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ì�rÃº�ª��� Hall�©�I� (fractional quantum Hall states; FQHS)��H�¦�̧�Ð»¡¤�@�)aêøÍ��Äºï�r0A (Landau

level; LL)\�¦ {9�ÂÒëß� G�Äº�¦ e����H �����[þt ��s�_� �©� ñ���6 x\� l����� 9 2	�"é¶ >�_� q�·ú�»¡¤$í
 (incom-

pressible) �ª��� Ä»�̂ (quantum fluid) �©�I�s���. 4�¤½+Ë �̀ØÔp� {9��� (composite fermion; CF)�� Ô�¦o�

��H ï�r{9��� (quasiparticle; QP) >h¥Æ��̀¦ æ¼��� FQHS_� ���©� ¿º×¼�Q��� q�·ú�»¡¤ �©�I�\�¦ éß�{9� {9��� 8£¤���\�

"f çß�éß�y� l�Õüt½+É Ãº e����. s� �7Hë�H\�"f��H ï�r{9���[þt çß� �©� ñ���6 x�Ér ��6£§ éß�>� CF QP �©�I�_� 7áxÀÓ\�¦

���&ñ
� 9, Õª �©� ñ���6 xs� Laughlin+þA��� �â
Äº\�ëß� ï�r{9��� G�¹¡§���Ãº (QP filling factor) νQP\�"f ³ðï�r

CF >�:�x (standard CF hierarchy)\� 5Åq���H FQHS �©�I��� ��0px�<Ê�̀¦ µ1ß�2³��. {9����©�_� �©� ñ���6 x�̀¦

����?/��H Ã»�̧(�J$�[>�s� !Q�FK�̧�o&h���� (subharmonic) �â
Äº\���H Û¼&7�àÔ!3�_� ���©� ±ú��Ér \��-t� �©�I�\�

"f Laughlin �©��'a���6 xs� {9�#Q��t� ·ú§Ü¼ 9, s�\� ���� {9�ÂÒëß� G�0>��� QP ,��|9�\� e����H CF[þt_� ]j2[j

@/ CF\�¦ +þA$í
�t� ·ú§6£§�̀¦ \Vr�ô�Ç��. ï�r{9���[þtçß� �©� ñ���6 x VQPs� �í�̧�o&h� (superharmonic)s� ��m�

��� �©� ñ���6 x���H {9���[þt�Ér {9����©�s��� {9��� ��µ1Ï (cluster)�̀¦ +þA$í
�<ÊÜ¼�Ð+� >�_� 8úx\��-t�\�¦ ±ú�ÆÒ 9

q�·ú�»¡¤$í
 �©�I�_� >�:�x�̀¦ ��ØÔ>� H�d�̀¦ Ãºu����íß� ���õ�ü< �<Êa� ]jr�ô�Ç��.
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I. "e Â]Ø

s� K�[O� �7Hë�H_� 3lq&h��Ér {9���[þts� �©� ñ���6 x���H 2	�"é¶
���̂>� [1,2]��×¼�Q?/��H���l�ô�Ç�ª���%i��<Æ&h�����&³�©����ì�r
Ãº�ª���f.Ë�©�I� (fractional quantum Hall states; FQHS)
\� @/ô�Ç z�́+«> �'a8£¤���õ�\�¦ K�$3����H X< V,�o� ��6 x÷&�¦ e��

��H >h¥Æ��̀¦ 7á§�8 U�·s� e��>� s�K�½+É Ãº e���̧2�¤ ���H X< e��

��.:£¤y�e��_�_�ü@ÂÒ��l��©�°úכ\�"f±ú��Ér\��-t��©�I�\�¦
���&ñ
���H X< ���)� &h�½+Ë�t� ·ú§�Ér \��-t� '���̧�� �̧{9�÷&

��H��;–��s����Ý¼ (Chern–Simons; CS) î̈
ç�H�©���H�� (mean
field approximation) ~½ÓZO�s� ���©� ±ú��Ér \��-t�{� �©�I�\�¦
ú̧� \V8£¤½+É Ãº e����H ��²ú̈�̀¦ ��ØÔ>� s�K� ��¦�� ô�Ç��.

∗E-mail: ksyi@pusan.ac.kr

ô�Ç �©�_� ����� ��s�_� �©� ñ���6 x \��-t�\�¦ Ã»�̧(�J$�[>�

(pseudopotential)s��� ô�Ç��. Haldane ½̈ ³ð���\� Z�~��� >h
Z>� y��î�r1lx|¾Ós� ls��¦ �©�@/ y��î�r1lx|¾Ó (relative amgular
momentum)s� R��� ¿º �����_� Ã»�̧(�J$�[>� V (L′)�Ér s�
[þt ¿º �����_� 8úx y��î�r1lx|¾Ó L′ = 2l − R_� °úכ\� ����

��ØÔ��. Ã»�̧(�J$�[>�s� VH(L′) = A + BL′(L′ + 1) (éß�,
Aü< B��H �©�Ãº)��� +þAI�\�¦ ��t���� �̧�o Ã»�̧(�J$�[>� (har-
monic pseudopotential)s��� ÂÒØÔ 9 s�M:��H �©��'a���6 xs�
���#�÷&#Q e��6£§�̀¦ SX����½+É Ãº e����. s��Qô�Ç �̧�o (�J$�[>�
�̀¦ ��t���H N >h {9����Ð s�ÀÒ#Q��� >�_� 8úx y��î�r1lx|¾Ó ��

×�æ �©�I� |lN ; Lα〉_� \��-t� Eα(L)��H ��×�æ �©�I�_� 8úx y��
î�r1lx|¾Ó L\�ëß� _��>rô�Ç��. Õª�QÙ¼�Ð, 8úx y��î�r1lx|¾Ó L_� °úכ

s� °ú �Ér "f�Ð ���Ér ��×�æ�©�I�[þt_� {9�	� ���½+Ë�©�I���H \��-

t��� "f�Ð °ú ��. ∆V (L′) = V (L′) − VH(L′) > 0��� �í�̧
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�o Ã»�̧(�J$�[>� (superharmonic pseudopotential)��� �â
Äº
\�ëß� “��� y��î�r1lx|¾Ó L′s� 	�H �©�I�, ��r� ú́����� �©�@/ y��
î�r1lx|¾Ó Rs� ���©� �����"f {9���[þtçß� '��§4�s� 	�H �©�I�\�¦ l�
x��>� ÷&��H” Laughlin �©��'a���6 xs� ��0px���. [þt��H êøÍ��
Äº ï�r0A (Landau level; LL)\� e����H {9���[þt_� Ã»�̧(�J$�
[>��Ér ��� y��î�r1lx|¾Ó L′s� ���©� 	�H °úכ, Õª�QÙ¼�Ð Rs� ���©�
����Ér °úכ��� R = 1{9� M:��H �í�̧�o&h�s� ��m���. Õª�QÙ¼�Ð,
����� G�¹¡§���Ãº�� 8/3 ≥ ν ≥ 7/3��� �©�I�\�"f��H Laughlin
�©��'a���6 xs� {9�#Q��t� ·ú§��H��. s�M:��H �����[þts� ��0pxô�Ç
@/�Ð ß¼l��� ���©� ����Ér �©��̀¦ s�µ¡§Ü¼�Ð+� �©� ���;�¤ (pair
amplitude)s�	�H°ú̀�כ¦��t���H R = 3����©�I�\�¦l�x�½+ÉÃº
e��>� �)a��.
4�¤½+Ë �̀ØÔp� {9��� (composite fermion; CF)��H ���Ãº>h
_� CS ��l����5Åq (magnetic flux) �ª��� (quantum)\�¦ ²ú��¦
e����H ������� f.Ë (hole)õ� °ú �Ér �̀ØÔp� {9���[þts���. 6£x»¡¤
�©�I� (condensed states)\� @/ô�Ç “CF >�:�x s��:r”_� l��:r
>h¥Æ��Ér{9�ÂÒëß�G�0>��� CF,��|9�\�e����H QP\� CS���5Åq�̀¦
��[þvÂÒ�ÃÌr�v���H��s� 9,ÂÒì	כrG�¹¡§���Ãº (filling factor)_�
ì�r�̧�� f.ËÃº�Ð ³ð�&³÷&��H �̧��H 6£x»¡¤�©�I�\�¦ \V8£¤½+É Ãº e��

��. Õª�Q��, s� s��:r�Ér ‘>�:�x_� �̧��H éß�>�\� CF �̧+þA�̀¦
&h�6 x½+É Ãº e����’��H ��&ñ
\� ���½Ó�̀¦ ¿º�¦ e����. Ãºu� @/y��
�o (numerical diagonalization) ~½ÓZO��̀¦ ��6 x���� QP[þt
çß� ‘ïß�#�’ �©� ñ���6 x (residual interaction) VQP−QP\�¦ �©�

@/y��î�r1lx|¾Ó R_��<ÊÃº�Ð����?/�Ð{9�Ãºe����.Ãºu����íß�
���õ�\�¦ ì�r$3����� >�_� �©��'a���6 x_� :£¤$í
�̀¦ s�K�½+É Ãº e��

��. Ãºu����íß� ���õ�\� ��ØÔ��� VQP−QP(R)s� �̧��H R °úכ\�
@/�#��½Ó�©��í�̧�o&h��Ér��m� 9M:�Ð��H Laughlin�©��'a�©�
I��� )�6 x÷&t� ·ú§>� �)a��. s��Qô�Ç ��z�́ M:ë�H\� Laughlin
�©��'a���6 x\� _�ô�Ç QP_� ¿1Ï �©�I� (daughter states)ü< ���
��G�¹¡§���Ãº�� ν = 4/11�� 4/13ü<°ú �Ér6£x»¡¤�©�I���{9�#Q
����H ��Ér	כ Ô�¦��0px�>� �)a��. þj��H\� �'a8£¤�)a ν = 4/11��
4/13ü< °ú �Ér 6£x»¡¤�©�I���H, ��u� �����[þts� [þt��H LL\�"f
�©� (pairing)�̀¦ s�ÀÒ��H ��õ	כ Ä»��ô�Ç �&³�©�s� 9, CF QP[þt
�̧ �©��̀¦ s�Ò�¦ �¦̀�	כ ���r�ô�Ç��. CF QP[þt çß�\� {9�#Q����H
�©� +þA$í
�Ér CF ��s�\� '��§4�s� ���6 x�<Ê\��̧ Ô�¦½̈��¦ CF
[þt>pu_� ���½+Ë�©�I�%�!3� '��1lx���H ”Dh�Ðî�r QP[þt”s� �ÃÐ#�
���H ���)� Ò�o���Ér q�·ú�»¡¤ �©�I� �̧½+Ë�̀¦ ����?/>� �)a��.
s� 8úx[O� �7Hë�H�Ér �ª��� f.Ë �©�I�_� ï�r{9���[þt ��s�_� �©� ñ

���6 x_� %i�½+É�̀¦ F��̧"î
ô�Ç �.���s	כ �:r���[þts� µ1Ï³ðô�Ç �ÃÐ�¦
ë�H��³ [3–5]_� ���õ�\�¦ ���½ÓÜ¼�Ð Laughlin_� ì�rÃº �ª��� f.Ë
s��:rs�]jr��)as�Êê#��Q���½̈��[þts�e±	����SX��©�ô�Ç CF
�̧+þA�̀¦ çß�éß�y� ·ú����Ð�¦, �Ð¼#�&h���� ���̂>�\� @/ô�Ç :�x¹1Ï
§4��̀¦ ���½ÓÜ¼�Ð ì�rÃº �ª��� f.Ë ë�H]j\�¦ �����Ð��H Dh�Ðî�r ~½Ó

d��s� ��0px� 9 [3], þj��H\� z�́+«>z�́\�"f �'a8£¤�)a <Éªp��Ðî�r
�&³�©��̀¦ ��ØÔ>� K�$3�½+É Ãº e��6£§�̀¦ �è>h��¦�� ô�Ç��.

II. �¤ÇkÄ ��M�Xêsùp§ UcnÀW¥ 2	�Ì¦R �¹Å��ôp§

�ª���f.Ë ò́õ� [6]��H��l��©�s�Ãºf���>�����2; 2	�"é¶���\�
y���2³ �����[þts� ×¼�Q?/ �Ðs���H ���l�ô�Ç Óüto��&³�©�s��� [2,
7]. �����[þts� x−y î̈
���\�y��)�e���¦&ñ
��l��©� ~B = Bẑs�

s� î̈
���\� Ãºf��ô�Ç ~½Ó�¾ÓÜ¼�Ð ����2; �â
Äº\�¦ Òqty�����. s�M:
Ä»ò́|9�|¾Ós� µ��� �����_� î�r1lx�Ér ��6£§õ� °ú �Ér �x9��Ðm�îß�

Ü¼�Ð l�Õüt½+É Ãº e����.

H = (2µ)−1
[
~p +

e

c
~A(~r)

]2

. (1)

0A_� ³ð�&³\� æ¼���  7�'�(�J$�[>� ~A(~r)\�¦ @/g�A >�s�t��Ð ��
��?/��� ~A(~r) = 1

2B(−yx̂ + xŷ)s���. #�l�"f x̂, ŷ, ẑ��H f��

y��ýa³ð>�_� ýa³ð»¡¤ ~½Ó�¾Ó éß�0A 7�'�[þts���. Ã»ø@ç̀
�� ~½Ó
&ñ
d�� (H − E)Ψ(~r) = 0_� �¦Ä»�©�I�ü< �¦Ä»°úכ�Ér y��y�� ��
6£§õ� °ú s� ����èq Ãº e���� [8,9].

Ψnm(r, φ) = eimφunm(r), (2)

Enm =
~ωc

2
(2n + 1 + m + |m|). (3)

0A_�d��\�"f nõ� m�Éry��y��ÅÒ�ª���Ãºü<y��î�r1lx|¾Ó�ª���Ãº

s� 9 ωc(= eB/µc)��H �����_� ��s�9þt�ÐàÔ�:r y�����1lxÃºs�
��. d�� (2)_� t�2£§~½Ó�¾Ó ��1lx�<ÊÃº u(r)��H ��6£§õ� °ú �Ér p�
ì�r~½Ó&ñ
d��_� K�s���.

d2u

dη2
+ η−1 du

dη
− (m2η−1 + η2 − ε)u = 0 (4)

0A_� d��\�"f ηü< ε�Ér y��y�� η =
√

eB/2~cr = r√
2l0
ü< ε =

(4E/~ωc)−2ms���.#�l�"f l0 =
√
~c/eB��H��l��©�s����

6 x���H >�_� U�́s� :£¤$í
�̀¦ ����?/��H ��l�U�́s� (magnetic
length)s���. t�2£§ ��1lx�<ÊÃº unm(r)�̀¦ !Q�FK ��>�ØÔ ���½Ó
d�� (associated Laguerre polynomials) Lm

n �̀¦+�"f����?/

��� ��6£§õ� °ú ��.

unm(η) = η|m| exp(−η2/2)L|m|n (η2) (5)

�ª���Ãº ns� 0{9� M:��� L
|m|
0 (η2)�Ér η\� Áº�'a� 9 n = 1{9�

M:��H L
|m|
1 (η2) ∝ (|m| + 1 − η2)s���. d�� (3)\�"f SX����½+É

Ãº e����H ��3!�%	כ éß�{9�{9��� \��-t� Û¼&7�àÔ!3��Ér \��-t���

E = 1
2~ωc, 3

2~ωc, · · ·��� »¡¤�@�̧�� B�Äº 	�H ï�r0A[þt�Ð s�ÀÒ
#Q4R e��6£§�̀¦ ·ú�>� �)a��. s�[þt \��-t� ï�r0A\�¦ êøÍ��Äº ï�r
0A�� ÂÒØÔ 9, n = 0s��¦ m = 0,−1,−2, · · ·s���� \��-t�
�� ���©� ±ú��Ér ��{�� LL (lowest LL; LLL)s���. s� �â
Äº_�
��1lx�<ÊÃº��H çß�éß�y� ��6£§õ� °ú ��.

Ψ0m = Nmz|m| exp−|z|
2/4l0

2
(6)
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#�l�"f Nm�Ér ½©����o �©�Ãºs� 9, z��H z(= x −
iy) = re−iφ�Ð &ñ
_�÷&��H 2	�"é¶ 0Au����Ãºs���. �<ÊÃº
|Ψ0m(z)|2_� þj@/°úכ�Ér rm ∝ m1/2\�"f ����èß���. &ñ
K�
��� LL\� 5Åq���H "f�Ð ���Ér m°ú̀�כ¦ ��t���H éß�{9�{9��� �©�

I�[þt�Ér \��-t��� �̧¿º °ú �¦ ���]X�ô�Ç LL_� \��-t� çß�����Ér
~ωcs���.
V,�s��� S = πR2��� r�¼#�\�"f��H n = 0��� LL\� )�6 x÷&
��H éß�{9�{9��� �©�I�_� Ãº\�¦ ��l����5Åq �ª��� φ0(= hc/e)�̀¦
+�"f ����?/��� Nφ = BS/φ0s���. êøÍ��Äº ï�r0A G�¹¡§���
Ãº ν��H ν = N/Nφ�Ð &ñ
_�÷&Ù¼�Ð ν−1��H ��K���� &ñ
��l�

�©�\� _�K� r�¼#�\� ]j/BN÷&��H ����̂ ��l����5Åq�̀¦ �����_� Ì�	

Ãº�Ð ��è�H °úכ, 7£¤ ����� ô�Ç>h{©� C�{©�÷&��H î̈
ç�H ��l����5Åq
s���. ìøÍt�2£§s� R��� r�¼#�\� @/�#� �ª���Ãº |m|s� ��|9�
Ãº e����H °úכ_� Ì�	Ãº��H Nφs���. ��{�� LL\� )�6 x÷&��H °úכ�Ér
|m| = 0, 1, 2, · · · , Nφ − 1s�Ù¼�Ð LLL_� »¡¤�@�̧��H Nφs�

��.
2	�"é¶ �����>�_� V,�s�\�¦ ×�¦s���� s�\� ���� LL{©� )�6 x
÷&��H �©�I�_� Ãº Nφ�̧ y���èô�Ç��. Õª�QÙ¼�Ð &ñ
Ãº >h ëß��pu
LLs� G�0>��� >� (ν = 1, 2, · · · )_� r�¼#��̀¦ ·ú�»¡¤K�"f V,�s�
S\�¦ Áºô�Ç�è ëß��pu y���èr�v��9��� \��-t��� ô�Ç éß�>� Z�}�Ér
LL�Ð �����[þt�̀¦ �̀����� � 9 s�M: ~ωc ëß��pu_� \��-t���

�è¹כ�)a��. Õª�QÙ¼�Ð LLs� �����[þt�Ð ��1pq G�0>��� �©�I���H
q�·ú�»¡¤�©�I� (incompressible states)\�e��>��)a��.s��Qô�Ç
2	�"é¶ �����>�_� q�·ú�»¡¤$í
s� &ñ
Ãº �ª��� f.Ë ò́õ� (integer
quantum Hall effect; IQHE)\�¦ {9�Ü¼v�>� ÷&��H ��H"é¶s���
[10].

III. XNË�¤ Wës�� ÿ� �ÇÊÝ

êøÍ��Äºï�r0A_�G�¹¡§���Ãº ν��&ñ
Ãº{9�M:��H�����[þt�ÐG�

0>��� ï�r0Aü< q�#Q e����H ï�r0A ��s�\���H ~ωcëß��pu_� \��-

t� çß����s� e����. s��Qô�Ç \��-t� çß����_� �>rF���H �����[þt
�Ð s�ÀÒ#Q��� >��� q�·ú�»¡¤&h� :£¤$í
�̀¦ ����?/>� ô�Ç��. z�́+«>
\�"f �'a8£¤÷&��H ��l� q�$��½Ó (magneto-resistivity) ρxx_�

þj�è°úכõ� f.Ë q�$��½Ó (Hall resistivity) ρxy_� >�éß� ½̈

�̧ (plateau structure)_� Bj
�m�7£§�̀¦ s�K���9��� ����<Ê

s��� ��������1lx 1px\� _�ô�Ç íß�êøÍ�̀¦ :�x�#� y��y��_� LL\�
SX��©� �©�I�[þt (extended states)õ� ²DG�è �©�I�[þt (localized
states)s� /BN�>r½+É ��¹כ��9 e���� [11,12]. SX��©� �©�I�[þt�Ér ;�¤
s� V,�#Q��� LL_� ×�æd��ÂÒ\� Z�~s��¦ ²DG�è �©�I�[þt�Ér SX��©�
�©�I� %ò
%i�_� �ª�Aá¤ ÅÒ���\� Z�~�����. >�\� ��K���� ��l��©�
B�� {9���[þt_� Ì�	Ãº N�̀¦ ����or�v���� >�_� �o�<Æ (�J$�[>�

ζ�� LL�̀¦t�����>��)a��.s�XO�>��o�<Æ(�J$�[>�s� LL�̀¦t�

�������"f �o�<Æ �̀J$�[>�s� ²DG�è �©�I� %ò
%i�\� Z�~{9� M:����

]X�@/%ò
�̧\�"f��H ρxx�� 0s� ÷&�¦ ρxy��H î̈
î̈
ô�Ç f.Ë >�éß�

(Hall plateau)�̀¦ +þA$í
�>� �)a��.

s�]j��t���Héß�{9�{9����©�I��<ÊÃº\�@/�#�¶ú�(R�Ð��¤��.

s�]j #��Q >h_� �����[þt�Ð G�0>��� LL\� @/ô�Ç ���̂ ��1lx

�<ÊÃº\� @/�#� ·ú����:r��. N>h �����[þt�Ð ��1pq G�0>4R"f

ν = 1��� LLL_� ��1lx�<ÊÃº Ψ1(z1, z2, · · · , zN )�Ér �ª���Ãº

ms� 0 ≤ |m| ≤ N−1��� N>h_�éß�{9�{9����©�I�\�y��y�����

����ô�Ç>hm��[þt#Qe����H N>h�©�I��<ÊÃº[þt_�Y�LÜ¼�Ð����èq

Ãº e����. s�M: ���̂ Y�L�<ÊÃº (product function)��H #QÖ¼ ¿º

�����_� �§8̈�\� @/�#� ìøÍ@/g�A&h� (antisymmetric)s�#Q��

� 9 s��Qô�Ç �̧|	��̀¦ ëß�7á¤���H Ψ1(z1, z2, · · · , zN )�Ér ��6£§

õ� °ú s� jþt Ãº e����.

Ψ1(z1, ·, zN ) = A{u0(z1)u1(z2) · uN−1(zN )} (7)

0A_�d��\�"f A��HìøÍ@/g�A�o���íß���s���.d�� (6)\��Ð�����

ü< °ú s� u|m|(z) ∝ z|m|e−|z
2|/4l20s�Ù¼�Ð d�� (7)�̀¦ ��6£§õ�

°ú s� Û�¦#Q jþt Ãº e����.

Ψ1(z1, ·, zN ) ∝

∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1
z1 z2 · · · zN

z2
1 z2

2 · · · z2
N

...
... · · · ...

zN−1
1 zN−1

2 · · · zN−1
N

∣∣∣∣∣∣∣∣∣∣∣

e
− 1

4l20

∑
i=1,N

|zi|2

(8)

d�� (8)\� æ¼��� '��§>=d���Ér ìøÍ X<ØÔ �7H×¼ (van der Monde)

'��§>=d��s� 9 [13] çß�éß�y� Π
N≥i>j≥1(zi − zj)�Ð ³ð�&³½+É Ãº

e����. i���P:\P�\�"f j���P:\P��̀¦ NS�¦ zij = zi− zj\�¦ /BN:�x

���Ãº�Ð Óü�#Q ?/��� s��Qô�Ç ��z�́�̀¦ ���Ð SX����½+É Ãº e����.

