (W oÂ js and H aw ry lak 1995 , Pa lacios

et al. 1996) w ith para lle l e lectron sp ins iden ti ® ed in ® gure 3 Ð the L L m ixing leads to

the b ind ing of o ther X
¡

states, particu lar ly o f the optica lly active sing let (B uhm ann

et al. 1995 , K heng et al. 1993 , W hittaker and Sh ields 1997 , W oÂ js et al. 2000a , b)

observed in PL. T he L L m ixing is less im portant for the interm ed iate and w eak

coup ling. R eal system s are also com plica ted by ® n ite quantum w ell w idths, d iŒeren t

barrier heigh ts for electrons and ho les, non-parabo licity of the energy bands, sp in ±

o rb it coup ling , e tc.

In this section w e w ill discuss PL (radia tive recom bination of an e lectron ± ho le

pa ir) in the `theoretica l ’ situation in w hich the interac ting partic les are con ® ned to

p lanes and on ly the low est LL is taken into account (B ! 1 ). T here are tw o sym -

m etries that lim it the possible rad iative decay processe s (W oÂ js and Q uinn 2000a , b ,

2001a , b ). T he m ost im portant one is the geom etrica l sym m etry : translational invar-

iance on a p lane (or ro tationa l invariance on H aldane ’ s sphere). O n the p lane there

are two conserved orb ita l quantities M , the z com ponent o f angu lar m om entum ,

and K , an add itional quantum num b er assoc iated w ith the partial decoup ling of the

cen tre -of-m ass m otion of the electron ± ho le system in the m agnetic ® e ld (A vron et al.

1978 , D zyubenko 2000). S tates in a g iven L L all have the sam e va lue of L ˆ M ‡ K ,

and d iŒerent sta tes in a L L are labelled by K ˆ 0 ; 1 ; 2 ; . . .. O n the spherica l surface,

the tota l angu lar m o m entum L and its z com ponent Lz are conserved . T he other

sym m etry is the `hidden sym m etry ’ w hich is exact in the low est L L at d ˆ 0 and on ly

w eak ly broken in the entire w eak-coup ling reg im e. T he `hidden sym m etry ’ , that is

the particle ± hole sym m etry of the electron ± va lence-band-ho le H am ilton ian H ,

depends on equal m agn itude of the e lectron ± elec tron and elec tron ± ho le interactions

in the low est L L. Th is sym m etry m akes the com m utator o f the PL operator P w hich

ann ihilates an optica lly active electron ± ho le pa ir w ith H proportiona l to P itself

(D zyubenko and L ozovik 1983 , M acD onald and R ezay i 1990). B ecause of th is,

on ly the m ultiplica tive sta tes (conta ining one uncoup led neutra l exciton) are radia-

tive at d ˆ 0 . A t d > 0 , the states originating from other, non-m ultiplica tive states

becom e rad iat ive, but the ir PL intensity rem ains very low at d < . T hus the P L

spectrum in the weak-coup ling reg im e g ives inform ation about the b ind ing of the X ,

but not about origina l elec tron ± electron correlations in the tw o-dim ensiona l elec tron

gas (2D E G ).

F or w eak and interm ed iate coup ling the system is best described in term s of the

hQ E n bound states (F C X s). A t 1

3
, the recom bination process can be thought o f as

(C hen and Q uinn 1994b)

h ‡ nQ E ! …3 ¡ n†Q H ‡ : … 3†

In other w ords , the ho le p lus n ˆ 0 , 1 , 2 or 3 Laugh lin Q E s com bine to give oŒ a

photon p lus 3 ¡ n ˆ 3, 2, 1 or 0 L augh lin Q Es. O ther processes, invo lving add i-

tiona l Q E ± Q H pairs , have m uch sm aller oscillator strength . In ® gure 2 w e have

show n the low -lying bands for the n ine-electron ± one-ho le system s that contain (a)

zero , (b) one, (c) tw o and (d ) th ree Q E s, respective ly. A t zero tem perature on ly the

low est sta te in each fram e is occup ied and can serve as an initial state. A t ® n ite

tem perature T , the probab ility o f the eigensta te o f energy E being occupied is
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proportiona l to exp ¡ E= kB T‰ Š . The P L spectra are obta ined by eva luating the tran-

sition rate w i! f betw een low -lying initial sta tes ij i of the N -electron ± one-ho le system

and ® na l sta tes fj i of the …N ¡ 1 † -elec tron system ,

w i! f ˆ const j f jP jih i j 2
: … 4†

W e have used the eigen functions of the n ine-electron ± o ne-ho le system and of the

eigh t-elec tron system obta ined in num erical d iagonaliza tion to eva luate w i! f . W e

® nd the follow ing resu lts for w eak and interm ed iate co up ling (W oÂ js and Q uinn

2001a , b ).