Õª�QÙ¼�Ð N>h {9���>� ��{���©�I� ��1lx�<ÊÃº��H ��6£§õ� °ú 

��.

Ψ1(z1, · · · , zN ) ∝ Π
N≥i>j≥1zij exp

− 1
4l20

∑
k=1,N |zk|2

(9)

d�� (9)��H, s� d��\� ��������H zj_� ���©� Z�}�Ér 	�Ãº "4�s�

N − 1s�Ù¼�Ð, K�{©�÷&��H LLs� �����[þt�Ð ��1pq ðøÍ �â
Äºs�

��.s������z�́�Ér�ª���Ãº m�Ér |m|s� 0, 1, 2, · · · , N−1s�Ù¼

�Ð LL_� »¡¤�@�̧��H Nφ = Ns� 9 ν = N/Nφ = 1s�l� M:

ë�Hs���. éß�{9�{9��� ��1lx�<ÊÃº_� Y�LÜ¼�Ð ³ð�&³÷&��H ���̂ ��

1lx�<ÊÃº�� Pauli_� C���"é¶o�\�¦ ëß�7á¤��̧2�¤ ìøÍ@/g�A�or�(��

Ü¼�Ð+� ν = 1��� �©�I�\�¦ ����?/��H d�� (9)\�¦ %3�#Qèq Ãº e��

%3���.
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IV. ÄZØ�¤ Wës�� ÿ� �ÇÊÝ

êøÍ��Äº ï�r0A G�¹¡§���Ãº ν�� 1�Ð�� ����Ér �â
Äº\���H LLL
_�»¡¤�@�̧��K�{©� LL\�[þt#Qe����H�����[þt_�Ì�	Ãº�Ð���8
ß¼Ù¼�Ð \��-t��� ���©� ±ú��Ér éß�{9�{9��� �©�I�[þt\� N>h {9�

��\�¦G�Äº��H:�x�©�&h����~½ÓZO��̀¦&h�6 x½+ÉÃº\O���.\V\�¦[þt��
���, G�¹¡§���Ãº�� ν = 1/3��� �â
Äº\� 3N>h �©�I�\�¦ N>h ���

����	�t����HìøÍ@/g�A&h�����<ÊÃºg1J�̀¦ ú̧���H{9��Ér��"î
�t�

·ú§��. G�¹¡§���Ãº�� ν = 1/3��� �â
Äº\�¦ �í�<ÊK�"f ν = 1/n

(éß�, n�Ér f.ËÃº)�Ð ³ðr�÷&��H �ª��� f.Ë �©�I�\�¦ s�K���¦��
Laughlin [14]�Ér Z�t��î�r Óüto��<Æ&h� :�x¹1Ï§4��̀¦ ���½ÓÜ¼�Ð ��
6£§õ� °ú �Ér ��1lx�<ÊÃº\�¦ ]jr��%i���.

Ψ1/n(z1, · · · , zN ) =
∏

i>j

zn
ij exp−

∑
k |zk|2/4l20 (10)

0A\� �Ð��� Laughlin ��1lx�<ÊÃº��H ns� f.ËÃº��� �â
Äºs�Ù¼�Ð

e��_�_� ¿º �����_� �§8̈� (i ↔ j)\� @/�#� zn
ji → −zn

ijs�

Ù¼�Ð ìøÍ@/g�A �̧|	��̀¦ ëß�7á¤ô�Ç��. Õªo��¦ zij → 0��� �FGô�Ç
\�"f ��1lx�<ÊÃº�� 0s� ÷&�̧2�¤ ú̧�6£§Ü¼�Ð+� n > 1s�Ù¼�Ð
�����[þt�Ér ÜãJ2�x '��§4� �©� ñ���6 xs� þj�è�o÷&�̧2�¤ "f�Ð YO�

o� b��#Qt��9��H �â
�¾Ó�̀¦ ����?/�¦ e����. ��Ö�¦�Q, ��1lx�<ÊÃº
��H zm

i [éß�, 0 ≤ m ≤ n(N − 1)e��]��� �½Ó�̀¦ �í�<Ê�Ù¼�Ð LL
_� �ª���Ãº ms� ��|9� Ãº e����H ���©� 	�H °úכ��� Nφ − 1�Ér
Nφ − 1 = n(N − 1)s� �)a��. ����"f, ��r� >�_� G�¹¡§���
Ãº��H ν = N/Nφ → 1/ns� ÷&#Q z�́+«>&h���� �'a8£¤���õ�ü< {9�

u�ô�Ç�� [15]. ¢̧ô�Ç Laughlin�Ér QP [þt>pu_� +þAI��̧ ]jr��
�¦ ��{���©�I� \��-t�ü< ï�r����� (quasielectron; QE)ü< ï�r
f.Ë (quasihole; QH) �©��̀¦ Òqt$í
���H X< ¹ô�Çכ��9 \��-t� çß�
����̧íß�Ø�¦�%i���. Laughlins�]jîß�ô�Çl��:r����_�ì�rÃºC�
�Ð @/����)a QP[þt�Ér ì�rÃº :�x>� (fractional statistics)\�¦ ��
ØÔ��H \�m���� (anyons)e��s� µ1ß)������ [16–20].

V. �¤V��ìÅ��m �ìÅ��

ì�rÃº �ª��� f.Ë �©�I�\� @/ô�Ç Laughlin_� ��[O��Ér LLL �©�
I�[þt�Ð s�ÀÒ#Q��� Hilbert ÂÒì�r/BNçß� îß�\�"f �©� ñ���6 x �
x9��Ðm�îß��̀¦Ãºu�@/y���o�<ÊÜ¼�Ð+�~1���o�SX�7£x�)a�� [21].
�ª��� f.Ë >�\� @/ô�Ç z�́+«>�Ér 2	�"é¶ î̈
��� ½̈�̧\�"f s�ÀÒ#Q
t�t�ëß�Ãºu�@/y���o���íß����\O��Ér 2	�"é¶ ½̈���\�"fz�́'���
��� �s̀��� ¼#�o����. N>h �����[þts� ìøÍt�2£§s� R��� ½̈��� 0A

\� Z�~#� e����H �â
Äº\�¦ Òqty����� (Fig. 1 �ÃÐ�̧). Haldane�Ér
½̈_� ×�æd��\� [jl��� 2Qφ0 (éß�, 2Q��H &ñ
Ãº)��� ��l�f.Ë�FG
(magnetic monopole)s�Z�~#�e����HìøÍt�2£§s� R��� ½̈���0A

Fig. 1. Haldane sphere of radius R with magnetic
monopoles (of strength 2Q) located at the center of the
sphere.

\� Y>� >h_� �����[þts� y��)� e����H �â
Äº\�¦ ]jîß��%i��� [21].
½̈_� ×�æd��\� Z�~��� ��l�f.Ë�FG\� _�ô�Ç ��l��©��Ér ��6£§õ� °ú 

��.

~B =
2Qφ0

4πR2
R̂ (11)

Haldane ½̈���\� Z�~��� ����� 1>h\� @/ô�Ç �x9��Ðm�îß��̀¦ {9�
��_� y��î�r1lx|¾Ó ���íß��� ~lõ� t�2£§~½Ó�¾Ó éß�0A 7�'� R̂�̀¦ +�"f

����?/��� ��6£§õ� °ú s� jþt Ãº e���� [22].

H0 =
1

2mR2

(
~l − ~QR̂

)2

(12)

y��î�r1lx|¾Ó ���íß��� ~l�Ér ��6£§õ� °ú �Ér :�x�©�&h���� �§8̈��'a>�\�¦

ëß�7á¤ô�Ç��.

[lα, lβ ] = i~εαβγ lγ

l2õ� lz_� �¦Ä»°úכ�Ér y��y�� ~2l(l + 1)õ� ~ms���. d�� (12)_�
éß�{9�{9����©�I� |Q, l, m〉\�¦f.Ë�FG �̧�o�<ÊÃº (monopole har-
monics)�� {9�(��Ü¼ 9 H0_� �¦Ä»°úכ�Ér ��6£§õ� °ú ��.

ε(Q, l, m) =
~ωc

2Q
[l(l + 1)−Q2] (13)

|Q, l, m〉(≡ |l, m〉)�Ér H0_� �¦Ä»�<ÊÃº{9� ÷�rëß� ��m��� l2õ�

lz_� �¦Ä»�<ÊÃºs�l��̧ ���. \��-t� �¦Ä»°úכ ε(Q, l, m)�Ér
�ª�Ãº°úכs�#Q���Ù¼�Ð)�6 x÷&��H l °úכ�Ér, n = 0, 1, 2, · · ·{9�
M:, ln = Q + ns���. ���©� ±ú��Ér LL_� �â
Äº (n = 0)��H
l0 = Qs��¦ \��-t���H m\� Áº�'a�>� ε0 = ~ωc/2s���. {9�
ìøÍ&h�Ü¼�Ð n���P: [þt��H LL�Ér ln = Q + ns� 9 @/6£x÷&��H \�

�-t���H ��6£§õ� °ú ��.

εn =
~ωc

2Q
[(Q + n)(Q + n + 1)−Q2] (14)

n = 0��� LLL�Ér ~l_� z-$í
ì�r��� lz_� �¦Ä»°ú̀�כ¦ ����?/��H

m = −Q,−Q+1, · · · , Q− 1, Q\�5Åq���H 2Q+1 >h_� »¡¤



¿ 8úx[O��7Hë�H À ì�rÃº �ª��� f.Ë �©�I�\� @/ô�Ç 4�¤½+Ë �̀ØÔp� {9��� �̧+þAõ� ï�r{9��� �©� ñ���6 x – s��â
Ãº 1px -111-

2Q =27

E

Laugh lin
ν=1 /3 s ta te

1Q E+1Q H

0 2 4 6 8 10 12

L

Fig. 2. The energy spectrum of 10 electrons in the lowest
LL calculated on a Haldane sphere with 2Q = 27. The
open circle denotes the L = 0 ground state.

�@�)aéß�{9�{9����©�I�\�¦�������.���©�±ú��Ér\��-t�_� LL\�
@/ô�Ç N -{9����©�I��<ÊÃº��H,éß�{9�{9����©�I� |Q, l0,mi〉\�¦��
�½ÓÜ¼�Ð, ��6£§õ� °ú s� jþt Ãº e����.

|m1,m2, · · · ,mN 〉 = c†mN
· · · c†m2

c†m1
|0〉 (15)

0A_� d��\�"f |mi| ≤ Qs� 9 c†mi
��H �©�I� |l0,mi〉\� �����

1>h\�¦ Òqt$í
r�v���H ���íß���s���.
�����[þts� �̧¿º ���©� ±ú��Ér LL�̀¦ ÂÒì�r&h�Ü¼�Ð G�Äº�¦ e��
��H �â
Äº\�¦ Òqty�����. (2Q + 1)>h �©�I�\� ìøÍ@/g�A$í
�̀¦ ëß�
7á¤��̧2�¤ N>h �����[þt�̀¦ G�Äº��H ~½ÓZO�_� ��t�Ãº��H ��6£§

õ� °ú ��.

GNQ =
(

2Q + 1
N

)
=

(2Q + 1)!
N !(2Q + 1−N)!

(16)

Õª�QÙ¼�Ð LLL�̀¦ ����?/��H Hilbert ÂÒì�r/BNçß��Ér GNQ >h

_� N -����� ���̂�©�I��Ð s�ÀÒ#Q4R e����. ��l�f.Ë�FG_� [j
l��� 2Q = 9s�#Q"f l = 4.5��� 4>h �����[þt�Ð s�ÀÒ#Q���
>� (N = 4{9� M:_� ν = 1/3 �©�I�)_� ��{���©�I� »¡¤�@�̧ü<
���̂�©�I� ��×�æ�̧ GNQ��H y��y�� 2Q + 1 = 10õ� GNQ =
10!/[4!(10− 4)! = 210s���.
Ãºu� @/y���o��H s�[þt GNQ 	�"é¶ /BNçß�\�"f �����[þt ��s�

_� �©� ñ���6 x �x9��Ðm�îß�

Hint =
∑

i>j

e2

rij

�̀¦ @/y���o���H ���\O�s���. z�́]j Ãºu����íß� õ�&ñ
�Ér >�_� 8úx
y��î�r1lx|¾Ó L̂(=

∑
i l̂i)_� �¦Ä»�<ÊÃº |LMα〉\�¦ ���$� ���&ñ
�<Ê

Ü¼�Ð+����\O��̀¦���5Åq�>����'��r�~�́Ãºe����.#�l�"f M =∑
i mis� 9 α��H 8úx y��î�r1lx|¾Ó Ls� °ú Ü¼���"f "f�Ð ½̈ì�r÷&

��H L-��×�æ�̧\�¦����?/l�0Aô�Ç���Ãºs���.\V\�¦[þt�����,0A
\� \Vr�ô�Ç l = 4.5��� ����� 4>h�Ð s�ÀÒ#Q��� >�_� 8úx y��î�r
1lx|¾Ó L�Ér ��6£§õ� °ú ��.

L = 12⊕ 10⊕ 9⊕ 82 ⊕ 7⊕ 63 ⊕ 5⊕ 43 ⊕ 3⊕ 22 ⊕ 02

E

(c ) 2Q =261Q E(a) 2Q =28
1Q H

E

2Q =25

0 2 4 6 8 10 12

L

(d ) 

2Q E 's

0 2 4 6 8 10 12

L

2Q =29(b) 

2Q H 's

Fig. 3. The energy spectra of 10 electrons in the low-
est LL calculated on a Haldane sphere with the fewest
composite Fermion quasiparticles. 2Q = 28, 29, 26, 25
The open circles and solid lines mark the lowest energy
bands with the fewest for: 2Q = 28 & nQH = 1 in (a),
2Q = 29 & nQH = 2 in (b), 2Q = 26 & nQE = 1 in (c),
and 2Q = 25 & nQE = 2 in (d).

�̧¿º 18>h_� ½̈ì�r÷&��H y��î�r1lx|¾Ó ��×�æ�̧\�¦ �������. \V\�¦
[þt���, 63�Ér L = 6��� �â
Äº�� 3��t� ��0px�<Ê�̀¦ _�p�� 9 s�
[þt�̀¦ "f�Ð ���Ér α °úכÜ¼�Ð ½̈ì�rô�Ç��.

Hints� Û¼ºú��� �<ÊÃºs�Ù¼�Ð s�_� |LMα〉\� @/ô�Ç '��§>=
¹�è��Hכ Wigner–Eckart &ñ
o�\� ���� ��6£§õ� °ú s� jþt Ãº
e���� [4,23,24].

〈L′M ′α′|Hint|LMα〉 = δLL′δMM ′〈L′α′|Hint|Lα〉 (17)

〈L′M ′α′|Hint|LMα〉��H M\� _��>r�t� ·ú§Ü¼ 9 L = L′���

�â
Äº\�ëß� Ä»ô�Ç�Ù¼�Ð @/y���o K��� ½+É '��§>=_� ß¼l��� ß¼

>�×�¦#Q��H��.0A\�\Vr�ô�Ç (N ; 2Q) = (4; 9)���>�_� 210>h
���̂�©�I�����â
Äº_� 18×18'��§>=�Ér 2>h_� 3×3, 3>h_� 2×2,
6>h_� 1×1 ½̈%i� (block)Ü¼�Ð ½̈%i�@/y���o�)a��. N = 10{9�
M:_� ν = 1/3 �©�I���� 2Q = 27\�"f��H 2Q + 1 = 28s�
�¦ GNQ = 28!/[10!(28 − 10)!] = 13, 123, 110s� 9 0 ≤
L ≤ 90\� ����2; 246,448>h_� L-��×�æ�̧\�¦ �������. Õª�Q
��, d�� (17)\� ���� z�́]j @/y���oK��� ½+É ���©� 	�H '��§>=�Ér
7069× 7069s���. �����_� Ì�	Ãº�� ú́§t� ·ú§�Ér �â
Äº\� @/ô�Ç
s��Qô�Ç Ä»ô�Ç '��§>=�Ér ~1�>� @/y���o½+É Ãº e��Ü¼ 9 s�_� ���̂

�¦Ä»�<ÊÃºü< �¦Ä»°ú̀�כ¦ %3���H��.
Fig. 2ü< 3�Ér Haldane ½̈����©�\�e����H 10>h_������[þts�

��{�� LL�©�I�\�Z�~����â
Äº\�@/�#�Ãºu�@/y���o>�íß�Ü¼
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�Ð %3��Ér ±ú��Ér \��-t� Û¼&7�àÔ!3��̀¦ 8úx y��î�r1lx|¾Ó L_� �<ÊÃº

�Ð �����·p �.���s	כ Û¼&7�àÔ!3�_� {9�ìøÍ&h���� :£¤fç
�Ér i) ì�r"î

y�×¼�Q����H±ú��Ér\��-t� ½̈%i�s��Ðs��¦ ii)Õª0A\� �̧�FK
W=� ì�r"î
ô�Ç [þt��H \��-t� ½̈%i�s� �'a8£¤�)a����H &h�s���. Fig.
2\� �Ð��� ��ü< °ú s� L = 0��� Laughlin q�·ú�»¡¤$í
 ��{���©�
I��� G�¹¡§���Ãº ν = 1/3��� 2Q = 3(N − 1) = 27\�"f "î
SX�
y� ×¼�Qèß���. 2Q °úכs� 	�8£§ 7£x��K�"f 2Q = 28, 29, 30s�
��� QHs� y��y�� 1, 2, 3>h [þt*� e����H �©�I��� �)a��. Fig.
3(a)��H 2Q = 28\�"f y��î�r1lx|¾Ós� lQH = 5��� QH 1>h��
Ìº§Â	�>� �'a8£¤H�d�̀¦ ����?/ 9, Fig. 3(b)��H 2Q = 29\�"f
y��î�r1lx|¾Ós� lQH = 11/2��� QHs� 2>h e����H �â
Äº\�¦ ����
�·p��. ô�Ç¼#�, 2Q�� q�·ú�»¡¤$í
 �©�I���� 27�Ð�� y���è���� ��
{���©�I�\� QE[þts� Òqt$í
�)a��. Fig. 3(c)ü< (d)_� ±ú��Ér \�
�-t� ½̈%i��Ér y��y�� 2Q = 26õ� 2Q = 25{9� M: lQE = 5���
QE 1>hü< lQE = 9/2��� QEs� 2>h e����H �â
Äºs���. 2Q��

y���èK�"f 2Q = 21s� ÷&��� ν = 2/5\� K�{©����H L = 0 ��
{���©�I��� �'a8£¤�)a�� (+'\� �Ð��� Fig. 9(b) �ÃÐ�̧).
s�p� ·ú¡]X�\�"f �Ð��� ��ü< °ú s� î̈
��� ½̈�̧\�"f��H éß�

{9�{9��� y��î�r1lx|¾Ó_� z-$í
ì�r �ª���Ãº m\� )�6 x÷&��H °úכs�

y��y�� 0, 1, · · · , Nφ − 1s� 9, G�0>��� �̧��H �©�I�\� @/ô�Ç
m_� ½+Ë M(=

∑
i mi)�Ér L_� z-$í
ì�r�̀¦ �����·p��. M�Ér

M = MCM + MRõ� °ú s� |9�|¾Ó×�æd�� î�r1lxõ� �©�@/î�r1lx_�

l�#��Ð ½̈ì�r½+É Ãº e����. î̈
��� ½̈�̧ü< ½̈��� ½̈�̧��H ��6£§
õ� °ú �Ér �'a>��Ð �������)a��.

M = Nl + Lz; MR = Nl − L; MCM = L + Lz

�©� ñ���6 x�Ér �̧f�� MR [25]\�ëß� _��>r�Ù¼�Ð î̈
��� ½̈�̧ ³ð
�&³ |MR,MCM〉�Ér /BI ½̈��� ½̈�̧ ³ð�&³ |L,Lz〉_� %i�½+É�̀¦ ô�Ç
��. ½̈��� ½̈�̧��H �â
>��� \O�����H &h�õ� ¢-a���ô�Ç �r���@/g�A$í

�̀¦ ���������H 8£¤���\�"f �ª��� f.Ë �©�I�\�¦ s��:r&h�Ü¼�Ð ½©"î


�l�\� îß�$í
ú́�»¡§s���. Õª�Q��, z�́+«>��[þt�Ér î̈
��� ½̈�̧\�
K�{©����H |MR,MCM〉 ³ð�&³�̀¦ ��� ñ���H �â
�¾Ós� e����.

VI. 2	�Ì¦R �ÒÞ�Ö«ømÉ��;c 6��X¢ ��Þ4���ÈkÄ

3	�"é¶ /BNçß�?/ ~r1õ� ~r2\� Z�~��� 2>h_� 1lx1px{9���\�¦ �íl�
�©�I� (~r1, ~r2)\�"f 1lx{9�ô�Ç ��×�æ �©�I� (~r1, ~r2)�Ð ��Ë̈��H �â

�Ð\� @/ô�Ç ���;�¤�Ér ~r12(= ~r1 − ~r2)_� �r���y���̧ φ�� 0�����
π�����\� ���� ���&ñ
�)a��. �r���y���̧ φ��H 2πëß��pu_� mod�Ð
&ñ
_�÷& 9 ×�æ¹כô�Ç ��Ér	כ ��t�}�� &h�s� �§8̈�õ�&ñ
�̀¦ ����?/

��H φ = π���t� ÕªXO�t� ·ú§Ü¼��� q��§8̈�õ�&ñ
�̀¦ ����?/��H

φ = 0����� ���H &h�s���.
2	�"é¶\�"f��H ÅÒ#Q��� C�&h�\� e��#Q"f Õª �r���y���̧ φ��

"î
SX��>� &ñ
_��)a��. y���̧ φ�� "é¶&h� ÅÒ0A\�¦ y�����7H S��

Ãº (winding number)�� \O������t�\�¦ ÆÒ&h�K� °ú� Ãº e����.
|~rij |�� 0s� ÷&t� ·ú§�¦ Ä»ô�Çô�Ç °ú̀�כ¦ ��t���H #3�0A?/\�"f��H
{9��� C�&h�[þt�Ð s�ÀÒ#Q��� /BNçß��Ér �©� ñçß�\� ("f�Ð {9�Õª�Q
4R [þt#Q����H ��s	כ Ô�¦��0px��̧2�¤) éß�]X��)a ÂÒì�r/BNçß�Ü¼�Ð
���÷¶��. y��y��_� ÂÒì�r�Ér y�����̧��H S��Ãº�� �¦Ä»ô�Ç °ú̀�כ¦ ��
�����. �â
�Ð&h�ì�r (path integral)�̀¦ ½̈$í
½+É M: C�&h�[þt_� ��
×�æ�̧��H eiθφ/π_� +þAI��Ð (Dh�Ðî�r) :�x>� ���Ãº (statistical
parameter) θ\� _��>rô�Ç��. θ��H mod 2π�Ð &ñ
_�÷&��H �ª�s�

��. :£¤Z>�y� θ = 0s���� :�x�©�&h���� �Ð]j {9��� (Bose parti-
cles; boson) :�x>�s��¦ θ = πs���� �̀ØÔp� {9��� :�x>�\�¦ ��

ØÔ>� �)a��. {9�ìøÍ&h���� �â
Äº\���H ��6£§õ� °ú ��.

P12ψ(1, 2) = eiθψ(1, 2) (18)

θ�� e��_�_� °ú̀�כ¦ ��t����"f 0Aü< °ú �Ér �'a>�\�¦ ��ØÔ��H {9�

��\�¦\�m��:r (anyon)s���� 9,\�m��:r�ÉrDh�Ðî�r�ª���:�x
>���� \�m��:r :�x>� (anyon statistics)\�¦ ���Ér�� [16,19,20].
\�m��:r :�x>�\�¦ z�́�&³���H éß�í�Hô�Ç ~½ÓZO��Ér �©�@/ýa³ð��

~r[= (r, φ)]��� �©� ñ���6 x���H ¿º {9���_� �©�@/î�r1lx�̀¦ l�Õüt
���H éß�í�H ��Õª|½Ót�îß� (Lagrangian) L\� ~βφ̇ (éß�, β =
qΦ/hc x9� 0 ≤ β ≤ 1)\�¦ ÆÒ�����H �.���s	כ [4] #�l�"f
β(≡ θ/π)��H\�m��:r���Ãº (anyon parameter)s��¦ qü< Φ��H
���©� ����ü< ��l����5Åqs���. [16,20] \V\�¦ [þt�����, ��6£§õ�
°ú �Ér �â
Äºs���.

L =
1
2
µ(ṙ2 + r2φ̇2)− V (r) + ~βφ̇ (19)

ÆÒ���)a ���©�&h���� ����–��l����5Åq �½Ó�̀¦ CS �½Ós��� ô�Ç��.
s� CS �½Ó�Ér qü< Φ�� r�çß�\� _��>r�t� ·ú§Ü¼Ù¼�Ð �¦��� î�r
1lx~½Ó&ñ
d��\���H ��Áº��� %ò
�¾Ó�̀¦ ÅÒt� ·ú§��H��. Õª�Q��, &ñ
ï�r
y��î�r1lx|¾Ó (canonical angular momentum)�Ér pφ(= ∂L

∂φ̇
) =

µr2φ̇ + qΦ/2πc�Ð �)a��. ����� e2πipφ/~��H 2π ëß��pu_� �r���

�̀¦ ��l��Ù¼�Ð ~−1pφ_� �¦Ä»°úכ�Ér &ñ
Ãº (`)s�#Q�� ô�Ç��.
ô�Ç¼#�,>�s�t�Ô�¦������î�r1lx�<Æ&h�y��î�r1lx|¾Ó (kinetic angular
momentum)�Ér pφ− qΦ/2πcs� 9ì�rÃº°ú̀�כ¦ ��|9�Ãºe��>�

÷&�¦ s� �â
Äº\� {9���[þt�Ér ì�rÃº :�x>� (fractional statis-
tics)\�¦��ØÔ>��)a��.�¦���î�r1lx~½Ó&ñ
d��õ���Hv9�o� CS�½Ó\�
_�K� ²ú������ L�Ér {9���_� �ª���:�x>� ½©gË:�̀¦ ����or������.

VII. Chern–Simons 4�T�U� T�Â]Ø

:£¤&ñ
ô�Ç:�x>�½©gË:�̀¦��ØÔ���"f��6£§õ�°ú �Ér�x9��Ðm�îß�

Ü¼�Ð l�Õüt÷&��H 2	�"é¶ {9���[þt�̀¦ Òqty�����.

H =
1
2µ

∑

i

[
~pi +

e

c
~A(~ri)

]2

+
∑

i>j

V (rij) (20)



¿ 8úx[O��7Hë�H À ì�rÃº �ª��� f.Ë �©�I�\� @/ô�Ç 4�¤½+Ë �̀ØÔp� {9��� �̧+þAõ� ï�r{9��� �©� ñ���6 x – s��â
Ãº 1px -113-

���©�&h���� ���� qü< ��l����5Åq Φ\�¦ ��ØÔ��H ���5Åq �'a (flux
tube)�̀¦ y��y��_� {9���\� C�{©��<ÊÜ¼�Ð+� s�[þt {9���>�_� :�x
>�½©gË:�̀¦ ��ÜãJ Ãº e����. j���P: {9���\� C�{©�ô�Ç ���5Åq Φ\�¦
��ØÔ��H ���5Åq �'a\� _�K�"f i(6= j)���P: {9����� e����H 0Au�
\�Òqt$í
÷&��H���©�&h���� (>�s�t�) 7�'�(�J$�[>� ~a(~ri)��H��6£§
õ� °ú ��.

~a(~ri) = Φ
∑

j 6=i

ẑ × ~rij

r2
ij

(21)

>�s�t�(�J$�[>� ~a(~ri)\�@/6£x���H CS >�s�t���l��©��Ér��
6£§õ� °ú ��.

~b(~r) = Φ
∑

i

δ(~r − ~ri)ẑ (22)

0A_�d��\�"f ~ri��H>�s�t�(�J$�[>� ~a(~ri)\�¦t�m��¦e����H i���

P: {9���_� 0Au� 7�'�s���. #Q*�ô�Ç ¿º ������̧ °ú �Ér 0Au�\�¦
	�t�½+É Ãº \O��¦ ���Ér �����\� _�ô�Ç δ-�<ÊÃº +þAI�_� >�s�t�
��l��©��̀¦ y��t�½+É Ãº \O�Ü¼Ù¼�Ð ��l��©� ~b(~r)��H �¦��� î�r1lx
~½Ó&ñ
d��\� ��Áº��� %ò
�¾Ó�̀¦ ÅÒt� ·ú§��H��.
 7�'�(�J$�[>� ~a(~r)\�¦ ��6£§õ� °ú s� ��r� +��Ð��.

~a(~ri) = Φ
∫

d2r1
ẑ × (~r − ~r1)
|~r − ~r1|2 ψ†(~r1)ψ(~r1) (23)

0A_� d��\�"f ψ†(~r1)ψ(~r1)��H �����Ó�o�̂_� x9��̧ ���íß���

ρ(r1)s� 9, >�s�t� (�J$�[>� ~a(~r)��H �ª���%i��<Æ&h���� >�_� ��
1lx�<ÊÃº\� 0A�©�����o\�¦ {9�Ü¼����� [20].

Chern–Simons ���8̈� (Chern–Simons transformation;
CS ���8̈�)�Ér ����� Òqt$í
 ���íß��� ψ†e(~r)\�¦ ��6£§õ� °ú �Ér 4�¤
½+Ë{9��� (composite particle)Òqt$í
���íß��� ψ†(~r)�Ð���8̈�r�
v���H :£¤s� >�s�t� ���8̈�s��� [26].

ψ†(~r) = ψ†e(~r) expiα
∫

d2r′arg(~r−r′)ψ†e(~r′)ψe(~r′) (24)

0A_� d��\�"f arg(~r − ~r′)�Ér  7�'� ~r − ~r′s� x-»¡¤õ� s�ÀÒ��H
y���̧s� 9 α��H e��_�_� >�s�t� ���Ãºs���. �����_� î�r1lx\�
�-t� ���íß��� Ke\�¦ CS ���8̈����� ��6£§õ� °ú ��.

KCS =
1
2µ

∫
d2rψ†(~r)

[
−i~+

e

c
~A(~r) +

e

c
~a(~r)

]2

ψ(~r)

(25)
0A_� ³ð�&³\�"f >�s�t�  7�'�(�J$�[>� ~a(~r)��H ��6£§õ� °ú ��.

~a(~r) = αφ0

∫
d2r′

ẑ × (~r − ~r′)
|~r − ~r′|2 ψ†(~r′)ψ(~r′)

CS���8̈��Éry��y��_�{9���\����©���l����5Åq Φ(= αφ0)\�¦t�
m��¦ e����H ���5Åq �'aõ� (���Ér {9���\� ÂÒ�ÃÌ�)a ���5Åq �'a\� _�
ô�Ç 7�'�(�J$�[>�õ����½+Ë½+ÉÃºe���̧2�¤)���©����� −e\�¦ÂÒ�ÃÌ

r�v���H ?/6 x�̀¦ Ãº'�����H ���8̈�s��� �̂¦ Ãº e����. ~a(~r)��H ��

�Ér {9���[þt\� ÂÒ#��)a CS ���5Åq\� _�K�"f 0Au� 7�'��� ~r���

/BM\� +þA$í
÷&��H 8úx >�s�t� (�J$�[>�s���.
CS >�s�t� ���8̈�Ü¼�Ð %3���H Dh�Ðî�r �x9��Ðm�îß��Ér d��

(20)_� e
c

~A(~ri)�̀¦ e
c

~A(~ri) + e
c~a(~ri)�Ð @/�̂ô�Ç �â
Äºs� 9 ��

6£§õ� °ú ��.

HCS =
1
2µ

∫
d2rψ†(~r)

[
~p +

e

c
~A(~r) +

e

c
~a(~r)

]2

ψ(~r)

+
∑

i>j

V (rij). (26)

ÂÒ��&h���� CS �½Ó_� ·ú��� ò́õ���H d�� (18)\� �̧{9��)a {9���[þt
_� :�x>� ���Ãº θ\�¦ θ + πΦ q

hc�Ð ��Ë̈��H �.���s	כ p�� &ñ
Ãº

��� �â
Äº Φ�� phc
e s���� θ → θ + πpq/e�Ð �)a��. Õª�QÙ¼�Ð,

q = es��¦ p = 1s������ θ = 0 → θ = π, 7£¤ �Ð]j {9��� :�x
>�\�¦ �̀ØÔp��:r :�x>��Ð ���8̈�r�v����� θ = π → θ = 2π,
7£¤ �̀ØÔp� {9��� :�x>�\�¦ �Ð]j {9��� :�x>��Ð ���8̈�r������.
p = 2��� �â
Äº\���H {9���[þt_� :�x>��� CS �½Ó M:ë�H\� ����
t���H ·ú§��H��.
�x9��Ðm�îß� HCS��H ~a(~r)0, ~a(~r)1 x9� ~a(~r)2\� q�YV���H

�½Ó[þt�̀¦ �í�<Ê��¦ e����. ~a(~r)1 �½Ó�Ér ���+þA&h���� 2�̂ �©� ñ���
6 x �½Ós� 9, ~a(~r)2 �½Ó�Ér ��6£§õ� °ú �Ér �½Ó�̀¦ �í�<Ê�Ù¼�Ð 3�̂
�©� ñ���6 x �½Ós���.

Ψ†(~r)Ψ(~r)Ψ†(~r1)Ψ(~r1)Ψ†(~r2)Ψ(~r2)

3�̂�½Ó�ÉrÕªÓüto�&h�:£¤$í
l�Õüts�B�Äºèß�K��Ù¼�Ð��¥y�[þt
l��í �7H_�\�"f ]jü@ô�Ç��. >�s�t� ���8̈� ~½ÓZO�Ü¼�Ð ��¥y� �̧
{9�÷&��H CS �x9��Ðm�îß��Ér >�s�t� (�J$�[>� �½Ós� \O���H �:rA�
_� �x9��Ðm�îß���� d�� (20)\� q����� �©�{©�y� 4�¤ú̧�ô�Ç g1Js�
��. Õª�Q��, î̈
ç�H�©� ��H�� ~½ÓZO��̀¦ ×þ����� CS �x9��Ðm�îß�
�Ér B�Äº éß�í�HK������. î̈
ç�H�©� ��H��\�"f��H d�� (23)\� ����
����H ����� x9��̧ ρ(r)\�¦ s�_� î̈
ç�H°úכ��� ç�H{9�ô�Ç î̈
+þA�©�I�
�����x9��̧ nS�Ð u�8̈�K�"f 2[/åLô�Ç��. s�M: î̈
ç�H�©� �x9��Ð
m�îß��Ér ü@ÂÒ ��l��©� B\�¦ Ä»ò́ ��l��©� B∗(≡ B +nSΦ)�Ð
@/�̂ô�Ç éß�{9�{9��� �x9��Ðm�îß�[þt_� éß�í�H ½+Ës���.

VIII. Jain8ý ��×¶�¥ @_ª�Q� ømÉ�� T�Â]Ø

Jain�Ér α(= 2p), 7£¤ ���Ãº ���5Åq �ª��� φ0\�¦ {���¦ e����H ���

5Åq �'as� (ü@ÂÒ\�"f ��ô�Ç &ñ
��l��©�_� ìøÍ@/ ~½Ó�¾ÓÜ¼�Ð �¾Ó
��̧2�¤)ÂÒ�ÃÌ�)a�����\�¦³ð�&³���H4�¤½+Ë �̀ØÔp�{9���\�¦�ÃÌ
îß��%i��� [27–30]. î̈
ç�H�©� ��H��ZO��̀¦ æ¼��� Ä»ò́ G�¹¡§���Ãº
ν∗\�¦ ����� G�¹¡§���Ãº ν�Ð ��6£§õ� °ú s� ����èq Ãº e����.

ν∗−1 = ν−1 − α (27)

s�M: CF 1>h�� 	�t����H ���5Åq Ãº��H &ñ
��l��©�\� _�K� ���
�� 1>h�� 	�t����H ���5Åq Ãº\�"f ��������� C�{©��)a CF ���
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Table 1. The effective CF monopole strength 2Q∗, the
number of CF quasiholes nQH and quasielectrons nQE,
the quasiparticle angular momenta lQE and lQH, and the
angular momenta L of the lowest-lying band of multiplets
for a 10-electron system at 2Q between 29 and 25.

2Q 29 28 27 26 25

2Q∗ 11 10 9 8 7

nQH 2 1 0 0 0

nQE 0 0 0 1 2

lQH 5.5 5 4.5 4 3.5

lQE 6.5 6 5.5 5 4.5

L 10,8,6,4,2,0 5 0 5 8,6,4,2,0

5Åq Ãº\�¦ �É� °úכs���. ν∗�� &ñ
Ãº (n = ±1,±2, · · · ){9� M:
_� ν

(
= n

1+αn

)
(α = 2)��H ν = 1/3, 2/5, 3/7, · · ·ü< ν =

1, 2/3, 3/5, · · ·���ì�rÃº�ª���f.Ë�©�I�\�@/6£xô�Ç��.s�[þtì�r
ÃºG�¹¡§�©�I���Hz�́+«>z�́\�"f���©�¿º×¼�Qt�>��'a8£¤÷&��Hì�r

Ãº �ª��� f.Ë �©�I�[þts���.
Haldane ½̈��� ½̈�̧\�"f #QÖ¼ ô�Ç CF�� �:r Ä»ò́ f.Ë�FG
[jl� (effective monopole strength) 2Q∗��H ������� �:r f.Ë
�FG [jl� 2Q\�"f �� Qt� CF\� ÂÒ�ÃÌ�)a ���5Åq �ª��� Ì�	Ãº
α(= 2p)ëß��pu�̀¦ NS�� �Ù¼�Ð ��6£§õ� °ú s� jþt Ãº e����.

2Q∗ = 2Q− α(N − 1) (28)

����"f���©�±ú��Ér LL�����,��|9� (electron shell)_�y��î�r1lx
|¾Ós� Q = l0��� X< q�K� ���©� ±ú��Ér CF ,��|9� (CF shell)_�
y��î�r1lx|¾Ó�Ér |Q∗| ≡ l∗0s���. 2Q�� (1 + α)× (N − 1)s����,
7£¤, 2Q∗ = N − 1s���� CF l∗0 ï�r0A��H CF�Ð��1pqG�0>t� 9
����� G�¹¡§���Ãº�� ν = (1 + α)−1��� q�·ú�»¡¤$í
 Laughlin �©�
I��� L = 0\�"f �'a8£¤�)a��. 2|Q∗| + 1�� N�Ð�� ß¼��� (���
Ü¼���) QE (QH)s� lQE = l∗0 +1 (lQH = l∗0)ï�r0A\�ëß�[þt#Q
�����. \��-t� Û¼&7�àÔ!3�_� ±ú��Ér \��-t�{� ÂÒì�r�Ér 2Q∗ü<
N\�_�K����&ñ
÷&��H&h��ÉrÃº_� QP[þt>pu�©�I�[þt�Ðs�ÀÒ#Q
4R e����. 'Í	P: [þt��H \��-t�{�\�¦ s�ÀÒ��H �©�I�[þt�Ér ÆÒ��&h�
��� QE–QH �©�\� _�ô�Ç �.���s	כ 1lx1px �̀ØÔp� {9������ ï�r{9�
��_�Ì�	Ãº (nQH ¢̧��H nQE)\����� lQH�� lQE\�¦�8�<ÊÜ¼�Ð

+� s�[þt ±ú��Ér \��-t� �©�I�[þts� ����±ú� 8úx y��î�r1lx|¾Ó °ú̀�כ¦

\V8£¤K�èq Ãº e����. Table 1�Ér N = 10õ� 29 ≥ 2Q ≥ 25���
�â
Äº\� @/ô�Ç Ä»ò́ CF f.Ë�FG [jl�, CF ï�r{9��� Ì�	Ãºü< éß�
{9�{9��� y��î�r1lx|¾Ó (lQH x9� lQE), 8úx y��î�r1lx|¾Ó L�̀¦ \Vr�ô�Ç

���õ�s���. Table 1�̀¦ Fig. 2ü< 3\� �Ð��� \��-t� Û¼&7�àÔ
!3�_� ±ú��Ér \��-t� %ò
%i�_� �©�I�[þtõ� q��§���� CS ���8̈�\�
@/ô�Ç î̈
ç�H�©� ��H��_� \V8£¤s� ëß�7á¤Û¼�Q¹¡§�̀¦ SX����½+É Ãº e��

��.
CS �̧+þA\� @/ô�Ç î̈
ç�H�©� ��H��ZO�s� s�%�!3� �©� ñ���6 x�
��H �����[þt_� ±ú��Ér \��-t� %ò
%i� Û¼&7�àÔ!3��̀¦ ú̧� [O�"î
½+É Ãº

e������H ��z�́�Ér B�Äº Z�t³1Ñî�r {9�s���. d�� (26)Ü¼�Ð l�Õüt÷&
��H >�\���H &ñ
���l�&h���� ÜãJ2�x �©� ñ���6 xõ� CS >�s�t� �©� ñ
���6 x�̀¦ :�xK�"f î̈
ç�H�©� ��H��\� �í�<Ê÷&t� ·ú§�Ér ¹1lx�½Ó[þtכ

s� ì�r"î
y� �>rF�ô�Ç��. CS î̈
ç�H�©� ��H����H ì�rÃº �ª��� f.Ë ��
�̂>�\� ÜãJ2�x \��-t� '���̧ e2/l0

(∝ B1/2
)
ü< �8Ô�¦#Q Ä»ò́

��l��©� B∗\� q�YV���H Dh�Ðî�r :£¤$í
 \��-t� '���̧ ~ω∗c��
�̧{9��)a��. ü@ÂÒ\�"f ��ô�Ç &ñ
��l��©�s� B�Äº G'p �â
Äº\���H
Dh�Ð �̧{9��)a \��-t� '���̧ ~ω∗c��H e2/l0�̀¦ ß¼>� 0px��ô�Ç��.
Õª�Q��, ~ω∗c��H ±ú��Ér \��-t� Û¼&7�àÔ!3��̀¦ ���&ñ
f±	��H X< ���
)� &h�½+Ë�t� ·ú§�Ér \��-t� '���̧s���. Õª!3�\��̧ Ô�¦½̈��¦
±ú��Ér \��-t� Û¼&7�àÔ!3�_� ½̈�̧\�¦ CS î̈
ç�H�©� ��H�� s��:rs�
$í
/BN&h�Ü¼�Ð [O�"î
½+É Ãº e����H ��H�:r "é¶����Ér ��f�� "î
�ly� Û�¦

o�t� ·ú§��¤��. FQHS\� @/ô�Ç �íl� CF s��:r_� @/���]j���
“CF ���8̈��Ér y©��>� �©� ñ���6 x���H �����[þt�̀¦ �©� ñ���6 xs�
���ô�Ç CF[þt�Ð���8̈�ô�Ç��”��HÕªÓüto�&h������H$��� �̧ ñK����
��. �©�{©�Ãº_� z�́+«>���õ��� CF î̈
ç�H�©� �̧+þA�̀¦ +�"f [O�"î

÷&Ù¼�Ð CF î̈
ç�H�©�s��:rs�$í
/BN&h������H�:rs�Ä»\�¦·ú���?/
�¦ Õª �̧+þA_� &h�6 x #3�0Aü< 2[���ô�Ç &h��̀¦ µ1ßy���H {9��Ér B�

Äº ×�æ¹כ��¦ _�p�e����H {9�s���.
Halperin, Lee, Read��H CFÓ�o�̂\�e��#Q"f�����G�¹¡§���

Ãº�� ν = 1/2\� @/6£x���H B∗ = 0{9� M:_� î̈
ç�H�©� ��H��\�
�í�<Ê÷&t� ·ú§�Ér �©� ñ���6 x�̀¦ �¦¹1Ï�%i��� [26]. ô�Ç¼#� s�[þt
�Ð�� ·ú¡"f Lopezõ� Fradkin�Ér 1lx{9�ô�Ç ]X���H ~½ÓZO��̀¦ +�"f
&ñ
Ãº CF G�¹¡§���Ãº ν∗_� 6£x»¡¤�©�I�\�¦ �ÃÐ½̈�%i��� [31]. s�
[þt �ª��� f.Ë >�\� @/ô�Ç ���̂ >�íß��Ér :�x�©�&h�Ü¼�Ð, [O�1lxÜ¼
�Ð 2[/åL|̈c Ãº e����H ����Ér �½Ó�̀¦ ¹1Ô�̀¦ Ãº \O�6£§\��̧ Ô�¦½̈�

�¦, Áº���0A 0A�©� ��H�� (random phase approximation) ~½Ó
ZO�Ü¼�Ðs�ÀÒ#Qt��¦e����. Jain�Ér7á§���Ér�ÃÐ½̈~½ÓZO��̀¦×þ�
�%i���. Jain�Ér d�� (10)\� �Ð��� Laughlin �<ÊÃº ψ1/nü< Ä»

��ô�Ç r�'���<ÊÃº (trial function)\�¦ ]jîß��%i���. Jain_� r�
'���<ÊÃº��H n>h_���1pqG�0>��� LL�̀¦l�Õüt���H Slater'��§>=
d��\� Jastrow ����� Z2m = Πj<k(zj − zk)2m\�¦ Y�Lô�Ç �<ÊÃº

\�¦ +�"f %3���H��. s�XO�>� %3��Ér r�'���<ÊÃº\�¦ �:rA�_� ��l��©�
B\� @/ô�Ç ��{�� LL\� ÈÒ%ò
�%i�Ü¼ 9, s� r�'���<ÊÃº\�¦ +�"f
G�¹¡§���Ãº�� ν = n(1 ± 2mn)−1��� ì�rÃº �ª��� f.Ë �©�I�_�

\��-t�\�¦ >�íß��%i���. r�'���<ÊÃº�� ��{�� LL_� Hilbert ÂÒ
ì�r/BNçß�\�5Åq��̧2�¤%�o��<ÊÜ¼�Ð+�Áº_�p�ô�Ç î̈
ç�H�©�\��-

t� '���̧ ~ω∗c\�¦ x�K� °ú� Ãº e��%3���.

IX. �¥y¢(a�Öכ��Ç

½̈@/g�A ½̈�̧\� e����H ����� ô�Ç�©�_� �©�I���H �©� y��î�r1lx|¾Ó

(pair angular momentum) L′(= L12)\�¦ +�"f Õª :£¤$í
s�
³ð�&³�)a��. y��î�r1lx|¾Ós� l��� �̀ØÔp� {9����Ð s�ÀÒ#Q��� �̀ØÔ

p� {9��� ô�Ç�©�\� @/ô�Ç L′\�¦ �©�@/ y��î�r1lx|¾Ó R�̀¦ +�"f ��
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Fig. 4. Pseudopotential V (L′) of the Coulomb interac-
tion in the lowest (a) and the first excited Landau level
(b) as a function of squared pair angular momentum
L′(L′ + 1). Squares (l = 5), triangles (l = 15/2), dia-
monds (l = 10), and circles (l = 25/2) indicate data for
different values of Q = l + n.