(i) F or w eak coupling , the PL intensity is w eak . H ow ever, the PL spectra can

invo lve one or m ore peaks of diŒerent relative intens ities w hose energ ies

depend on the va lue of n in equation (3).

(ii) F or interm ed iate coup ling , the strongest em ission is that o f the strong ly

bound and rad iative hQ E 2 . T he recom bination of the hQ E ground sta te is

forb idden by the conservation of L (o r K ), bu t the excited sta te hQ E * is

rad iative. T he `uncoup led -ho le’ sta te h is rad iative and , ® na lly , the hQ E 3

`anyon exciton’ proposed earlie r (R ashba and Portno i 1993) is neither

bound nor rad iative.

L et us illu stra te the L ˆ 0 optica l selection ru le on the exam ples o f the hQ E 2

and hQ E recom bination . A n isolated hQ E 2 sta te occurs in the n ine-electron ± one-

ho le system at 2S ˆ 22 ; see ® gure 5 (c). Its angu lar m om entum , lh Q E 2
ˆ 4, arose from

lQ E ˆ 4 an d lQ E 2
ˆ 7 com bined w ith lh ˆ 11 . A fter the recom bination , w e are left

w ith one Q H in the eigh t-electron system , w hich has the sam e angu lar m om entum ,

lQ H ˆ S ˆ 4 . T here fore , ij i ˆ hQ E 2j i and fj i ˆ Q Hj i each have L ˆ 4 , and the

optica l process is a llowed by the L ˆ 0 selec tion ru le.

T he iso lated hQ E and hQ E* states occur at 2S ˆ 23; see ® gure 5 (b). T heir

angular m om enta , lh Q E ˆ 7 and lh Q E ˆ 8 , resu lted from lQ E ˆ 9

2
com bined w ith

lh ˆ 2 3

2
. In the ® na l sta te, two Q H s occur each w ith lQ H ˆ 9

2
. T he a llow ed angu lar

m om en ta for the 2Q H pair sta tes are L2Q H ˆ 0 2 4 6 8 . C om paring angu lar

m om en ta of initial and ® na l states w e obta in that the ij i ˆ hQ Ej i in itial ground sta te

cannot recom bine to create a 2Q H pair, fj i ˆ 2Q Hj i . H ow ever, the excited initial

state ij i ˆ hQ Ej i is op tically active, and the ® na l sta te for its recom b ination is the

fj i ˆ Q H 2j i m olecu le. B ecause hQ E * is an excited state, its PL line is expected at

T > 0.

} 7 . Summ ary

W e have ca lcu lated num erically the exact eigensta tes of the n ine-electron ± one-

ho le system on H aldane’ s sphere in the `idea l’ theoretical lim it o f ! c ! 1 and zero

w idths o f electron and ho le layers. W e have show n how the low -lying bands in

strong , w eak and interm ed iate coup ling can be understood in term s of rather sim ple

elem entary com posite particles (X , X
¡

, hQ E , hQ E 2 , etc.) and electrons. W e have

stud ied the oscillator strength for rad iative recom bination and found that certa in

rad iative decay processes are strong ly inh ibited . In the strong-coup ling reg ion , on ly

the m ultiplica tive sta tes (or, a t ® n ite but sm all va lues o f d , the states arising from

them ) have appreciab le oscillator strength . F or in term ed iate and strong coup ling the

recom bination of the hQ E 2 bound sta te has the highest intensity . The `uncoup led

ho le’ h and the excited sta te hQ E * are a lso rad iative, but the recom bination of the
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latter sta te w ill on ly be observed if th is state is occup ied at a ® n ite tem perature at

w h ich the PL experim ent is perform ed .
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