��?/��� L′ = 2l − Rs���. (#�l�"f �©�@/ y��î�r1lx|¾Ó�Ér f.Ë
Ãºe��.) d�� (17)\� �Ð��� ��ü< °ú s� s�[þt �©�_� �©� ñ���6 x \�
�-t� Vn(L′)�Ér L′õ� LL t�Ãº n\�ëß� _��>rô�Ç��. ¿º {9���_�
�©� ñ���6 x \��-t��� Ã»�̧(�J$�[>� Vn(L′)s���. Fig. 4��H ��
{�� LL(n = 0)õ� 'Í	P: [þt��H LL(n = 1)\� e����H ô�Ç�©�_� {9�
��[þt\� @/ô�Ç Ã»�̧(�J$�[>� Vn(L′)�̀¦ �©� y��î�r1lx|¾Ó_� ]jY�L
L′(L′ + 1)_� �<ÊÃº�Ð �����·p ���õ�s���. ¿º �©�Ãº Aü< B\�¦

×þ�½+É M: VH = A + BL′(L′ + 1) +þAI��Ð ³ð�&³÷&��H �̧�o Ã»
�̧(�J$�[>� (harmonic pseudopotential) VH(L′)�Ér �̧�o �©�
 ñ���6 x'��§4�(�J$�[>�, VH(r) = VH(0)−br2 (b��H b > 0����©�
Ãº)\� @/6£x���H Ã»�̧(�J$�[>�s���.
y��î�r1lx|¾Ós� �©� y��î�r1lx|¾Ó °úכ L′(= 2l −R)\� ]X���H�<Ê\�
���� Ã»�̧(�J$�[>� V (L′)�� L′ − 2{9� M:_� °úכ��� Vn(L′ −
2)�Ð�� �8 ��ØÔ>� 7£x�����H �â
Äº\� V (L′)��H “�í�̧�o&h�”
(superharmonic)s���� 9,ìøÍ@/�Ð, Vn(L′−2)�Ð���8Ö¼
o�>�7£x�����H�â
Äº��H “!Q�FK�̧�o&h�” (subharmonic)s���
ô�Ç��. L′ = 2l −R��� �'a>�\�¦ +�"f Ã»�̧(�J$�[>��̀¦ �©�@/ y��
î�r1lx|¾Ó R_��<ÊÃº�Ð�����·p V (R)s�¼#�o�ô�Ç�â
Äº�̧e����.
(�J$�[>� V_� q��̧�o$í
 (anharmonicity)ü< �©��'a���6 x ��s�
_� �'a>���H >�_� l��&h� ½̈�̧\� _��>r�t� ·ú§��H��. ��ëß�,
VH(R)_� ½̈�̂&h���� ³ð�&³�Ér l��&h� ½̈�̧\� ���� ��ØÔ��.
î̈
��� ½̈�̧\�"f��H VH(R)��H R\� q�YV��� Haldane ½̈���
½̈�̧\�"f��H L′(L′ + 1)\� q�YVô�Ç�� [32]. Fig. 5 (a)ü<
(b)��H ��{�� LL\� e����H �����ü< 'Í	P: [þt��H CF LL\� e����H
QE_� Ã»�̧(�J$�[>��̀¦ �©�@/ y��î�r1lx|¾Ó R_� �<ÊÃº�Ð y��y�� ��
���·p �.���s	כ QE_� Ã»�̧(�J$�[>��Ér �ÃÐ�¦ë�H��³ [33]_� >�íß�
���õ�\�¦ +�"f ÆÒØ�¦ô�Ç �.���s	כ n = 0 LL �©�I�\� e����H �����
[þt_� Ã»�̧(�J$�[>��Ér L′ °úכ\� �'a>�\O�s� �½Ó�©� �í�̧�o&h����
ìøÍ���, Laughlin QP_� �©� ñ���6 x�̀¦ ����?/��H QE_� Ã»�̧
(�J$�[>� VQE(L′)��H)�6 x÷&��H �̧��H L′ °úכ\�"f�í�̧�o+þAs�
��_���̀¦ ·ú� Ãº e���� [5,24,32–40].
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Fig. 5. Pseudopotentials as a function of relative pair
angular momentum R for electrons in the lowest LL (a)
and for QE’s in the first excited CF LL (b). The values
of V in frame (b) were calculated by Lee et al. [33]
and are only known up to a constant. λ is the magnetic
length.

ÜãJ2�x �©� ñ���6 x (∝ r−1)_� Ã»�̧(�J$�[>� VH(R)��H {9���
[þts� 5Åq���H LL\� ���� ��ØÔ��. n = 0 LL\�"f��H R\� �'a
>�\O�s� �í�̧�o&h�s���. n = 1 LL��� �â
Äº\���H R > 5\�
"f��H �í�̧�o&h�s��� 5 ≥ R ≥ 1\�"f��H �̧�o&h�s���. Fig.
4(a)\�"f ·ú� Ãº e����H ��ü< °ú s� ��{�� LL �©�I�\� e����H {9�
��_� V0(R)�Ér �½Ó�©� �í�̧�o&h�s���. 'Í	P: [þt��H LL\� e��
��H {9���_� �â
Äº\���H V1(R)�Ér R > 1{9� M:ëß� �í�̧�o&h�
s���. Fig. 4(b)\�"f L′�� ���©� 	�H °úכ ÂÒ��H (\V\�¦ [þt��
���, 2l = 20��� �â
Äº\� 17 ≤ L′ ≤ 19, ¢̧��H 2l = 25���
�â
Äº\� 22 ≤ L′ ≤ 24)\�"f SX����½+É Ãº e����H ��ü< °ú s�
L′ = 2l− 3ü< L′ = 2l− 1 ��s�\�"f V1(L′)s� 7£x���t�ëß�
Õª 7£x�� &ñ
�̧�� �̧�o&h�s����� !Q�FK�̧�o&h�s���. �8 Z�}s�
[þt��H LL(n = 2, 3, 4, · · · )\� @/ô�Ç Vn(L′)�Ér L′�� B�Äº 	�H

%ò
%i�\�"f n = 1��� �â
Äº�Ð�� �8 Ö¼o�>� 7£x������� �̧y�
�9 y���èô�Ç��. Ã»�̧(�J$�[>�s� s��Qô�Ç :£¤$í
�̀¦ ����?/��H ��
²ú̈�Ér n > 0���[þt��H LL�©�I�_���1lx�<ÊÃº��H��n� (node)_�
Ì�	Ãº�� ���m�� 7£x��� 9 s�\� ���� K�{©� LL �©�I�\� e��
��H �����[þt_� ����x9��̧_� /BNçß�ì�r�í ½̈�̧�� ����l� M:ë�H

s���. {9���[þt ��s�_� ��o��� ����x9��̧_� /BNçß�ì�r�í ½̈�̧
_� :£¤$í
U�́s�ü< q�5pw�>� ÷&��� {9���[þt ��s�_� '��§4�s�, ½̈
�̧�� \O���H �â
Äº\� q�K�"f, �©�@/&h�Ü¼�Ð ���K������.

Fig. 6(a)ü< (b)��H����� 12>h����l�f.Ë�FG_�[jl��� 2l =
29��� Haldane ½̈����©�\�e����H�â
Äº_�±ú��Ér\��-t�Û¼&7�àÔ
!3�õ� QE 4>h�� ��l�f.Ë�FG_� [jl��� 2lQE = 9��� Haldane
½̈���\� Z�~��� �â
Äº\� @/ô�Ç \��-t� Û¼&7�àÔ!3��̀¦ >�_� 8úx y��

î�r1lx|¾Ó L_� �<ÊÃº�Ð �����·p �.���s	כ CF���8̈��̀¦ �����\� &h�
6 x���� Ä»ò́ CF y��î�r1lx|¾Ó�Ér l∗ = l − (N − 1) = 7/2s�
�)a��. ���©� ±ú��Ér CF LL�Ér 2l∗ + 1 = 8>h_� {9���\�¦ ~ÃÎ�̀¦
Ãº e��Ü¼Ù¼�Ð 'Í	P: [þt��H CF LL\���H ±ú >h_� y��î�r1lx|¾Ós�
lQE = 9/2��� �� Qt� 4>h_� QE[þts� Z�~�����. N = 12 x9�
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Fig. 6. Energy spectra for N = 12 electrons in the lowest
LL with 2l = 29 and for N = 4 QE’s in the first excited
CF LL with 2l = 9. The energy scales are the same,
but the QE spectrum is obtained using VQE(R) up to an
arbitrary constant.
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Fig. 7. Pair amplitude functions G(R) as a function of
relative pair angular momentum R for the two ground
states shown in Fig. 6.

2l = 29��� �â
Äº\� q����� 2lQE = 9ü< NQE = 4\� @/ô�Ç
Ãºu����íß��Ér B�Äº éß�í�H���. Õª�Q��, ¿º �â
Äº\� @/ô�Ç ±ú�
�Ér \��-t� Û¼&7�àÔ!3��Ér B�Äº f�̈�����. s���� ���õ�\�¦ �Ð���
CF QP�̀¦ l�Õüt���H X< Ã»�̧(�J$�[>� VQP(R)�̀¦ ��6 x���H
��Ér	כ B�Äº ��{©��<Ê�̀¦ SX����½+É Ãº e����.

Fig. 7�Ér Fig. 6\�"f �Ð��� L = 0 ��{���©�I�\� @/ô�Ç ���
���©�õ� QE�©�_� �©� ���;�¤�<ÊÃº (pair amplitude function)
G(R)\�¦ �©�@/ y��î�r1lx|¾Ó_� �<ÊÃº�Ð �����·p �.���s	כ �����
[þt�Ér Ã»�̧(�J$�[>�s� �í�̧�o&h�s� 9 R = 1��� �©�I�\�¦ l�
x����H Laughlin +þA �©��'a���6 x�̀¦ ����?/��H ìøÍ��� QE[þt�Ér
R = 1s� ��m��� R = 3õ� R = 7��� �©�I�\�¦ l�x��Ù¼�Ð
QE[þt_� �©� �©� ñ���6 x (pair interaction)�Ér �í�̧�o&h�s� ��
m���.

X. PclÆUØ�ÒÞSës;c 6��X¢ �¥�ÓÞ�X¢ XNËP�

y��î�r1lx|¾Ós� l��� Û¼�2;¼#��FG�)a �̀ØÔp� {9��� N>h�Ð s�

ÀÒ#Q��� >���H s�p� ���/åLô�Ç ��ü< °ú s� 8úx y��î�r1lx|¾Ó L̂ =∑
i l̂iõ� s�_� z-$í
ì�r M =

∑
i mi_� �¦Ä»�<ÊÃº\�¦ +�"f l�

Õüt½+É Ãº e����. y��î�r1lx|¾Ós� l��� �̀ØÔp� {9��� N>h�� 8úx y��

î�r1lx|¾Ó °úכ L�̀¦ ��|9� Ãº e����H ��×�æ�̧ (number of mul-
tiplets)\�¦ fL(N, l)�Ð ����?/��. s�[þt ��×�æ $í
ì�r �©�I���H
Ms� −L ≤ M ≤ L��� (2L + 1)>h �©�I��Ð ½̈$í
�)a��. s�[þt
��×�æ�©�I�\�¦ |lN ; Lα〉�Ð ½̈ì�rô�Ç��. #�l�"f α��H °ú �Ér L °úכ

�̀¦ ��t���H ½̈ì�r÷&��H �©�I�\�¦ ����?/��H ���Ãºs���.
s�]j $í
ì�r {9��� y��î�r1lx|¾Ós� l��� e��_�_� ô�Ç�©� i, j_� y��

î�r1lx|¾Ó�̀¦ L̂ij = l̂i + l̂jü< °ú s� ����?/��. s�[þt >�_� \��-
t� Û¼&7�àÔ!3�õ� �©� ñ���6 x_� :£¤$í
�̀¦ l�Õüt���H X< ��6£§õ�

°ú �Ér &ñ
o��� B�Äº Ä»6 x���.
&ñ
o� 1

L̂2 + N(N − 2)l̂2 =
∑

<i,j>

L̂2
ij (29)

s� ³ð�&³\�"f < i, j >��H {9����©� iü< j\�¦ _�p�� 9, Äº���
_� ½+Ë�Ér ��0pxô�Ç �̧��H {9����©�\� @/ô�Ç ½+Ës���. s� &ñ
o���H
L̂2õ�

∑
<i,j> L̂2

ij_� &ñ
_�d��\�"f l̂i · l̂j�̀¦ �è���<ÊÜ¼�Ð+� çß�
éß�y� 7£x"î
½+É Ãº e����.
&ñ
o� 2

l∗ = l − (N − 1)õ� 2l ≥ N − 1��� �â
Äº\� e��#Q"f �̀ØÔ
p� {9���[þt_� ��×�æ�̧\� @/ô�Ç ��6£§_� �'a>��� $í
wn�ô�Ç��.

fL(N, l) ≥ fL(N, l∗) (30)

&ñ
o� 3
y��î�r1lx|¾Ós� lB = lF− 1

2 (N −1)����Ð]j{9����©�I�_���
×�æ�̧ bL(N, lB)ü< �̀ØÔp� {9��� �©�I�_� ��×�æ�̧ fL(N, lF)
��s�\� ��6£§õ� °ú �Ér �'a>��� $í
wn�ô�Ç��.

bL(N, lB) = fL(N, lF) (31)

&ñ
o� 2ü< &ñ
o� 3�Ér Óüto�&h�Ü¼�Ð ��"î
K� �Ðs� 9 s�\� @/ô�Ç
Ãº�<Æ&h���� %3�x9�ô�Ç 7£x"î
�̧ ��0px��� [41,42].

XI. ÄZØ�¤ ¶�õ��Þ 4��¤

y��î�r1lx|¾Ós� l��� �̀ØÔp�{9��� 3>h\�¦Òqty�����.���$� l1õ�

l2_� ½+Ë L12\�¦ ½̈ô�Ç ��6£§, L12\� l3�̀¦ ½+Ë���� 8úx y��î�r1lx

|¾Ó L�̀¦ %3���H��. {9�ìøÍ&h�Ü¼�Ð L12��H 0 ≤ L12 ≤ 2l − 1s�
 9 |L − l| ≤ L12 ≤ L + ls�Ù¼�Ð |l3; Lα〉��H ��0pxô�Ç �̧��H
|l2(L12); l; L〉_� {9�	����½+ËÜ¼�Ð ³ð�&³�)a��. s� õ�&ñ
�̀¦ ��6£§
õ� °ú s� �����·p��.

|l3;Lα〉 =
∑

L12;even

GLα(L12)|l2(L12); l; L〉 (32)
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�̀ØÔp� {9������ �â
Äº\� L12��H ���Ãº °ú̀�כ¦ �������. �©�I�
|l2(L12); l; L〉�Ér 2>h {9��� (1,2)_� ��1lx�<ÊÃºü< {9��� 3_�
��1lx�<ÊÃº_�Y�LÜ¼�Ðs�ÀÒ#Q���8úxy��î�r1lx|¾Ós� L����©�I�s�

��. s�M: Y�LK�t���H ¿º ��1lx�<ÊÃº��H y��y�� ½̈ì�r÷&��H SX�&ñ
�)a
y��î�r1lx|¾Ó�̀¦ ��t� 9, 8úx y��î�r1lx|¾Ós� L��� Y�L�<ÊÃº �©�I�\�¦

%3���H õ�&ñ
\�"f��H {9��� (1,2)�� {9��� 3õ� 1lx1lxô�Ç {9�����
��H ��z�́�̀¦ �¦�9�t� ·ú§��H��. \V\�¦ [þt�����, {9��� 1õ� {9�
�� 3�̀¦°ú �Ér�©�I�,��r� ú́�����°ú �Ér lz °ú̀�כ¦��t���H�©�I�

\� )�6 x���H �â
Äºs���. Õª�Q�� �©�I� |l2(L12); l;L〉��H {9�
�� 1,2_� �§8̈� (P12)\� @/K�"f��H ��6£§õ� °ú ��.

|l212(L12); l;L〉 = −(−1)L12 |l221(L12); l;L〉.

0A_� ³ð�&³\�"f l212(L12)��H y��y�� l ,��|9�\� e����H {9��� 1õ�
2\� @/�#� l1 = ls� l2 = lõ� ���½+ËK�"f L12\�¦ s�ÀÒ��H �â


Äº\�¦ �����·p�� [43]. �©�I� |l2(L12); l; L〉\�"f��H {9��� 1õ�
2\�¦{9��� 3õ���ØÔ>�2[/åL�l�M:ë�H\� |l2(L12); l; L〉��H@/
g�A$í
s�±ú�Ü¼ 9�§8̈� P13, P23\�@/�#�ÂÒ ñ����7t�·ú§

��H��. y��î�r1lx|¾Ós� l3 = l��� ]j3_� {9���\�¦ �8�<ÊÜ¼�Ð+� 8úx
y��î�r1lx|¾Ó L�̀¦%3�>��)a��.1lx1px{9��� 3>h�Ðs�ÀÒ#Q����©�I�
��� |l3; Lα〉��H e��_�_� ¿º {9���_� �§8̈�\� @/�#� ìøÍ@/g�A&h�
s�#Q�� � 9 s��Qô�Ç �̧|	��Ér ���½+Ë>�Ãº GLα(L12)\�¦ &h�]X�
�>����×þ��<ÊÜ¼�Ð+���0px���.#�l�"f α��H Ls�°ú �Ér#��Q

>h_� ìøÍ@/g�A l3 C�0A\�¦ ½̈ì�r�l� 0Aô�Ç ÂÒ��&h���� �ª���Ãº

s���. ���½+Ë>�Ãº GLα(L12)\�¦ ì�rÃº a�=:�x >�Ãº (coefficients
of fractional parentage; cfp)��ÂÒ�Ér�� [43]. ì�rÃºa�=:�x>�
Ãº >h¥Æ��Ér Ùþ�Óüto��<Æ ì�r��\�"f Ùþ�_� ,��|9��̧+þA�̀¦ s�K��

��H X< V,�o� æ¼s���H ¼#�o��>� >h¥Æ�s��� [43]. 6£x|9�Óüto� ���
½̈��[þt\�>���H e��ņq�t� ·ú§�Ér s� >h¥Æ�s� ì�rÃº �ª��� f.Ë �©�

I�_� �©��'a���6 x�̀¦ s�K����H X< B�Äº Ä»6 x�<Ê�̀¦ ·ú� Ãº e��

�� [3,24]. d�� (32)\�"f �©�I� |l2(L12); l; L〉�Ér ìøÍ@/g�A �©�I�
|l3; Lα〉_� ÂÒì�r #Qp� (fractional parent) �©�I�s���. {9�ìøÍ
&h�Ü¼�Ð GLα(L12)��H ��6£§õ� °ú �Ér ½©����o �̧|	��̀¦ ëß�7á¤ô�Ç
��.

∑

L12

(GLα(L12))
2 = 1 (33)

>�Ãº cfp��H Racah >�Ãº (Racah coefficients)ü< �'aº��s� e��
�� [44].
s��Qô�Ç 3-�̀ØÔp�{9���ë�H]j\�¦��6£§õ�°ú s�{9�ìøÍ�or�~�́
Ãº e����.

|lN ; Lα〉 =
∑

L′α′

∑

L12

GLα,L′α′(L12)|l2(L12); lN−2, L′α′; L〉

(34)
0A_� ³ð�&³\�"f |lN−2, L′α′〉��H >hZ>� y��î�r1lx|¾Ós� l��� (N -
2) �̀ØÔp� {9���[þt_� 8úx y��î�r1lx|¾Ós� L′��� α′ ��×�æ�̧ �©�

I�\�¦ �����·p��. d�� (34)��H |lN−2, L′α′〉ü< |l2(L12)〉�̀¦ +�
"f 8úx y��î�r1lx|¾Ós� L��� N -{9���>�_� ìøÍ@/g�A$í
 �¦Ä» 7�

'� |lN ;Lα〉\�¦ ���&ñ
���H õ�&ñ
�̀¦ �Ðs��¦ e����. s�M:_� ���
½+Ë>�Ãº GLα,L′α′(L12)\�¦ ì�rÃº @/a�=:�x >�Ãº (coefficient
of fractional grandparentage; cfg)�� ÂÒØÔ 9 [43], �©�I�
|l2(L12); lN−2, L′α′;L〉�Ér |lN ;Lα〉_� 	�H #Qp� (grandpar-
ent) �©�I�s���. �¦Ä»�<ÊÃº |lN ; Lα〉\� @/ô�Ç f���§½©����o �̧
|	��̀¦ æ¼��� cfg\� @/ô�Ç ��6£§õ� °ú �Ér Ä»6 xô�Ç ½+Ë½©gË:�̀¦ %3�
��H��.

∑

L12

∑

L′α′
GLα,L′α′(L12)GLβ,L′α′(L12) = δαβ (35)

�©� y��î�r1lx|¾Ó\� @/ô�Ç &ñ
o� 1, d�� (29)ü< d�� (34)�ÐÂÒ'� ��
6£§õ� °ú �Ér �'a>�\�¦ %3���H��.

L(L+1)+N(N −2)l(l+1) =< lN ;Lα|
∑

<i,j>

L̂2
ij |lN ; Lα〉

(36)
d�� (34)��H ìøÍ@/g�A �¦Ä»�<ÊÃº |lN ;Lα〉\�¦ �©� y��î�r1lx|¾Ó L̂ij

�©�I�_�{9�	����½+ËÜ¼�Ð³ð�&³��¦e��Ü¼Ù¼�Ðd�� (36)_�Äº���
�Ér ��6£§õ� °ú s� ��r� jþt Ãº e����.

1
2
N(N − 1)

∑
α

GLα(L12)L12(L12 + 1) (37)

s� ³ð�&³\�"f GLα(L12) =
∑

L′α′ |GLα,L′α′(L12)|2s� 9
GLα(L12)��H�©�I� |lN ;Lα〉\�5Åq���H�©�y��î�r1lx|¾Ós� L12���

{9����©� �©�I�_� ���;�¤�<ÊÃº_� '���̧s���. d�� (36)_� ýa���s�
��×�æ�̧ �ª���Ãº α\� Áº�'a�Ù¼�Ð L̂2

ij_� �©�I� |lN ; Lα〉\�
@/ô�Ç l�@/°úכ�Ér 8úx y��î�r1lx|¾Ó L\�ëß� _��>r�<Ê�̀¦ ·ú� Ãº e����.
d�� (35)-(37)�̀¦ ���½+Ë���� {9����©� �©�I� ���;�¤�<ÊÃº_� '���̧
GLα(L12)ü< �'aº���)a ��6£§õ� °ú �Ér ¿º ��t� Ä»6 xô�Ç ½+Ë½©gË:
�̀¦ %3���H�� [35].

∑

L12

GLα(L12) = 1 (38)

1
2
N(N − 1)

∑

L12

L12(L12 + 1)GLα(L12)

= L(L + 1) + N(N − 2)l(l + 1) (39)

��×�æ�©�I� |lN ;Lα〉_�\��-t�\�¦�©� ñ���6 x���H{9���[þt_�
Ã»�̧(�J$�[>� V (L12)\�¦ +�"f ����?/��� ��6£§õ� °ú ��.

Eα(L) =
1
2
N(N − 1)

∑

L12

GLα(L12)V (L12) (40)

d�� (40)õ� GLα(L12)\� @/ô�Ç ½+Ë½©gË:��� d�� (38)õ� (39)\�¦
���½+Ë���� “�̧�o Ã»�̧(�J$�[>� VH(L12) �Ð �©� ñ���6 x���H
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>�_� \��-t� Eα(L)��H ���)� αü<��H Áº�'a���”��H ��z�́�̀¦
SX����½+É Ãº e����. ��r� ú́�����, 8úx y��î�r1lx|¾Ó Ls� °ú �Ér �¦

Ä»�©�I�[þt�Ér �̧¿º \��-t��� °ú ��. Õª�QÙ¼�Ð, VH = A +
BL12(L12 +1)�Ð ³ð�&³÷&��H �̧�o Ã»�̧(�J$�[>�\���H �©��'aò́
õ��� ìøÍ%ò
÷&t� ·ú§Ü¼ 9, 8úx y��î�r1lx|¾Ós� L��� �¦Ä»�©�I�[þt

_� {9�	����½+Ë�Ér �̧�o(�J$�[>�_� �¦Ä»�©�I�s�l��̧ ���. Õª
�QÙ¼�Ð, {9���[þt ��s�_� �©��'a���6 x�Ér q��̧�o Ã»�̧(�J$�[>�
(nonharmonic pseudopotential)�̀¦æ¼��H�â
Äº\�ëß� ò́õ�\�¦
×¼�Q�·p��.

XII. ��=k Vêså¾ËXcl�ÓÞÊÝ R��º×D �¥y¢(a�Öכ��Ç

�̧�oÃ»�̧(�J$�[>��Ér�©��'aò́õ�\�¦����?/t�·ú§Ü¼Ù¼�Ð8úx

y��î�r1lx|¾Ó Ls� °ú �Ér ��×�æ�©�I�[þt_� \��-t���H �̧¿º °ú ��.
Ã»�̧(�J$�[>�s� VH = A+BL12(L12 +1)����â
Äº\���H\��-
t��� α\� _��>r�t� ·ú§�¦ y��î�r1lx|¾Ó L\�ëß� _��>r� 9, d��
(38)õ� (39)\�¦ ���½+Ë���� d�� (40)�̀¦ ��6£§õ� °ú s� ��r� jþt
Ãº e����.

Eα(L) = N

[
1
2
(N − 1)A + B(N − 2)l(l + 1)

]
+BL(L+1)

(41)
{9����©� �©� ñ���6 x ×�æ\� ∆V (R) = V (R) − VH(R)�Ð ³ð
�&³÷&��Hq��̧�oÂÒì�rëß�s��©��'a���6 x�̀¦���&ñ
� 9y��î�r1lx|¾Ó

s� L��� ��×�æ�©�I�[þt_� »¡¤�@\�¦ ]j��ô�Ç��. ∆V = ∆1δR,1

(éß�, ∆1 > 0)s�#Q"f R = 1��� /BM�̀¦ ]jü@ô�Ç /BM\�"f ∆V��

0s���� ∆V (R = 1)�� �©��'a���6 x�̀¦ ���&ñ
���H Ä»{9�ô�Ç \��-
t� '���̧�� �)a��. ∆V (R = 1) > 0s���� ÅÒ#Q��� 8úx y��î�r
1lx|¾Ó L\�"f ���©� ±ú��Ér \��-t� �©�I���H GLα(R = 1)�� þj
�è°úכ GL0(R = 1)s� ÷& 9, R = 1��� {9����©� �©�I�\�¦ þj
@/ô�ÇÜ¼�Ð l�x��>� �)a��. Laughlin �©��'a���6 x (Laughlin
correlations)�Ér ���Ð s�ü< °ú s� R = 1��� {9����©� �©�I�
\�¦ þj@/ô�ÇÜ¼�Ð l�x���¦�� ���H {9���[þt çß�_� �©��'a���6 x

s���. ∆V (R = 1)�� B�Äº ß¼��� 2Q ≥ 3(N − 1){9� M:_�
L = 0��� ��{���©�I�\�"f��H {9����©�_� �©�@/ y��î�r1lx|¾Ó °úכs�
R = 1{9��©�I�_����;�¤�<ÊÃº GL0(R = 1)�ÉrB�Äº����� (Fig.
7 �ÃÐ�̧). R = 1��� {9����©� �©�I�\�¦ ¢-a#4��>� l�x����H �â

Äº�� ���Ð ν = 1/3 �©�I�_� Laughlin ��1lx�<ÊÃº\� ������
��H Laughlin–Jastrow ����� Π<i,j>(zi − zj)2�� ��t���H _�
p�s��� [14]. #�l�"f �©�@/ y��î�r1lx|¾Ós� R = 1��� �©�I�\�¦
l�x�ô�Ç����H��Ér	כ î̈
��� ½̈�̧\�"f m = 1���{9����©��©�I�\�¦
l�x����H ��õ	כ @/1px���.
�̀ØÔp� {9��� Ä»ò́ y��î�r1lx|¾Ó l∗p = l − p(N − 1)�̀¦ �̧{9�

��¦ d�� (30)\� �Ð��� &ñ
o� 2\�¦ +�"f 8úx y��î�r1lx|¾Ós� L���
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Fig. 8. The energy spectra of 4 electrons in the lowest
Landau level at different monopole strengths of (a) 2Q =
5; (b) 2Q = 11; (c) 2Q = 17; and (d) 2Q = 23. All those
values of 2Q are equivalent to 2Q∗ = 5 in the mean field
CF picture (CS transformation with p =0, 1, 2, and 3
respectively).

��×�æ�©�I�_� Ì�	Ãº fL(N, l)_� ÂÒì�r�̧½+Ë�̀¦ Y�J��ÍÇrÜ¼�Ð+�

R < 2p(p��H &ñ
Ãº)��� {9����©� �©�I�\�¦ l�x�½+É Ãº e����. ns�

n = (2p+1)�Ð³ð�&³÷&��Hf.ËÃº����â
Äº\� 2l = n(N −1)���

�©�I�\� @/K�"f��H 2l∗p + 1 = Ns�Ù¼�Ð l∗p��H L = 0��� ô�Ç>h

�©�I�ëß� ¹1Ô���·p��. Õª�QÙ¼�Ð Laughlin ��{���©�I���H R <

2p��� �̧��H {9����©� �©�I�[þt�̀¦ þj@/ô�Ç l�x�ô�Ç��. Ã»�̧�íJ$�

[>� V (R)s�, Fig. 5\� \Vr�ô�Ç ��ü< °ú s�, V (1) À V (3) À
· · · À V (2p + 1)��� �â
Äº\���H Fig. 8\� \Vr�ô�Ç ��ü< °ú s�

\��-t� Û¼&7�àÔ!3��Ér Y>� >h_� {��Ð ��¾º#Q�����.

Fig. 8�Ér N = 4��� >�\� @/�#� ��{�� LL(n = 0)_� \�

�-t� Û¼&7�àÔ!3��̀¦ 2l = 5, 11, 17, 23\� @/�#� �����·p �	כ

s���. y��î�r1lx|¾Ós� l = 23/2��� ,��|9�\� e����H �̀ØÔp� {9���

[þt\�>� )�6 x÷&��H {9����©�_� y��î�r1lx|¾Ó L12��H, f.ËÃº j\� @/

�#�, L12 = 2l − j = 22, 20, 18, · · · , 4, 2, 0s���. Õª�QÙ¼

�Ð s�\� @/6£x���H �©�@/ y��î�r1lx|¾Ó R(= 2l − L12)�Ér R =

1, 3, 5, · · · , 19, 21, 23s���. CF ���8̈��̀¦ ����, &ñ
Ãº p\� @/

�#�, Ä»ò́ y��î�r1lx|¾Ó�Ér l∗p = l − p(N − 1)s� 9, s�[þt Ä»

ò́ y��î�r1lx|¾Ó �©�I�[þt�Ér y��î�r1lx|¾Ós� l��� N>h {9���[þt_� �©�

I� ��×�æ�̧ |9�½+Ë\�"f ÆÒ�9�·p ÂÒì�r|9�½+Ë �©�I�[þts���. s� ÂÒ

ì�r|9�½+Ë �©�I�[þt�Ér CF ���8̈� s���� éß�>�_� Ã»�̧(�J$�[>�\�"f

{9����©� '��§4�s� ���©� G'p �©�I�\�¦ ¢-a#4��>� l�x��>� �)a��.

Fig. 8\� �Ð��� 4��t� �â
Äº��H y��y�� p = 0, 1, 2, 3��� CF

���8̈�s� 9 CF î̈
ç�H�©� ��H��\�"f Ä»ò́ y��î�r1lx|¾Ó l∗�� �̧

¿º °ú ��. \V\�¦ [þt���, 2l = 5��� Fig. 8(a)\�¦ �Ð��� 2l∗1 =

5 − 2 · 0(4 − 1) = 5s� 9 �©�@/ y��î�r1lx|¾Ós� R ≤ 1 ��� 2>h
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_� QH �©�I��� L = 0, 2, 4\� ����èß���. 2l = 11��� Fig.
8(b)\�¦ �Ð��� 2l∗1 = 11 − 2 · 1(4 − 1) = 5s� 9 R ≤ 3õ�
R ≤ 1��� �©�I��Ð s�ÀÒ#Qt���H 2>h_� {��� +þA$í
�)a��. ���©�
±ú��Ér {���H �©�@/ y��î�r1lx|¾Ós� R ≤ 1��� �©�I�\�¦ l�x�ô�Ç��.
Õª�Q�� Z�}�Ér �©�I�[þt�Ð s�ÀÒ#Q��� {���H #Q�"� °úכ_� �©�@/ y��

î�r1lx|¾Ó �©�I��̧ l�x��t� ·ú§��H��. :£¤&ñ
ô�Ç L°úכ\�"f_� s�

[þt ¿º {�çß�����Ér V (R = 1)\� _�K� ���&ñ
�)a��. 2l = 17���
Fig. 8(c)\�¦ �Ð��� 2l∗1 = 17 − 2 · 2(4 − 1) = 5s� 9, \�
�-t��� ±ú��Ér �©�I�[þt�Ð s�ÀÒ#Q��� ±ú��Ér 2>h_� {���H y��y��
R ≤ 3õ� R ≤ 1��� �©�I�[þt�̀¦ y��y�� l�x�ô�Ç��. 2l = 23���
�â
Äº�̧ 2l∗1 = 23 − 2 · 3(4 − 1) = 5s� 9, Û¼&7�àÔ!3�s� 4>h
_� \��-t� {��Ð s�ÀÒ#Q�����. ÕªaË>\�"f 5Åqs� G�0>��� ��2£§
�̧��H R ≥ 7��� �©�I�, 7£¤ G(1) ≈ G(3) ≈ G(5) ≈ 0s����
"f G(7) > 0��� �â
Äº, 5Åqs� ��� "é¶�Ér R ≥ 5��� �©�I�, 7£¤
G(1) ≈ G(3) ≈ 0s����"f G(5) > 0����â
Äº,5Åqs�G�0>���"é¶
�Ér R À 3��� �©�I�, 7£¤ G(1) ≈ 0s��¦ G(3) > 0��� �â
Äº, 5Åq
s� ��� &ñ
��y��+þA�Ér R ≥ 1��� �©�I�, 7£¤ G(1) > 0��� �â
Äºs�
��. :£¤&ñ
ô�Ç L °úכ\�"f_� \��-t�{� çß�����Ér i) ���©� Z�}�Ér ¿º
>h_� {� ��s�\���H V (R = 1), ii) ÑütP:ü< !Ó	P: Z�}�Ér \��-
t�{� çß�����Ér V (R = 3), iii) ���©� ±ú��Ér ¿º \��-t�{� çß����
�Ér V (R = 5)\� _��>rô�Ç��. Fig. 8�Ér "f�Ð ���Ér \��-t�{�
[þt_����ìøÍ&h���� L(L+1)_��>r$í
�̀¦ì�r"î
�>�×¼�Q?/�Ð���
��. ���©� ±ú��Ér LL_� Hilbert /BNçß��Ér y��y�� �©�@/ y��î�r1lx|¾Ó
s� R < 1, R < 3, R < 5, R < 7 1pxõ� °ú �Ér {9����©� �©�I�
\�¦ l�x����H ÂÒì�r/BNçß�[þt�Ð ��*'��H �¦̀�	כ SX����½+É Ãº e����.
s��Qô�Ç �©��'aò́õ���H Laughlins� ]jîß�ô�Ç �©��'a���6 x_� :£¤fç

s���.

XIII. ôp§ÎW¥ ��m���¤ ÇUØ�ü ømÉ��ôp§8ý Vêså¾ËXcl�ÓÞ

'Í	P: [þt��H LL(n = 1)\� e����H �����[þt\� @/ô�Ç Ã»�̧(�J$�
[>��Ér ∆V (R = 1) ≤ 0��� :£¤$í
�̀¦ �����·p�� (Fig. 4(b)ü<
5(b) �ÃÐ�̧). Laughlin �©��'a���6 x �©�I�_� ���;�¤ ∆G(R =
3)_�{9�ÂÒ�����;�¤s� G(R = 1)����©�I�ü< R ≥ 5����©�I��Ð
�̀���çß� �â
Äºü< q��§�<ÊÜ¼�Ð+� �©�@/ y��î�r1lx|¾Ós� R = 1���
{9����©� �©�I�\�¦ l�x����H Laughlin �©��'a���6 x�̀¦ ����?/

��H �©�I�_� \��-t��� �8 Z�}6£§�̀¦ #Q§>�t� ·ú§>� SX����½+É Ãº

e����. s��Qô�Ç ���;�¤�<ÊÃº_� s�1lx�Ér ¿º>h_� ½+Ë½©gË:, 7£¤ d��
(38)õ� (39)x9�\��-t� Eα(L)_� ∆V (R)_��>r$í
\�l����ô�Ç
��. ∆V (R = 1) ≤ 0����â
Äº\���H>h>h_������[þts� Laugh-
lin�©��'a�©�I�\�¦s�ÀÒl��Ð����H�����[þts�����̀¦t�#Q [45]�©�
@/y��î�r1lx|¾Ós� R = 1���������©��̀¦s�ÀÒ�9��H�â
�¾Ós��'a¹1Ï
�)a�� [37]. �̀ØÔp� {9���[þts� s�ÀÒ��H �©�[þt�Ér �Ð]j {9�����

�̀ØÔp� {9��� #QÖ¼ �Ü¼�Ð�̧	כ 2[/åL½+É Ãº e����. Õª ��²ú̈�Ér
2	�"é¶ >�\�"f��H CS ���8̈��̀¦ :�xK�"f �Ð]j {9��� :�x>�ü< �̀
ØÔp� {9��� :�x>� "f�Ðçß�\� ���8̈�s� ��0px�l� M:ë�Hs���. ��
ëß�,{9����©�[þts�#��Q>h�>rF����H�â
Äº\���H"f�Ð���Ér{9�
���©�\�5Åq���H1lx1px{9���[þts���Ö�¦o�C���"é¶o�\�¦0AC��

t�·ú§�̧2�¤{9����©�–{9����©���s�_�çß����s�Ø�æì�ry�&���ô�Ç
��. s��Qô�Ç ]j����̀¦ ��ØÔ�̧2�¤ ��¦�� {9����©��̀¦ (Dh�Ðî�r)
�̀ØÔp� {9��� (Fermion pair; FP)�Ð 2[/åL���. 2>h_� {9�
���©�\�>�)�6 x÷&��H8úxy��î�r1lx|¾Ó°úכ L′(= 2lFP)�̀¦��6£§õ�
°ú �Ér Dh�Ðî�r CS ���8̈��̀¦ :�xK�"f &ñ
_�½+É Ãº e����.

2lFP = 2(2l1 − 1)− γF(NP − 1) (42)

0A_� ³ð�&³\�"f l1�Ér n = 1 LL_� y��î�r1lx|¾Ós��¦, γF��H f.Ë

Ãºs� 9 NP = N/2��H{9����©�_�Ì�	Ãºs���.d�� (42)��H γF(=
3)>h_� ���5Åq �ª��� φ0\�¦ y��î�r1lx|¾Ós� (2l1 − 1)��� �Ð]j {9�
���©�\� ÂÒ�ÃÌr�v���H CS ���8̈��̀¦ ����?/�¦ e����. ����� G�
¹¡§���Ãº ν1 = N(2l1 + 1)−1�� 1{9� M: FP G�¹¡§���Ãº νFP =
NP(2lFP + 1)−1�̧ 1s� ÷&�̧2�¤ Z�~6£§Ü¼�Ð+� γF_� °ú̀�כ¦ SX�

&ñ
ô�Ç��. ëß���� {9����©��̀¦ (Dh�Ðî�r) �Ð]j {9��� (Boson pair;
BP)�Ð �Ð��H �â
Äº��H γF\�¦ γB = γF − 1�Ð @/�̂���� �)a��.
Õª�QÙ¼�Ð lFP[= 2l1−1− 3

2 (NP−1)]��H FPô�Ç>h_�Ä»ò́y��
î�r1lx|¾Ós� 9, N−1�̀¦ Áºr�½+É Ãº e����H ��r� >�\� @/ô�Ç FP
G�¹¡§���Ãº νFPü< n = 1 LL_� ����� G�¹¡§���Ãº ν1��s�_� �'a

>���H ��6£§õ� °ú �������.

ν−1
FP = 4ν−1

1 − 3 (43)

'Í	P:[þt��H LL_������G�¹¡§���Ãº ν1s� 2/3 ≥ ν1 ≥ 1/3���
½̈çß� (s� ½̈çß�\�"f��H Ã»�̧(�J$�[>�s� �í�̧�o&h�s� 9 R =
1����â
Äº\�¦l�x����H Laughlin–Jain�©�I� [11,12,27]��&ñ

�©�&h�Ü¼�Ð ��������H %ò
%i�e��)\� Z�~��� �â
Äº\��̧ {9����©� +þA
$í
s� \V�©��)a��. �̧��H �����[þts� FP\�¦ +þA$í
��¦ "f�Ð ��
�Ér FP[þt çß�\� Laughlin �©��'a���6 xs� �>rF����� FP G�¹¡§
���Ãº νFP = 1/3, 1/5, 1/7 x9� 1/9s� \V�©��)a��. d�� (43)\�
s�[þt G�¹¡§���Ãº\�¦ &h�6 x���� ν1 = 2/3, 1/2, 2/5 x9� 1/3�̀¦
%3���H��. �����–f.Ë @/g�A$í
 M:ë�H\� �����G�¹¡§ ν1 = 2/3��H f.Ë
(hole)G�¹¡§ 1/3\� K�{©�� 9, s���H f.Ë�©� (pair of Fermion
holes) G�¹¡§���Ãº νFP = 1/9\� @/6£x�)a��. Õª�QÙ¼�Ð, FP
G�¹¡§���Ãº��H �����4R"f 1/9 ≤ νFP ≤ 1/5\� 5Åq� 9 s�[þt
�©�I�\�"f��H{9����©�[þtçß�çß����s�{9����©�_�ß¼l��Ð��ß¼�¦

{9����©�[þtçß� Ã»�̧(�J$�[>��Ér ÜãJ2�x ���6 xõ� °ú �Ér �í�̧�o +þA

I�s���.
{9����©� +þA$í
\� @/ô�Ç s��Qô�Ç �̧+þA�Ér Ã»�̧(�J$�[>��̀¦ +�

"f Ãºu� @/y���o ���íß��̀¦ Ãº'���<ÊÜ¼�Ð+� r�+«>K� �̂¦ Ãº e����

[37]. s�/BM\�"f��H ÜãJ2�x '��§4� Ã»�̧(�J$�[>�_� Âúª�Ér ��o� q�
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Fig. 9. The N -electron energy spectra calculated on a
Haldane sphere with different values of 2l for Coulomb
interaction in the n = 1 Landau level [(a)-(c)] and for
model pseudopotential U1 [(d)-(f)].

�̧�o :£¤$í
�̀¦ s�K��l� 0AK�"f ��6£§õ� °ú �Ér �̧4Sq Ã»�̧(�

J$�[>� Ux(R)\�¦ Òqty�����. (éß�, 0 ≤ x ≤ 1) [37]

Ux(R ≥ 5) = 0, Ux(R = 1) = 1, Ux(R = 3) = xVH(3)

#�l�"f VH(3)��H R = 3{9� M:_� �̧�o(�J$�[>� °úכs� 9 �©�
@/ y��î�r1lx|¾Ó °úכs� R = 1õ� R = 5 ��s�\�"f Ux=1s�

L(L + 1)\� ���+þA&h�s� ÷&�̧2�¤ ú̧���H��. x�� y��y�� x = 0,
0 < x < 1, 1 < x��� °ú̀�כ¦ ��f��\� ���� Ux(R)��H �©�@/ y��
î�r1lx|¾Ós�����Ér%ò
%i�\�"fy��y���í�̧�o, �̧�o,!Q�FK�̧�o+þA
s��� [3]. x = 0����â
Äº\���H Laughlin�©��'a���6 x�̀¦��ØÔ>�
����?/ 9 x À 1{9�M:��H{9����©��̀¦ëß�[þt�����8	�H9þt�QÛ¼
'� +þA$í
�̀¦ ��ØÔ>� l�Õüt½+É Ãº e����. U0�Ér R = 1\�"f LLL
�©�I�[þt_�Ã»�̧(�J$�[>�%�!3��í�̧�o&h�s��¦, U1�Ér n = 1 LL
_� :£¤fç
�̀¦ Ä»���>� �����·p��. Ux>2 ��H B�Äº y©�ô�Ç !Q�FK

�̧�o +þAs���. Õª�QÙ¼�Ð, Ux��H VH(R)\� �8K�t���H q��̧�o
�½Ós���. 0A_� �̧4Sq Ã»�̧(�J$�[>�\�"f Òqt|ÄÌ�)a �̧�o�½Ó�Ér ��
�̂ ��1lx�<ÊÃº\� ÅÒ��H ò́õ��� \O��¦ ��ëß� \��-t� Û¼&7�àÔ!3�

����̂\�¦ d�� (41)\� �Ð��� ��ü< °ú s� L(L + 1)\� q�YV���H
�©�Ãº°úכ ëß��pu î̈
'��s�1lxr������.

Fig. 9��H (N ; 2l)s� y��y�� (8; 17), (10; 21), (10; 23)��� �â

Äº\� @/ô�Ç \��-t� Û¼i��àÔ!3�s���. Fig. 9(a), (b), (c)��H y��
y�� 'Í	P: [þt��H LL(n = 1)\� e����H �����[þt çß� ÜãJ2�x �©� ñ
���6 x\� @/ô�Ç ���õ�s��¦ Fig. 9(d), (e), (f)��H �̧4Sq Ã»�̧
(�J$�[>� U1�̀¦ /ú��̀¦ M:\� @/ô�Ç ���õ�s���. U1\� @/ô�Ç Ã»�̧

(�J$�[>�_� �̧�o �½Ó_� l�#���H �í�<Ê�t� ·ú§�Ér ���õ�s���. Õª
aË>\� �Ð��� y��y��_� L = 0 ��{���©�I���H n = 1 LL_� �����
G�¹¡§���Ãº ν1s� (a) 1/2 ¢̧��H 1/3, (b) 1/2, (c) 1/3, (d)
1/2 ¢̧��H 1/3, (e) 1/2, (f) 1/3��� �©�I�\� K�{©�ô�Ç��. ��{��
LL(n = 0)�̀¦ ��1pq G�Äº�¦ e����H Û¼�2;¼#��FG÷&t� ·ú§�Ér �����
[þt�̀¦ �¦�9ô�Ç ����̂ G�¹¡§���Ãº��H s�[þt G�¹¡§���Ãº\� 2\�¦ �8
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Fig. 10. Pair amplitude profiles for the lowest-energy N -
electron states at L = 0, calculated on a Haldane sphere
with different values of 2l in the n = 0 Landau level (a-c)
and in the n = 1 Landau level (d-f).

ô�Ç °úכs� 9 y��y�� ν = 5/2 ¢̧��H 7/3 [(a)ü< (d)], 5/2 [(b)ü<
(e)], 7/3 [(c)ü< (f)]s���. ÕªaË>\�"f SX����½+É Ãº e����H ��ü<
°ú s� z�́]j Ã»�̧(�J$�[>� V1õ� �̧4Sq Ã»�̧(�J$�[>� U1�Ér /BN:�x

�)a L = 0 ��{���©�I�\�¦ ú̧� ×¼�Q?/ �Ð�����. Õª�Q�� [þt��H {�
½̈�̧��H 	�H 	�s�\�¦ �Ð�����. U1\� �í�<Ê|̈c �̧�o �½Ó_� l�#�

\�¦�Ð�9��� L(L+1)\�q�YV���H�½Ó�̀¦ Fig. 9(d), (e), (f)_�
���õ�\� �8���� �)a��.

Fig. 10�Ér n = 0 LL\� e����H L = 0 ��{���©�I�_� ���;�¤�<Ê
Ãº G(R)ü< Fig. 9\� �Ð��� n = 1 LL\� @/ô�Ç L = 0 ��{��
�©�I�_� {9����©� ���;�¤�<ÊÃº G(R)\�¦ �©�@/ y��î�r1lx|¾Ó R_� �<Ê
Ãº�Ð �����·p �.���s	כ n = 0 LL\�"f n = 1 LL�Ð �̀���y��
\� ���� G(1)�Ér 7£x�����H ìøÍ��� G(3)�Ér Ìº§Â	�>� y���èô�Ç
��. s��Qô�Ç ���;�¤�<ÊÃº_� s�1lx�Ér �����[þts� {9����©��̀¦ s�ÀÒ
 9 R = 3��� {9����©� �©�I�\�¦ l�x�ô�Ç����H 7£x���� �)a��.
G�¹¡§���Ãº�� νFP = 1/5õ� νFP = 1/9 ��� �̀ØÔp� {9����©�
�©�I���H y��y�� 2lFP = 5(NP − 1)õ� 2lFP = 9(NP − 1)\�"f
\V�©�÷&Ù¼�Ð 2lFP\� @/ô�Ç d�� (42)ü< γF = 3�̀¦ ���×þ�����
&h�]X�ô�Ç�����G�¹¡§���Ãº ν1\�@/�#� 2l1õ� N ��s�_��'a>�

d���̀¦ %3��̀¦ Ãº e���� [37]. \V\�¦ [þt�����, ν1 = 1/2{9� M:��H
2l1 = 2N−3s���.s��â
Äº\���H�����–f.Ë@/g�A$í
�̀¦�Ö̧6 xK�
"f N�̀¦ 2l1 +1−NÜ¼�Ð@/�̂ô�Ç�©��Ð&h�����©�I����>rF�ô�Ç

��. ν1 = 1/2s���� 2l1 = 2N + 1�̀¦ %3��¦, ν1 = 1/3{9� M:��H
2l1 = 3N − 5��� �'a>�\�¦ %3���H��. s�[þt °úכ\�"f L = 0 ��{��
�©�I�ü<[þt>pu\��-t�çß�����̧%3��̀¦Ãºe����. 2l1 = 3N−7\�
"f��H L = 0��{���©�I�ü<7á§�8	�H[þt>pu\��-t�çß�����̀¦%3�>�
÷& 9 Fig. 9ü< 10\�"f��H s� °ú̀�כ¦ +�"f ν1 = 1/3 �©�I�\�¦
·ú����Ð��¤��. >�_� ß¼l��� 7£x������ Ä»ô�Ç ß¼l�ò́õ� (size
effect)��H Áºr�½+É Ãº e����. ô�Ç¼#�, G�¹¡§���Ãº�� ν1 = 1/3 ��H
%�\� e����H N>h �����[þt�Ð s�ÀÒ#Q��� >�\�¦ N1>h_� ���\O���H

�����[þtõ� N2 = 1
2 (N − N1)>h �©�Ü¼�Ð ��¾º#Q ì�r$3����H

���\O��̧ ��0px���, s�\� @/ô�Ç �̂>�&h���� ì�r$3��Ér ��f�� s�ÀÒ
#Qt�t� ·ú§�Ér �©�I�s���.
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XIV. Chern–Simons 4�T�U� T�Â]Ø <0�ºã_Ë

s�p� VII]X�\�"f α>h_� ��l����5Åq �ª��� φ0�̀¦ �����\� ÂÒ

�ÃÌ���H CS >�s�t� �̧+þA�̀¦ �è>h�%i�Ü¼ 9 VIII]X�\�"f��H
CS ��l��©��̀¦ î̈
ç�H�©� ��H��~½ÓZO�Ü¼�Ð �í�<Êr���� CF �̧+þA
�̀¦¶ú�(R�Ð��¤��.d�� (21)õ�d�� (22)��Hy��y�� CS 7�'�(�J$�[>�
~a(r)ü< >�s�t� ��l��©� ~b(~r)\� @/ô�Ç ³ð�&³s���. CS ���8̈�\�
���Ér Dh�Ðî�r �x9��Ðm�îß��Ér d�� (26)s���. >�s�t� ��l��©�
�̀¦ î̈
ç�H�©�Ü¼�Ð 2[/åL�<ÊÜ¼�Ð+� {9���[þts� ~ÃÎ��H Ä»ò́ ��l�

�©� B∗\�¦ ��6£§õ� °ú s� jþt Ãº e��%3���.

B∗ = B + αφ0nS (44)

î̈
ç�H�©� CS��H��~½ÓZO��̀¦×þ�����,ü@ÂÒ��l��©� B��&ñ
K����

�â
Äº\�, ��l�f.Ë�FG_� [jl� 2Qü< ����� Ì�	Ãº N\� _�K� ���

&ñ
÷&��H þj�èô�Ç_� QEs��� QH_� y��î�r1lx|¾Ó�̀¦ éß�í�Hy� ½+Ë
$í
�<ÊÜ¼�Ð+�, ±ú��Ér \��-t� Û¼&7�àÔ!3�_� ½̈�̧\�¦ ��ØÔ>� \V
8£¤½+É Ãº e��%3���. Õª�Q��, î̈
ç�H�©� CS �̧+þA\�"f��H Ä»ò́ ��
s�9þt�ÐàÔ�:r���1lxÃº ω∗c = eB∗/mc�Ð³ðr�÷&��HDh�Ðî�r\�

�-t�'���̧�� �̧{9�÷& 9,:£¤y�ü@ÂÒ&ñ
��l��©� B��	�H�â
Äº

\���H ~ω∗c��H ÜãJ2�x \��-t�\�¦ ß¼>� 0px���Ù¼�Ð \��-t� Û¼
&7�àÔ!3��̀¦ ���&ñ
���H X< ���)� ÂÒ&h�]X�ô�Ç ��YV�� @/¿ºô�Ç��.
#QÖ¼ ô�Ç �������H ���Ér �����[þt\� _�ô�Ç δ-�<ÊÃº g1J�Ð ³ðr�
÷&��H CS��l��©��̀¦y��t��t�3lw�Ù¼�Ð CS��l��©� ~b(~r)(=
~∇ × ~a(~r))s� �¦��� î�r1lx~½Ó&ñ
d��\� ÅÒ��H %ò
�¾Ós� \O�6£§�̀¦ s�
p� ·ú��¦ e����. Aharonovü< Bohm [46]\� _�ô�Ç S\�l�&h����
���½̈ s�Êê\�, ��1lx�<ÊÃº_� ß¼l���H ����t� ·ú§�¦ 0A�©�s� ���
���H>�s�t����8̈�~½ÓZO��̀¦+�"f, ~b(~r)��H 0s�t�ëß� ~a(~r)��Ä»
ô�Çô�Ç �â
Äº\� @/ô�Ç �ª���%i��<Æ&h���� ë�H]j\�¦ s�K���¦�� �

��H �̧§4�s� �Ð¼#��o÷&#Q e���� [47,48]. ����ü< |9�|¾Ós� y��y��
−eü< me��� {9����� x − y î̈
���\� Z�~��� "é¶ÑütYU 0A\�"fëß�

¹¡§f��s��̧2�¤ y��)� e����H �â
Äº\�¦ Òqty�����. "é¶+þA �â
�Ð_� ×�æ
d��\� ��Zþt�¦ |�� _"tYU�̧s�×¼�� z-»¡¤ ~½Ó�¾ÓÜ¼�Ð Z�~#� e����.
��l����5Åq Φ(= αφ0)�� µ1ÏÒqt��̧2�¤ _"tYU�̧s�×¼\� ���ÀÓ��
âì\�¦ M: �����_� �¦Ä»�<ÊÃº φm(~r)��H ��6£§õ� °ú ��.

φm(~r) = e−(ie/~c)
∫

~a(~r)·d~rΨm(~r). (45)

0A_� d��\�"f Ψm(~r) = eimφum(r)��H d�� (2)\� ³ð�&³ô�Ç

n = 0��� �©�I�_� �¦Ä»�<ÊÃºs���.  7�'�(�J$�[>��Ér ~a(~r) =(
Φ

2πr

)
φ̂s��¦ p��èô�Ç 2	�"é¶ ���0A��H d~r = (r̂dr + φ̂rdφ)s�

Ù¼�Ð d�� (45)_� 0A�©��Ér −iαφs���. ��ëß�, #�l�"f φ��H "é¶

+þA C��̧ �©�\�"f {9���_� 0Au�\�¦ ����?/��H y���̧s���. Õª�Q
Ù¼�Ð d�� (45)\�¦ ��6£§õ� °ú s� ��r� jþt Ãº e����.

φm(~r) = ei(m−α)φum(r). (46)

~rs� ¿º �̀ØÔp� {9���_� �©�@/0Au� ~r1 − ~r2\�¦ ����?/��H �â


Äº\�, d�� (46)�Ér 2	�"é¶ >�_� :�x>����8̈� (transmutation of
statistics)�'a>�\�¦����?/�¦e���� [20]. {9��� 1õ� 2\�¦�§8̈�
���H {9��Ér y���̧ φ\�¦ φ + π�Ð ��Ë̈��H ��õ	כ °ú Ü¼Ù¼�Ð, α��

���Ãº{9� M:��H :�x>�½©gË:_� ���8̈�s� {9�#Q��t� ·ú§��H��. ìøÍ���,
α�� f.ËÃºs���� �̀ØÔp� {9�����H �Ð]j {9����Ð, �Ð]j {9�����H
�̀ØÔp� {9����Ð ���8̈�÷& 9, α�� &ñ
Ãº�� ����� �â
Äº\���H {9�

��[þt�Ér\�m��:r:�x>� (anyon statistics)½©gË:�̀¦���Ér��.C�
�̧�<ÊÃº um�̀¦ Ñüt�Q����H ÂÒ��&h���� CS ���5Åq�Ér ��1lx�<ÊÃº_�
y���̧ ÂÒì�r\���������H0A�©��̀¦����or�v� 9, VII]X�\�"f���
/åLô�Ç ��ü< °ú s� CS ��l��©��̀¦ �í�<Ê���H ����̂ �x9��Ðm�îß�
�Ér, 1	�&h�Ü¼�Ð, î̈
ç�H�©��̀¦ +�"f �����·p��. î̈
ç�H�©� ��H����
&ñ
$í
&h�Ü¼�Ð ±ú��Ér \��-t� Û¼&7�àÔ!3� ½̈�̧\�¦ ��ØÔ>� \V8£¤

½+É Ãº e��%3�Ü¼ 9 s�\�¦ ��H���Ð î̈
ç�H�©� ��H��\� �í�<Ê÷&t� ·ú§

�Ér ÜãJ2�x ���6 xõ� CS >�s�t� ���6 x_� �©�{©� ÂÒì�rs� "f�Ð �©�
�W|̈c �s�����H	כ ]jîß��̧ e��%3��� [27]. Õª�Q�� s��Qô�Ç ]jîß�
�Ér, s�[þt ¿º �©� ñ���6 x_� \��-t� '���̧_� ��l��©� _��>r$í
s�
���)� ��ØÔÙ¼�Ð, e��_�_� ß¼l�_� ü@ÂÒ ��l��©� B\� @/�#�

{9�ìøÍ�o |̈c Ãº \O���.
ns� f.ËÃº��� Laughlin_� ν = 1/n �©�I�\� î̈
ç�H�©� CS

�̧+þA�̀¦ &h�6 x��9��� ü@ÂÒ ��l��©� B\�¦ Ä»ò́��l��©� B∗ =
B/n�Ð @/�̂���� �)a��. s�\� ���� Ä»ò́ ��l�U�́s���H l∗ =
n1/2l0s� 9d�� (9)�Ð³ð�&³ô�Ç��1lx�<ÊÃº\���H l0 @/���\� l∗��

����èß���. ï�r�¦���&h���� (semiclassical) {9��� C��̧��H ìøÍt�
2£§s� ��6£§õ� °ú s� ���ô�Ç��.

r∗m = n1/2rm = (2n|m|)1/2l0

�ª���Ãº�� |m| = 1��� �©�I�\� e����H �������� �â
Äº\� �������
�� ���5Åq �ª��� 2>h\�¦ B_� ìøÍ@/ ~½Ó�¾ÓÜ¼�Ð ÂÒ�ÃÌ���� Ä»ò́

��l��©��Ér B∗ = B/3s��¦ |m| = 1��� CF C��̧��H |m| =
n��� ����� C��̧\� @/6£x�)a��. Õª�Q��, s�]j d�� (3)_� ωc��H

ω∗c�Ð @/�̂÷&#Q�� �Ù¼�Ð Ä»ò́ ��s�9þt�ÐàÔ�:r ���1lxÃº��H

ν = 1/nC� ëß��pu y���èô�Ç��. CF LL�Ér »¡¤�@�̧�� ±ú���t�Ù¼
�Ð \��-t� '���̧�� ω∗c��� [þt��H CF �©�I�\�¦ %i�¿º\� ¿º#Q��
ô�Ç��.s�]j e2/l0 ¿ ~ωc����â
Äº\�¦Òqty��ô�Ç�����, �̀¦���Ér��
�̂ [O�1lx s��:r�Ér �����[þt_� ���©� ±ú��Ér LL �©�I�\� 5Åq���H
��×�æ�̧\�¦ ��t���H ��_� »¡¤�@�)a \��-t�{�\�¦ ]jr�½+É Ãº e��

#Q�� ½+É �.���s	כ s� \��-t�{�ü< Z�}�Ér \��-t�{�[þt ��s�\�
��H ��@/ô�Ç {�çß�����̀¦ ��s�\� ¿º�¦ e��#Q�� ô�Ç��. [O�1lx���>h
\� ¹ô�Çכ��9 ����Ér ���Ãº�� �>rF��t� ·ú§��H �©�S!�\�"f ���̂ s�

�:r�̀¦ +�"f s���� �â
Äº\�¦ ��ØÔ>� [O�"î
���H ��Ér	כ B�Äº èß�K�

ô�Ç {9�s���.
>�s�t����8̈�~½ÓZO�s� ∇×~a(~r) = 0��� 7�'�(�J$�[>� ~a(~r)\�¦

>�\� ÂÒ#����H ~½ÓZO�Ü¼�Ð Ä»{9�ô�Ç ~½ÓZO�ëß��Ér ��m���. #QÖ¼
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�íl��©�I�\�e����H>�\� CS��l����5Åq�̀¦"f"fy������Héß�
\P�&h���� ~½ÓZO� (adiabatic method)�̀¦ Òqty�����. CS ��l����
5Åq°úכs� 0\�"fØ�¦µ1ÏK�"f���5Åq�ª��� φ0_����ÃºC� (αφ0)��
÷&�̧2�¤ ��;��;y� 7£x��r�&� �Ð�� [49]. 0Au� ~r1\� Z�~��� �����

_� éß�{9� {9��� �x9��Ðm�îß�s� ��6£§õ� °ú s� H1�Ð ³ð�&³÷&�¦

y��y��_� 0Au��� ~r1õ� ~r2��� 2>h_� ������Ð s�ÀÒ#Q��� �â
Äº\�¦
Òqty�����.

H1 = (2µ)−1
{

~p1 +
e

c
[ ~A(~r1) + ~a(~r1)]

}2

0A_� d��\�"f ~a(~r1) = αφ0
2πr φ̂ = −~a(~r2)s� 9 r = |~r1 − ~r2|s�

��. φ̂��H �©�@/ýa³ð φ�� 7£x�����H ~½Ó�¾Ó�̀¦ �¾Ó���H éß�0A 7�

'�s���. 0A_� �x9��Ðm�îß��̀¦ |9�|¾Ó×�æd�� (CM)õ� �©�@/ (R)
î�r1lxÂÒì�rÜ¼�Ðì�ro������©�@/î�r1lxÂÒì�r HR�Ér��6£§õ�°ú 

��.

HR =
p2

2µ
+

qB̃

2µc
lz +

q2B̃2

8µc2
r2 (47)

d�� (47)\�"f B̃ = B + (2αφ0/πr2)s���. HR�Ér ü@ÂÒ ��l�

�©�ëß� ���o��¦ CS ���5Åqs� \O���H �â
Äº\� @/ô�Ç �x9��Ðm�îß�\�
éß�t� ü@ÂÒ ��l��©� B\�¦ ���íß��� B̃�Ð @/�̂r���� �â
Äºü< 1lx

{9����. �¦Ä»�<ÊÃº��H #����y� φm(r) = eimφwm(r)��� +þAI�
s���. ��ëß� wm(r)�Ér α 6= 0��� �â
Äº\� d�� (47)\� ÆÒ��÷&
��H r-_��>r�½Ó�̀¦ �Ð&ñ
ô�Ç Dh�Ð %3��Ér t�2£§~½Ó�¾Ó �<ÊÃºs���. d��
(47)_� B\� q�YV���H �½Ó�Ér ��6£§õ� °ú �Ér �½Ó�̀¦ ÆÒ��r����

��.

~qm
2µc

(
2αφ0

πr2

)

s��½Ó�Ér'Í	�½Ó (− ~22µ
m2

r2 )õ�Óü��̀¦Ãºe����.d�� (47)_� B2r2\�

q�YV���H �½Ó�Ér (q2/2µc2)(αφ0/πr)2õ� (q2/2µc2)αφ0B\�¦

ÆÒ��ô�Ç��.s�×�æ\��������Hd�� (47)_�'Í	�½Ó (− ~22µ
m2

r2 )õ�Óü�
�¦Êê����H\��-t� E\��8½+ÉÃºe����.Õª�QÙ¼�Ðd�� (47)\�
"f B\�¦ B̃ = B + (2Φ/πr2)�Ð @/�̂���H ���õ���H m�̀¦

m̃ = m + α�Ð @/�̂���H ���õ�ü< &ñ
SX�y� {9�u�ô�Ç��. s��Q
ô�Ç ���õ���H, α 6= 0{9� M:, C��̧�� CS ���5Åq M:ë�H\� éß�í�Hy�
um(r) −→ um+α(r)�Ð ������̀¦ _�p�ô�Ç��. s���� ���õ�ü<��H
²ú�o�, CS ���5Åq�̀¦ �̧{9����H X< æ¼��� >�s�t� ���8̈�~½ÓZO�\�
"f��H �:rA�_� �����C��̧_� t�2£§~½Ó�¾Ó �<ÊÃº um(r)\� Y�LK�t�
��H 0A�©������\�¦ d�� (45)\� ÆÒ��ô�Ç��. t�2£§~½Ó�¾Ó C��̧�<ÊÃº
��H>�s�t����8̈�~½ÓZO�\�"f��HÔ�¦���s�t�ëß�, CS���5Åqs�éß�\P�
&h�Ü¼�Ð �ÐI�t���H �â
Äº\���H ���ô�Ç��. >�s�t� ���8̈��̀¦ ����
��1lx�<ÊÃº_�y��î�r1lx$í
ì�r�Ér Aharonov–Bohm0A�©������\�
����"f ����t�ëß� CS���5Åq�̀¦ éß�\P�&h�Ü¼�Ð ÆÒ��½+É M:��H Ô�¦
���s��� [49]. s��Qô�Ç ��z�́�Ér CS ���5Åq�̀¦ éß�\P�&h�Ü¼�Ð ÆÒ��
���H �â
Äº\���H :�x>�½©gË:s� ��7t� ·ú§6£§�̀¦ _�p�ô�Ç��. Õª

��²ú̈�̀¦��6£§õ�°ú s�Òqty��K� �̂¦Ãºe����.C��̧\�¦:�xõ����H
��l����5Åq_� r�çß�\� ���Ér ����oÖ�¦�Ér Faraday_� �����l� Ä»
�̧ ½©gË:\� ���� C��̧\� ���l��©��̀¦ Ô�¦�Q {9�Ü¼~�́ ÷�rëß� ��m�

�� 1lxr�\� C��̧\�¦ :�xõ����H ��l����5Åqs� {9�&ñ
�>� Ä»t�

÷&�̧2�¤�©�@/ýa³ð ~r_�ß¼l���7£x@/÷&����y���èô�Ç��.Õª�Q
Ù¼�Ð, G�¹¡§���Ãº�� ν = 1/3s��¦ �ª���Ãº�� m = −1��� �©�
I�\� e����H ������©�\� CS ��l����5Åq�̀¦ 0\�"f Φ = −2φ0�Ð

×�æ��r�~�́ M:, ������©�_� ��×�æ�©�I���H t�2£§~½Ó�¾Ó ��1lx�<ÊÃº
�� u|m+α|(r) = u3(r)s���. s�M:_� C��̧��H &ñ
��l��©� B\�

_�ô�Ç 3>h_����5Åq�ª���ü<ìøÍ@/~½Ó�¾ÓÜ¼�ÐC�\P��)a 2>h_� CS
���5Åq�ª���\�¦Ñüt�Q��Ù¼�Ð·ú������5Åq�Ér�:rA� m = −1������
��C��̧\� @/ô�Ç °úכõ� °ú ��.
éß�\P���H��\�"f��H��{�� LL(m =0, -1, -2, · · · )\�e����H�©�

I���H ÜãJ2�x �©� ñ���6 xs� \O���H �â
Äº\� �̧¿º »¡¤�@÷&#Q e��Ü¼

Ù¼�Ð CS{9����©��Ér�:rA�_�������©�_�\��-t�ü<°ú �Ér°ú̀�כ¦
�������. ��ëß� ÜãJ2�x �©� ñ���6 xs� &�|9� M: r_� î̈
ç�H°úכs� �8

	�H �©�I�_� \��-t���H �8 ±ú��������. s��Qô�Ç ���õ���H ~ω∗c\�
q�YV���H Dh�Ðî�r \��-t� '���̧\�¦ �̧{9����H î̈
ç�H�©� ��H��

CF >�íß�õ���H @/�̧&h�s���. î̈
ç�H�©� ��H��\�"f��H \��-t���,
ÜãJ2�x \��-t� e2/l0 @/���, ~ω∗c\� q�YV���H [þt>pus� @/¿º�)a
��.

XV. Laughlin–Jain Vês?0;c 6��X¢ ��w� ÷mÇ]Mö

Laughlin �©��'aò́õ�\�¦ �í�<Ê��¦ e����H r�'���<ÊÃº\�¦ ·ú���
?/��H X< Ä»6 xô�Ç ô�Ç ��t� ~½ÓZO��Ér ·ú¡]X�\�"f �è>hô�Ç ��l�

���5Åq�̀¦éß�\P�&h�Ü¼�ÐÂÒ�ÃÌr�v���H~½ÓZO��̀¦�Ö̧6 x���H����s	כ

[49].
��l��©� °úכs� Bν=1{9� M: G�¹¡§���Ãº�� ν = 1��� �©�I�\�

"fØ�¦µ1Ï���.éß�{9�{9����©�I��<ÊÃº ψm(z) = eimφu0m(r)ü<
ìøÍ@/g�A�o ���íß��� A\�¦ +�"f �����·p ìøÍ@/g�A N -{9��� �©�I�
Ψ(1, 2, · · ·, N) = A∏N

j=1 ψ1−j(zj)��H d�� (9)ü< °ú �Ér +þA
I�_� ��1lx�<ÊÃº�� �)a��. ��ëß� s�M:��H d�� (9)_� l0��H l1 =
(~c/eB1)1/2�Ð @/�̂�)a��. s�]j éß�\P�&h�Ü¼�Ð B\�¦ Bν=1\�

"f Bν=1/3 = 3B1�Ð7£x��r�v����"f1lxr�\�ü@ÂÒ&ñ
��l��©�

Bü<��HìøÍ@/~½Ó�¾Ó_� CS���5Åq�ª��� 2>hm���̀¦y��y��_������\�
ÂÒ#����. ν = 1��� �©�I��<ÊÃº\���H ¿º��t� ����o�� ����èß�
��. ���$� l1�Ér l1/3 =

√
3l0Ü¼�Ð @/�̂÷& 9 ��6£§�Ér y��y��_�

{9����©� < i, j >\� éß�\P�&h�Ü¼�Ð CS ���5Åq�̀¦ ÂÒ#��<Ê\� ���Ér
ò́õ�\�¦ ìøÍ%ò
��¦�� Laughlin–Jastrow �����

∏
<i,j> z2

ij��

�̧{9��)a��. s�ü< °ú s� %3���H ��1lx�<ÊÃº��H ���Ð Laughlins�
]jr�ô�Ç ��1lx�<ÊÃº +þAI�s���.

Laughlin�©�I�\�@/ô�Ç�7H_�ü<&ñ
SX�y�°ú �ÉrÒqty���̀¦ Jain
Ãº\P� (Jain sequence)\���������H�©�I�\��̧SX��©�½+ÉÃºe��



¿ 8úx[O��7Hë�H À ì�rÃº �ª��� f.Ë �©�I�\� @/ô�Ç 4�¤½+Ë �̀ØÔp� {9��� �̧+þAõ� ï�r{9��� �©� ñ���6 x – s��â
Ãº 1px -123-

��. \V\�¦ [þt�����, G�¹¡§���Ãº�� ν = 2/5��� �©�I�\�¦ Òqty��
���. Û¼�2;¼#��FG�)a N>h �����[þts� 2>h_� LL�̀¦ ��1pq G�

Äº�¦ e����H �©�I�\�"f Ø�¦µ1Ï���. s��Qô�Ç �©�I�\� @/ô�Ç ��
1lx�<ÊÃº��H ��{�� (n = 0) LLõ� 'Í	P: [þt��H (n = 1) LL
\� @/ô�Ç \��-t��� Enm��� éß�{9�{9��� �©�I��<ÊÃº Ψnm(~r) =
eimφunm(r)_� Y�LÜ¼�Ð s�ÀÒ#Qt���H ìøÍ@/g�A �<ÊÃºs���. t�
2£§~½Ó�¾Ó �<ÊÃº unm�Ér ��l��©�s� B = Bν=2{9� M:_� ��l�U�́

s� l2ü< !Q�FK ��>�ØÔ ���½Ód�� L
|m|
n �̀¦ +�"f ����èq Ãº e��Ü¼

 9 ��6£§õ� °ú ��.

unm(r) =
[

n!
2πl222m(n + |m|)!

]1/2

(
r

l2
)|m|

× L|m|n

(
r2

2l22

)
exp

(
− r2

4l22

)
. (48)

s�]j &ñ
��l��©� B\�¦ B2\�"f B2/5 = 5B2�Ð �̀¦aË>õ� 1lxr�

\� y��y��_� ��������� CS ���5Åq�̀¦ α = 0\�"f |α| = 2�� ÷&
�̧2�¤ 7£x��r������. s�M: éß�{9�{9��� ��1lx�<ÊÃº\� ��������H
i) ��l�U�́s� l2��H l2 → l2/5 =

√
5l2�� ÷&�¦ ii) Laughlin–

Jastrow �����
∏

<i,j> z2
ij�� �̧{9��)a��. s�XO�>� %3��Ér ���õ�

�� ���Ð Jains� ]jîß�ô�Ç r�'���<ÊÃºs� 9, B = B2/5{9� M:_�

LLL �©�I� Hilbert /BNçß�îß�\� Z�~e���̀¦ SX����½+É Ãº e����.
CS ���5Åq�̀¦ éß�\P�&h�Ü¼�Ð �̧{9����H ~½Ód���Ér Laughlin �©�
�'a���6 x�̀¦, î̈
ç�H�©� ��H��\� _��>r�t� ·ú§�¦, ��1lx&h�Ü¼�Ð ìøÍ
%ò
½+É Ãº e������H &h��Ér B�Äº <Éªp��Ðî�r &h�s���. ��l��©�s�
B1/3, B2/5 1pxõ� °ú s� 	�H °úכ��� �â
Äº\� r�'���<ÊÃº��H �½Ó�©�

���©� ±ú��Ér LL\� Z�~s�Ù¼�Ð ÜãJ2�x �©� ñ���6 xs� \O��̀¦ M:_�
\��-t���H ���)� ����t� ·ú§��H��. Laughlin �©��'aò́õ���H, �©�
@/ y��î�r1lx|¾Ó Rs� þj�è��� ¿º {9��� �©�I�\�¦ l�x��l� M:ë�H
\�, ÜãJ2�x ���6 xs� ����2; �©�I�\�"f ����̂ ��×�æ�̧ fL(N, l) ×�æ
\�, '��§4�s� þj�ès����"f ±ú��Ér \��-t� °ú̀�כ¦ ��t���H, ÂÒì�r
|9�½+Ë��� fL(N, l∗ = l −N + 1) �©�I�[þt�̀¦ ÆÒ�9�·p��.

XVI. ��×¶�¥ @_ª�Q� ømÉ�� 4���Þ

�����[þt_� 6£x»¡¤�©�I�\� @/ô�Ç Laughlin QP[þts� ¿1Ï �©�I�
\�¦ s�ÀÒ�¦, s�[þt ¿1Ï �©�I�[þts� Dh�Ðî�r QP[þt�̀¦ ìøÍ4�¤K�"f
s�ÀÒ>� �)a����H Haldanes� ]jîß�ô�Ç 6£x»¡¤�©�I�_� >�:�x s�
�:r (hierarchy theory)�̀¦ ¶ú�(R�Ð�� [50]. Haldane�Ér QP
[þt�̀¦ �Ð]j {9����Ð 2[/åL�%i�Ü¼ 9 QP[þt ��s�_� ‘ïß�#�’ �©�
 ñ���6 x (residual interaction)\� @/ô�Ç ��[jô�Ç &ñ
�Ð�� \O�
��H �©�I�\�"f QP[þts� éß�í�Hy� Laughlin �©��'aò́õ�\�¦ ����
èq�
Ü¼�Ð��&ñ	כ�%i���."é¶o�&h�Ü¼�Ð Haldane>�:�x\���Hì�r
�̧�� f.ËÃº (2p + 1; p��H &ñ
Ãº)��� �̧��H ì�rÃºG�¹¡§ ���Ãº��
�� �í�<Ê�)a��. Jains� ]jr�ô�Ç CF �̧+þA [27,28,51]�Ér Ãº\P�

ν = n(1 + 2pn)−1 (éß�, n = ±1,±2, · · · )\� 5Åq���H f.ËÃº
ì�r��\� @/ô�Ç f���'a&h���� �̧+þAs���. s�p� VIII]X�\�"f l�Õüt
ô�Ç ��ü< °ú s� Jain �©�I�[þt�Ér CF {9���[þt\� _�ô�Ç &ñ
Ãº �ª�
�� f.Ë �©�I����¦ �̂¦ Ãº e����. Haldane >�:�x\� 5Åq���H �̧
��H ì�rÃºG�¹¡§s� Jain >�:�x\� ������t���H ·ú§Ü¼ 9, q�·ú�»¡¤
$í
 �©�I�\� @/ô�Ç Haldane >�:�xõ� Jain >�:�x ��s�_� �'a>�
��H ��"î
�t� ·ú§�Ér �©�I�s���. \V\�¦ [þt�����, Haldane >�:�x
\� ��������H ν = 4/11õ� ν = 4/13 �©�I���H G�¹¡§���Ãº��
Jain Ãº\P� n(1 + 2pn)−1�Ð ³ðr�÷&��H Û¼�2;¼#��FG�)a �©�I��Ð

����èq Ãº \O���.
Sitko, Yi, Quinn [52]�ÉrÂÒì�r&h�Ü¼�ÐG�0>��� CF,��|9�_�

¿1Ï �©�I�[þts� µ1Ï|
�÷&t� ·ú§�Ér f.ËÃº ì�r�̧ ì�rÃºG�¹¡§ �©�I�\�¦

��ØÔ>� [O�"î
½+É Ãº e���̀¦ ��0px$í
�̀¦ �ÃÐ½̈�l� 0AK�"f “CF
>�:�x ½̈�̧”\�¦]jîß��%i���.��1pqðøÍ CF,��|9�_�l�#���HÁº
r���¦ “ÂÒì�r&h�Ü¼�Ð G�0>��� CF ,��|9�\� Z�~��� CF QP[þt
\�>� CS ���8̈��̀¦ ìøÍ4�¤ &h�6 x½+É Ãº e����”��H ��&ñ
�\� ��6£§
õ� °ú �Ér Dh�Ðî�r >�:�x ½̈�̧\�¦ %3��̀¦ Ãº e����.

ν−1
l = 2pl + (nl+1 + νl+1)−1 (49)

0A_� d��\�"f νl�Ér >�:�x_� l���P: éß�>�_� QP G�¹¡§���Ãºs�
�¦, 2pl (éß�, pl�Ér &ñ
Ãº)�Ér CS ���8̈��̀¦ :�xK�"f (l + 1)���P:
éß�>�\� Dh�Ðî�r QP�̀¦ Òqt$í
�l� 0AK�"f QP{©� �8K�ï�r ��
l����5Åq �ª���_� Ì�	Ãºs���. Õªo��¦ nl+1�Ér Dh�Ðî�r CF QP
[þt�Ð ¢-a���y� G�0>��� ,��|9�_� Ì�	Ãºs���. (n + 1)���P: éß�>�
\�"f ���©� ±ú��Ér QP ,��|9�_� Ä»ò́ y��î�r1lx|¾Ó l∗n+1�Ér ��6£§

õ� °ú ��.

l∗n+1 = l∗QP,n − pn(NQP,n − 1) (50)

0A_� ³ð�&³\�"f l∗QP,nõ� QP Ì�	Ãº NQP,n�Ér >�:�x_� n���P:

éß�>�\� @/ô�Ç °úכ[þts���. >�:�x_� (l + 1)���P: éß�>�\�"f QP
,��|9��̀¦ �̧¿º G�Äº>� ÷&#Q νl+1�� 0s� ÷&��H �â
Äº\���H çß�
éß�y� νl = 1/[2pl + n−1

l+1]s���. s���� ]X���H õ�&ñ
�̀¦ ��u����
Haldane >�:�x_� �̧��H ì�rÃºG�¹¡§ �©�I�\�¦ %3��̀¦ Ãº e��Ü¼ 9,
Jain>�:�xõ� Haldane_�ìøÍ4�¤ì�rÃºG�¹¡§�̀¦������½+ÉÃºe��>�
�)a��.
Õª�Q��,s��Qô�Ç�7H_�_����½Ó\���H i)�����[þts�Û¼�2;¼#��FG

�)a>�\�¦s�ÀÒ�¦e������H&h�õ� ii) CF QP[þt>pu,7£¤y��î�r1lx|¾Ó
,��|9��̀¦ ÂÒì�r&h�Ü¼�Ð G�Äº�¦ e����H CF[þt�Ér �̧¿º Laughlin
�©��'a���6 x�̀¦ ���Ér����H ��&ñ
s� ¾ú��9e����. Sitko 1px [52]\�
_�ô�Ç s�ü< °ú �Ér CF >�:�x s��:r�Ér Õª ��H���� ½+Ë{©�ô�Ç ��&ñ

\� l��í��¦ e��Ü¼ 9, {9�ÂÒ �����[þt\�>���H ���5Åq �ª��� 2>h
m�� C�{©���¦ ¢̧ ���Ér �����[þt\�>���H ���5Åq �ª���\�¦ 4>hm��
C�{©����H s��Ér�� CF2�� CF4 4�¤½+Ë �̀ØÔp� {9���\�¦ �̧{9�

���H ]jîß� [53,54]\� ·ú¡"f ]jr��)a <Éªp��Ðî�r s��:rs���.
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ô�Ç ��t� \V�Ð"f, CF >�:�x s��:r�̀¦ N = 8>h �����[þts�
2l0 = 18 �©�I�\� e����H �â
Äº\� &h�6 xK� �Ð��. �����[þt\�>�
CF ���8̈��̀¦ &h�6 x�#� %3�>� ÷&��H >�:�x_� 'Í	P: éß�>�_� Ä»
ò́ y��î�r1lx|¾Ó l∗1�̀¦ ��6£§õ� °ú ��.

2l∗1 = 2l0 − 2p0(N − 1) (51)

p0 = 1{9� M: 2l∗1 = 4s� 9 'Í	 éß�>�_� CF ,��|9��Ér 2l∗1 + 1 =
5>h_� CF {9���[þt�̀¦ ~ÃÎ�̀¦ Ãº e��Ü¼Ù¼�Ð 8>h ×�æ\� �� Qt�
NQE,1 = 3>h_� QE[þt�Éry��î�r1lx|¾Ós� l∗QE,1 = l∗1 +1 = 3���
��6£§ ,��|9��̀¦ G�Äº>� �)a��. Õª�QÙ¼�Ð 1éß�>� CS ���8̈�\�"f
QE[þt�Ð ��1pq ðøÍ ,��|9�_� Ì�	Ãº��H n1 = 1s���. [þt��H CF ,��
|9�\�[þt#Qe����Hs�[þt 3>h_� QE[þt\�>� CS���8̈��̀¦��r�&h�
6 x����ÑütP:éß�>�_� CF,��|9�_�Ä»ò́y��î�r1lx|¾Ó l∗2��H��6£§
õ� °ú s� ���&ñ
�)a��.

2l∗2 = 2(l∗1 + 1)− 2p1(NQE,1 − 1) (52)

s�]j p1 = 1�̀¦ ×þ����� 2l∗2 = 6 − 2(3 − 1) = 2�� ÷&Ù¼�Ð
l∗2 = 1s� �)a��. s� CF QP ,��|9�\���H 2l∗2 + 1 = 3>h_� QE
�̀¦ Z�~�̀¦ Ãº e��Ü¼Ù¼�Ð n2 = 1s� 9 ν2 = 0s� �)a��:

ν−1
1 = 2p1 + (n2 + ν2)−1 = 3 (53)

1éß�>� CS ���8̈�\�"f %3��Ér QE G�¹¡§���Ãº��H νQE = 1/3s�
��. ����"f >�:�x �'a>� d�� (49)\�¦ +�"f ����� G�¹¡§���Ãº ν\�¦

½̈���� ��6£§õ� °ú ��.

ν =
1

2p0 + (n1 + ν1)−1
= 4/11 (54)

Õª�QÙ¼�Ð ����� G�¹¡§���Ãº�� ν = 4/11��� �©�I���H y��î�r1lx|¾Ó
s� lQE = 3��� νQE = 1/3\� e����H QE �©�I�\�"f l�������H
Û¼�2;¼#��FG�)a Laughlin�©��'a�©�I� ν = 4/11{9���0px$í
s�\V
�©��)a��.

Fig. 11�Ér �����_� Ì�	Ãºü< n�|ÃÌ f.Ë�FG [jl��� y��y�� N =
8õ� 2l0 = 18��� �©�I�\� @/�#� �x9��Ðm�îß��̀¦ Ãºu� @/y��
�o�#� %3��Ér ±ú��Ér \��-t� %ò
%i� Û¼&7�àÔ!3��̀¦ �����·p ��s	כ

��. ���©� ±ú��Ér �©�I�[þt�Ð s�ÀÒ#Q��� \��-t�{���H 8úx y��î�r1lx
|¾Ós� L = 0, 2, 3, 4, 6��� ��×�æ�̧�� 5s���. s�[þt 5>h �©�I�[þt
�Ér y��î�r1lx|¾Ós� lQE = 3��� QE 3>h_� y��î�r1lx|¾Ó ½+Ë$í
\� _�
ô�Ç �©�I�[þts���. Õª�Q�� L = 0õ� L = 3 �©�I���H \��-t���
B�Äº Z�}�Ér ìøÍ��� L = 2��� �©�I���H L = 4ü< 6��� �©�I��Ð��
\��-t��� ���çß� ±ú���. ��r� ú́�����, CF ���8̈��̀¦ ��[þv &h�6 x
�#� %3���H QE[þt_� ¿1Ï �©�I��� L = 0��� q�·ú�»¡¤ ��{���©�I�
\�¦×¼�Q?/�Ðs�t�·ú§��H��. Fig. 11_����õ���\Vr����H��
ü< °ú s� CF >�:�x s��:rs��� Haldane >�:�x\�"f \V|
�÷&��H
�̧��H �©�I�[þts� z�́+«>\�"f �'a8£¤÷&��H ��Ér	כ ��m� 9 Õª s�Ä»

��H ��f�� ¢-a#4��>� µ1ß)�t�t� ·ú§�Ér �©�I�s���.

0 1 2 3 4 5 6 7 8 9
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7 .00

7 .05

7 .10

7 .15

E
  (

e2 / λ
)

N =8, 2l=18

Fig. 11. Low energy states of the spectrum of 8 electrons
at monopole strength 2l = 18. The lowest energy band
contains 3 QE’s each with angular momentum lQE = 3.
Reapplying the CS mean-field approximation to these
QE’s would predict an L = 0 daughter state correspond-
ing to ν = 4/11. However, the numerical experiment
confirms that this is not valid.

XVII. ÇUØømÉ�� Vês�ÆXcl�ÓÞ

Chern–Simons ���8̈�\� @/ô�Ç î̈
ç�H�©� ��H�� ~½ÓZO��Ér e��_�
_� ��l��©� °úכ\�"f %3��Ér ±ú��Ér \��-t� Û¼&7�àÔ!3� ½̈�̧\�¦ ��

ØÔ>�\V8£¤½+ÉÃºe��%3���.Õª�Q��&ñ
SX�ô�ÇÃºu�@/y���o>�íß�
���õ���H QP–QP ��s�\� z���� e����H ‘ïß�#� �©� ñ���6 x’s� �>r
F��<Ê�̀¦ ·ú��9ÅÒ�¦ e����. Laughlin 6£x»¡¤�©�I��� ��{�� ‘���/BN
�©�I�’ (vacuum state)���>�_�l��:r[þt>pu (elementary exci-
tation)�Ér QEs��� QHõ�°ú �Ér QP[þts���. CF QPs�#��Q
>h ��������H >�_� \��-t� Û¼&7�àÔ!3��Ér �&³�©��:r&h���� �̀ØÔ

p� Ó�o�̂ �̧+þA (phenomenological Fermi liquid model)�̀¦
+�"f %3��̀¦ Ãº e����. Laughlin q�·ú�»¡¤$í
 ��{���©�I�\� QE
s��� QHõ� °ú �Ér l��:r[þt>pu�̀¦ {9�Ü¼v���H X<��H Ä»ô�Çô�Ç \�
�-t� εQE ¢̧��H εQH�� ¹כ��9���. #��Q >h_� QEs��� QH
[þt�Ér VQE−QE, VQE−QH, VQH−QH�Ð ����?/��H �©� ñ���6 x

�̀¦ ô�Ç��. �̀ØÔp� QP[þt�Ð s�ÀÒ#Q��� �̀ØÔp� Ó�o�̂_� 8úx \�
�-t� E��H Laughlin��{�� ‘���/BN�©�I�’\��-t� E0, QP±ú >h
_� \��-t� εQP, QP–QP Ã»�̧(�J$�[>� VQP−QP′�̀¦ +�"f ��

6£§õ� °ú s� �����·p�� [4,55–58].

E =E0 +
∑

QP

εQPnQP

+
1
2

∑

QP,QP′
VQP−QP′(L)nQPnQP′ (55)

0A_� ³ð�&³\�"f nQP�Ér QP_� Ì�	Ãºs� 9, ��t�}�� �½Ó�Ér y��
î�r1lx|¾Ós� L��� �©�I�\� e����H QP �©�[þt ��s�_� �©� ñ���6 xs�
8úx \��-t�\� ÅÒ��H l�#�\�¦ �����·p��.
ÅÒ#Q��� >�\� @/ô�Ç QP ±ú >h_� \��-t� εQPü< QP–QP

Ã»�̧(�J$�[>� VQP−QP′ , 7£¤ VQE−QE, VQE−QH, VQH−QH��H



¿ 8úx[O��7Hë�H À ì�rÃº �ª��� f.Ë �©�I�\� @/ô�Ç 4�¤½+Ë �̀ØÔp� {9��� �̧+þAõ� ï�r{9��� �©� ñ���6 x – s��â
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Ãºu� @/y���o ~½ÓZO�Ü¼�Ð ÆÒØ�¦K� èq Ãº e����. QEs��� QH
1>hëß���t���H�©�I�_�\��-t�ü< Laughlin L = 0��{���©�I�
_� \��-t�\�¦ q��§�<ÊÜ¼�Ð+� QP \��-t� εQP�̀¦ ÆÒíß�½+É Ãº

e����. \V\�¦ [þt���, N = 10��� �â
Äº��H 2Q = 27 − 1 = 26{9�
M: y��î�r1lx|¾Ós� L = N/2 = 5��� ��{���©�I� \��-t���H QE
s� 1>h e����H >�_� \��-t�s��¦, 2Q = 27+1 = 28{9� M: y��
î�r1lx|¾Ós� L = N/2 = 5��� ��{���©�I� \��-t���H QHs� 1>h
e����H >�_� \��-t�s��� (Fig. 3(a)ü< (c) �ÃÐ�̧). QP �©�I�
��H ��{���©�I�{9� M:ü<��H ���Ér °úכ_� 2Q\�"f ������Ù¼�Ð éß�

{9� QP\��-t�\�¦íß�Ø�¦½+ÉM:��H>�_�ß¼l�ò́õ���{9�#Q±ú�Ãº
e����. K�{©�÷&��H 2Q\�"f ` = R/

√
Q (éß�, R�Ér Haldane ½̈

_�ìøÍt�2£§)�Ð��ØÔ>������·p\��-t�éß�0A e2/`�̀¦+�"f%3�

�Ér ���õ�\�¦ N−1�Ð ü@¶ú����� ��r� >�\�"f ���ø@½+É Ãº e����H

εQEü< εQH\�¦ %3��̀¦ Ãº e����. Fig. 3(b)ü< (d)��H y��y�� QE
2>hü< QH 2>h�� �>rF����H �â
Äº\� @/ô�Ç ���õ�s���. Fig.
3(b)\� �Ð��� QH_� y��î�r1lx|¾Ó�Ér lQH = 11/2s� 9, )�6 x÷&
��H QH �©� y��î�r1lx|¾Ó�Ér L = 0, 2, 4, 6, 8 x9� 10s���. Fig.
3(d)��H QE_� y��î�r1lx|¾Ós� lQE = 9/2��� �â
Äºs� 9, )�6 x÷&
��H QE�©�_�y��î�r1lx|¾Ó�Ér L = 0, 2, 4, 6x9� 8s���. QP–QP
çß�\�ïß�#��©� ñ���6 xs�\O������ �̧��H¿º QP>�_�\��-t���H
y��î�r1lx|¾Ó\��'a>�\O�s�éß�{9� QP\��-t�_� 2C�,7£¤ 2εQPs�

#Q��ô�Ç��. N = 10{9�M:_� QP–QPÃ»�̧(�J$�[>� VQE−QE,
VQE−QH, VQH−QH��H Fig. 3(d)_� 2Q = 25(QE − QE),
Fig. 2_� 2Q = 27(QE − QH) x9� Fig. 3(b)_� 2Q =
29(QH−QH)��� �â
Äº\� @/ô�Ç 2QP �©�I�_� \��-t�ü< Fig.
2\� �Ð��� 2Q = 27{9� M:_� L = 0 Laughlin ��{���©�I� \�
�-t� x9� @/6£x���H �©� ñ���6 x�t� ·ú§��H QP \��-t��ÐÂÒ'�
%3��̀¦ Ãº e���� [39,57]. �©� y��î�r1lx|¾Ó�Ér L′ = 2lQP − Rs�
Ù¼�Ð Ãºu�>�íß� ���õ��ÐÂÒ'� VQP−QP′(R)\�¦ >�íß�K� èq Ãº
e����. VQE−QHü< °ú s� "f�Ð ���Ér QP ��s�_� Ã»�̧(�J$�[>�
�Ér QP �©�_� y��î�r1lx|¾Ó L′_� °úכ\� _��>r���, °ú �Ér 7áxÀÓ_�
QP ��s�_� Ã»�̧(�J$�[>��Ér �©�@/ y��î�r1lx|¾Ó R\� _��>rô�Ç��
[4]. ìøÍ@/ ÂÒ ñ_� �����Ð @/����)a ¿º>h_� QP�Ér ���½+Ë�©�I�
\�¦ s�ÀÒ 9 ¿º QP�̀¦ e±	��H ���ì�r\� Ãºf����� ~½Ó�¾ÓÜ¼�Ð ����
�� f�Ë�Q��>� �)a��. s�M: ¿º QPçß�_� çß�����Ér �©� y��î�r1lx|¾Ó
L12_� °úכ\� _��>rô�Ç��. #�l�"f L12��H L12 = 2lQP − j(j��H
f.ËÃº)_� +þAI��Ð �ª����o ÷&#Q e����. °ú �Ér ÂÒ ñ�Ð @/����)a
¿º QP[þt�Ér "f�Ð x9�#Q?/���"f &ñ
��l��©�_� %ò
�¾ÓÜ¼�Ð �©�@/
QP ÅÒ0A\�¦ �r���ô�Ç��. s�M: s�[þt çß�_� ��o���H �©�@/ y��î�r
1lx|¾Ó R_� °úכ\� _��>rô�Ç��.

Fig. 12��H N = 6 ∼ 11��� >�\� @/ô�Ç Ãºu� @/y���o ���
\O��̀¦ '���<ÊÜ¼�Ð+� ν = 1/3õ� ν = 1/5 �©�I�\� e����H QP
[þt_� Ã»�̧(�J$�[>� VQE−QE(R)õ� VQH−QH(R)�̀¦ �©�@/ y��
î�r1lx|¾Ó R_� �<ÊÃº�Ð �����·p �.���s	כ ν = 1/3õ� ν = 1/5
Laughlin �©�I�\� e����H QE[þt_� �©� ñ���6 x :£¤$í
s� B�Äº Ä»

0 .10

0 .15

E
  

(e
2 /λ

)

0 .00

0 .05
(a ) Q E 's in ν=1/3 (b) Q H 's in  ν=1/3

1 3 5 7 9 11

0 .01

0 .04

E
  

(e
2 /λ

)

1 3 5 7 9 11

0 .00

0 .02

(c) Q E 's in  ν=1/5 (d) Q H 's in  ν=1/5

N =11 N=10
N =  9
N =  7 N=   6

N=   8

Fig. 12. The pseudopotentials of a pair of quasielectrons
(left) and quasiholes (right) in Laughlin ν = 1/3 (top)
and ν = 1/5 (bottom) states, as a function of relative
pair angular momentum R. Different symbols indicate
data obtained in the diagonalization of between six and
eleven electrons.

��� 9 QH�̧ ¿º �©�I� ν = 1/3õ� ν = 1/5\�"f ¢̧ ��
�Ér /BN:�x�)a :£¤$í
�̀¦ t�m��¦ e��6£§�̀¦ SX����½+É Ãº e����. Fig.
12(a)ü< (c)\�"f VQE−QE(R = 1) < VQE−QE(R = 3)s��¦
VQE−QE(R = 5) < VQE−QE(R = 7)s�Ù¼�Ð Ã»�̧(�J$�[>�
VQE−QE(R)�Ér �©�@/ y��î�r1lx|¾Ó R = 1õ� 5\�"f !Q�FK�̧�o
&h�e���̀¦ ·ú� Ãº e����. ��Ö�¦�Q, VQH−QH(R)��H Fig. 12(b)ü<
(d)\� �Ð��� ��ü< °ú s� R = 3õ� 7\�"f !Q�FK�̧�o&h�s���.

Fig. 12\� æ¼��� "f�Ð ���Ér l� ñ��H �����_� Ì�	Ãº Ns�

6 ∼ 11 ��s�_� ���Ér °ú9}כ� M:_� K�{©� Ã»�̧(�J$�[>��̀¦ ����
�·p��. ÅÒ#Q��� �©�@/ y��î�r1lx|¾Ó °úכ\�"f �����_� Ì�	Ãº�� ���
�<Ê\� ���� VQP−QP(R)�� �̧�FKm�� ���Ér °ú̀�כ¦ ����ÍÇr�Ér >�
_� ß¼l�ò́õ��� ����z���̀¦ _�p�ô�Ç��. s�[þt Ã»�̧(�J$�[>��̀¦
N−1_� �<ÊÃº�Ð ����?/ �Ð��� VQP−QP(R)_� Ãº§4�$í
�̀¦ &h�
���½+É Ãº e����. Fig. 13�Ér �©�@/ y��î�r1lx|¾Ós� y��y�� R = 1, 3
x9� 5��� �â
Äº\� @/ô�Ç VQE−QE(R)\�¦ N−1_� �<ÊÃº�Ð ����

�·p ���õ�s� 9, y��y��_� �©�@/ y��î�r1lx|¾Ó �©�I�_� Ã»�̧(�J$�[>�
s� N−1 → 0��� �FGô�Ç\�"f ô�Ç ��t� °úכÜ¼�Ð ú̧� Ãº§4��<Ê�̀¦ SX�
���½+É Ãº e����. s��Qô�Ç �FGô�Ç�Ér N → ∞ ¢̧��H 2Q → ∞���
%ò
%i�\�@/6£xô�Ç��.��{���©�I�_��:r$í
�Ér QP–QPçß����s����
�Ér �â
Äº ¢̧��H �©�@/ y��î�r1lx|¾Ó Rs� ����Ér �â
Äº\� K�{©����H
Âúª�Ér ��o� �©� ñ���6 xs� ���&ñ
�Ù¼�Ð �����_� Ì�	Ãº�� &h��Ér

>�\� @/ô�Ç Ãºu����íß� ���õ���H ��r�&h���� >�_� �©��'a���6 x ò́

õ�_� ÅÒ¹כ :£¤$í
�̀¦ ú̧� l�Õüt½+É Ãº e��>� �)a��.
XIII]X�\�"f l�Õütô�Ç 'Í	P: [þt��H LL �©�I�_� Ã»�̧(�J$�[>�

\�@/ô�Ç�7H_�\�"f·ú����Ð��¤1pws� R = 1õ� 5\�"f��H QE[þt
çß�_� Laughlin �©��'a���6 xs� {9�#Q��t� ·ú§��H��. QH[þt çß�\�
��H Laughlin �©��'a���6 xs� R = 3\�"f��H {9�#Q��t� ·ú§��H��.
s���� ���õ���H ���Ð νQE = 1/3 x9� 1/7 �©�I�ü< νQH = 1/5
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Fig. 13. Quasielectron pseudopotential VQE−QE(R) as a
function of N−1, the inverse of the particle number for
the values of relative angular momenta R = 1, 3, and 5.
Extrapolation to N−1 −→ 0 corresponds to an infinite
planar macroscopic system.

�©�I���H “CF>�:�xs��:r”\�"f\V8£¤ô�Çq�·ú�»¡¤$í
¿1Ï�©�I�\�¦
s�ÀÒt� ·ú§6£§�̀¦ ���r�ô�Ç��. ����"f, Laughlin �©��'a q�·ú�»¡¤
$í
 ν = 1/3 �©�I� (ν = 1/5 �©�I�)_� QE (QH)[þts� G�¹¡§���
Ãº�� νQE = 1/3 (νQH = 1/5)��� QP �©�I�\�¦ {9�Ü¼v���H Û¼
�2;¼#��FG�)a >�\�"f��H “QP[þtçß�_� Laughlin �©��'aò́õ�\� l�
������H ¿1Ï �©�I�”, \V\�¦ [þt���, ν = 4/11 (ν = 4/13)\�¦ %3�
��H ��Ér	כ Ô�¦��0px���. ÕªXO������, þj��H\� �'a8£¤�)a G�¹¡§���Ãº
�� ν = 4/11ü< ν = 4/13��� q�·ú�»¡¤ �©�I� [53]_� &ñ
�̂�� ÏãÎ
�FK���.

XVIII. ÇUØømÉ��aês ]kùVRËÊÝ :0zºÆUØ R�°�q��×VRË
Vês?0

:£¤&ñ
ô�Ç QP G�¹¡§���Ãº νQP\� @/6£x���H QP �©�I�\�"f��H
QP ��s�_� �©� ñ���6 xs� Laughlin +þAI�_� �©��'a���6 xs� ��
m������,K�{©�÷&��H νQP\�"f�'a8£¤÷&��Hq�·ú�»¡¤$í
�©�I���H��

6£§õ� °ú �Ér ¿º ��t�{9� ��0px$í
�̀¦ ���r�ô�Ç��. ·ú¡"f �7H_�\�"f
Äºo���H�����[þts�Û¼�2;¼#��FG�)a>�\�¦s�ê�r���¦��&ñ
�%i���.
Õª�Q��, ÂÒì�r&h�Ü¼�Ð G�0>��� CF ,��|9�_� CF [þt>pu�Ér ¢-a���
y�G�0>��� LL\�e����H CF[þtõ���HÕªÛ¼�2;s�ìøÍ����)a�©�I�\�
e���̀¦ Ãº�̧ e����. s�M: Û¼�2;s� ìøÍ����)a CF[þt ��s�_� �©� ñ
���6 xs��í�̧�o&h� Laughlin+þAÜ¼�Ð³ð�&³÷&���Dh�Ðî�rÛ¼�2;
ìøÍ��� CF QP[þt ��s�_� ¿1Ï �©�I�\�"f Laughlin �©��'a���6 x
s� Ä»ò́½+É Ãº e����. G�¹¡§���Ãº�� 4/11��� q�·ú�»¡¤$í
 �©�I�_�
�:r$í
�̀¦s�K��l�0Aô�Ç~½ÓZO�Ü¼�Ðs��Qô�ÇÛ¼�2;ìøÍ��� CF\�
@/ô�Ç]jîß�s��Ð�¦�)a��e���� [54]. Õª�Q��,q�·ú�»¡¤$í
�©�I�
�� Û¼�2; ìøÍ����)a QE (RQE)[þt\� l�������H��\�¦ óøÍ&ñ
��9
���Û¼�2;ìøÍ����)a QE_�Ã»�̧(�J$�[>� VRQE−RQE(R)\�@/ô�Ç
½©"î
s��9¹כ����.Û¼�2;ìøÍ����)a QE[þt_� VRQE−RQE(R)�Ér

R = 1\�"f ����>� ���� �í�̧�o&h�s� 9 [59] s���H Û¼�2;¼#�
�FG÷&t� ·ú§�Ér ¿1Ï �©�I��� q�·ú�»¡¤$í
 �©�I�{9� ��0px$í
�̀¦ ���r�

ô�Ç��. ¢̧ ���Ér 7á§�8 <Éªp��Ðî�r ��0px$í
�Ér CF QP[þts� ���
�̀¦ s�ÀÒ��H �â
Äºs��� [60]. 2>h_� �����[þtçß� Ã»�̧(�J$�[>�
V1(R)s� �í�̧�o&h�s� ����� 'Í	P: [þt��H (n = 1) LL �©�I�
��� �â
Äº\� �����[þt�Ér �©��̀¦ s�ê�r��. s�ü< °ú �Ér �â
�¾Ós� ��
�Ð XVII]X�\�"f ·ú����:r :£¤&ñ
ô�Ç R\�"f VQP−QP�� ×¼�Q?/

�Ðs���H :£¤$í
s���.
s�]j R = 1\�"f �í�̧�o&h���� �â
Äºü< !Q�FK�̧�o&h���� :£¤

$í
�̀¦ �Ðs���H ��6£§õ� °ú �Ér �̧+þA Ã»�̧(�J$�[>��̀¦ Òqty�����.

∆V (R) = 41δR,1 +43δR,3

43s� B�Äº ß¼����� Laughlin �©��'a���6 x :£¤$í
�̀¦ �Ðs���H ��
{���©�I���H Ô�¦��0px���. s���� ��z�́�Ér ��6£§õ� °ú s� SX����K�
�̂¦Ãºe����. i) 43 = 0{9�M: 2Q = 3(N −1)\�"f��������H
Laughlin �©��'a L = 0��� ��{���©�I���H G0(R = 1)�� ��0pxô�Ç
ô�Ç þj�è°úכs�#Q�� � 9, ii) 43 > 0s���� G0(R = 3)��H ∆G
ëß��pu y���è��¦, (iii) ����"f 'Í	P: ½+Ë½©gË:, d�� (38)�̀¦ ëß�7á¤
��̧2�¤ ���Ér ��� ���;�¤�<ÊÃº G0(R)��H 7£x��K��� ô�Ç��.
ë�H]j�� éß�í�HK�t��̧2�¤ G(R = 1)õ� G(R = j) (éß�, j��H

2lõ� 5 ��s�\� �̧��H f.ËÃºe��)ëß� 7£x�����H �â
Äº\�¦ ¶ú�(R�Ð
��. s�]j ∆G(R = 1) = xj∆Gü< ∆G(R = j) = (1 −
xj)∆G x9� ∆G(R = 3) = −∆G�Ð ×þ����� 'Í	P: ½+Ë½©gË:,
d�� (38)�Ér$�]X��Ðëß�7á¤�)a��.ÑütP:½+Ë½©gË:,d�� (39)\�¦æ¼���
xj��H xj = 1− 2(4l − 3)(4l − j)−1(j − 1)−1s�#Q�� ô�Ç��..
41õ� 43s� Ä»ô�Çô�Ç �â
Äº_� L = 0 ��{���©�I� \��-t� ����o
��H ��6£§õ� °ú ��.

∆E0 = ∆G(xj41 −43) (56)

Õª�QÙ¼�Ð, 43 > xj41{9� M: \��-t� ����o ∆E0 < 0s�
��. \V\�¦ [þt���, j = 5{9� M: x5 = (4l − 7)(8l − 10)−1s�

 9, 43 = x541��H ∆V (R)�� R = 1õ� 5 ��s�\�"f �̧�o
&h���� :£¤$í
�̀¦ ����?/>� ÷&��H °úכõ� &ñ
SX�y� {9�u�ô�Ç��. s�M:
V (R)��H R = 3\�"f�½Ó�©��í�̧�o&h����ìøÍ���, R = 1\�"f��H
43 < x541��� �â
Äº\�ëß� �í�̧�o +þAs���. ∆G�� R = 1õ�
5��� /BMÜ¼�Ð �̀���y��\� ���� xj��H þj�è°ú̀�כ¦ s�ÀÒ>� �)a��.
��� ���;�¤�<ÊÃº�� R = 1��� {9����©� �©�I��Ð s�1lx����"f R =
3_� ��� ���;�¤�<ÊÃº�� y���è���H �&³�©�s� ���Ð ‘R = 1��� �̀
ØÔp� {9����©�s� +þA$í
÷&�¦ R = 3��� {9����©��̀¦ l�x�ô�Ç��’��H
ì�r"î
ô�Ç 7£x��s���. {9���_� Ì�	Ãº�� &h��Ér >�\� @/ô�Ç Ãºu����
íß� z�́+«>���õ���H Ã»�̧(�J$�[>�s� �í�̧�o +þAs� ����� �â
Äº\�

s�ü< °ú �Ér �̧+þA_� \V8£¤�̀¦ ź»��gË>ô�Ç��. [37,61,62]
Fig. 14��H "f�Ð ���Ér 3��t� QE >�_� Ã»�̧(�J$�[>��̀¦ s�

6 xK�"f%3��Ér±ú��Ér\��-t�Û¼&7�àÔ!3�õ���{���©�I�_����;�¤�<Ê
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Fig. 14. Low energy spectra as a function of total an-
gular momentum L for (a) N = 10 QE’s at 2l = 23,(b)
N = 12 QE’s at 2l = 25, and (c) N = 12 QE’s at 2l = 21
and pair amplitude functions G(R) for the ground states
presented in (a), (b), and (c) as a function of relative pair
angular momentum R. The solid circles are the ground
state values of G(R) for the QE pseudopotentials. The
open circles are the values for the superharmonic elec-
tron pseudopotential. All spectra were obtained using
VQE(R) given in Ref. [33].

Ãº\� @/ô�Ç >�íß� ���õ�s���. Fig. 14(a)ü< (d)��H (N ; 2l) =
(10; 23){9� M: G�¹¡§���Ãº�� νQE = 1/3õ� ν = 4/11��� �â

Äº\� @/ô�Ç ���õ�s��¦, (b)ü< (e)��H (N ; 2l) = (12; 25)ü<
νQE = 1/2õ� ν = 3/8��� �â
Äº\� @/ô�Ç ���õ�s� 9, (c)ü<
(d)��H (N ; 2l) = (12; 21)�Ð %i�r� νQE = 1/2õ� ν = 3/8{9�
M:_� ���õ�s���. Fig. 14(d), (e), (f)\���H QE_� �â
Äºü<
q��§½+É Ãº e���̧2�¤ �í�̧�o&h�Ü¼�Ð �©� ñ���6 x���H �����[þt

��� �â
Äº\� @/ô�Ç ��� ���;�¤�<ÊÃº\�¦ 5Åq��� ��� 1lxÕª��p��Ð �<Ê

a� ³ðr��%i���. �ÃÐ�¦ë�H��³ [33]\�"f �Ð��� Ã»�̧(�J$�[>��̀¦

+�"f %3��Ér ���õ�s���. G�¹¡§���Ãº�� νQE = 1/3��� �©�I���H
4 ≤ N ≤ 12����â
Äº\�e��#Q"f\��-t�Û¼&7�àÔ!3��̀¦Ãºu����
íß�K�"f%3��Ér 2l = 3N−7>�\P�\���������H#��Q�©�I�[þt×�æ
\� ���s���. �� Qt� ¿º �©�I���H 2l = 2N +1 >�\P�õ� N�̀¦

QH_� Ì�	Ãº 2l + 1 −NÜ¼�Ð @/�̂K�"f %3��Ér 2l = 2N − 3

>�\P�\� 5Åq� 9 G�¹¡§���Ãº�� νQE = 1/2õ� ν = 3/8��� �©�I�
s���. (a)ü< (b)\���H L = 0 ��{���©�I�ü< [þt��H�©�I� ��s�\�
�©�{©�y� 	�H {�çß����s� �>rF�ô�Ç��. ô�Ç¼#�, (c)_� �â
Äº\���H éß�
í�H {9����©� �̧+þA [61,62]\�"f��H L = 0 ��{���©�I��� \V�©�÷&
t�ëß� Ã»�̧(�J$�[>� Ãºu�>�íß� ���õ�\���H �Ðs�t� ·ú§��H��.

VQE−QE(R)�Ér R = 3\�"f þj@/°ú̀�כ¦ ��t�Ù¼�Ð QE[þt
�Ér �©�@/ y��î�r1lx|¾Ós� R = 1��� {9����©��̀¦ s�µ¡§Ü¼�Ð+� R =
3\�"f_�{9����©����;�¤�̀¦þj�è�or������.z�́]j&h�Ü¼�Ð���½+Ë
�)a ¿º �̀ØÔp� {9���[þt�Ér �Ð]j {9����Ð 2[/åL½+É Ãº e��Ü¼ 9,
2	�"é¶ >�\�"f��H CS ���8̈��̀¦ ��gË>Ü¼�Ð+� �Ð]j {9���ü< �̀
ØÔp�{9���:�x>���H"f�Ð���8̈���0px��� [20,41,42]. y��î�r1lx
|¾Ós� l��� �̀ØÔp� {9����Ð s�ÀÒ#Q��� {9����©� 1>h_� þj@/ y��
î�r1lx|¾Ó�Ér L′ = 2l−1s��¦þj�è�©�@/y��î�r1lx|¾Ó�ÉrR = 1s�
��.Õª�Q��,{9����©�s�#��Q>h�>rF����H�â
Äº\�{9����©�[þt
\�>� )�6 x÷&��H 8úx y��î�r1lx|¾Ó�Ér "f�Ð ���Ér {9����©�\� 5Åq�

��H 1lx1pxô�Ç $í
ì�r �̀ØÔp� {9���[þts� ��Ö�¦o� "é¶o�\�¦ 0AC��

t� ·ú§�̧2�¤ ÅÒ_�K�"f íß�Ø�¦K��� ô�Ç��. 'Í	P: [þt��H LL\� e��
��H �����[þt�̀¦ 2[/åL½+É M:ü< 1lx{9�ô�Ç ~½Ód��Ü¼�Ð 2[/åL���� �)a

��.{9����©��̀¦ �̀ØÔp�{9����Ð2[/åL���� 2>h_�{9����©�\�>�
)�6 x÷&��H 8úx y��î�r1lx|¾Ó_� þj�è°úכ�Ér ��6£§õ� °ú ��.

L′ ≡ 2lFP = 2(2l − 1)− γF (NP − 1) (57)

0A_� ³ð�&³\�"f NP��H y��î�r1lx|¾Ós� l��� QE_� Ì�	Ãºs�Ù¼�Ð
NP = N/2s� 9 γF = 3s���. d�� (57)�Ér y��y��_� {9����©�\�
3>h_� ���5Åq �ª��� φ0�̀¦ ÂÒ#����H CS ���8̈��̀¦ &h�6 xK�"f %3�
��H���õ�ü<1lx{9����.Óüt�:r,éß�{9� �̀ØÔp�{9����©� (Fermion
pair; FP)_�Ä»ò́y��î�r1lx|¾Ó�Ér lFP = 2l−1− 3

2 (NP−1)s�
��. FP_� G�¹¡§���Ãº νFPü< QE G�¹¡§���Ãº νQE ��s�\���H

XIII]X�\�"f s�p� [O�"î
ô�Ç ��6£§õ� °ú �Ér �'a>�d��s� $í
wn�ô�Ç
��.

ν−1
FP = 4ν−1

QE − 3 (58)

d�� (58)�Ér ß¼l�_� ��ÒÃº�� N−1��� �½Ó_� l�#�\�¦ Òqt|ÄÌô�Ç ³ð

�&³s� 9, ��r�&h���� >�\�"f��H N−1\� q�YV���H �½Ó_� l�#�

��H ���������. d�� (57)\� �����·p CS ���8̈��Ér 2>h_� FP_�
çß����s� þj�è��� �©�I�\�¦ ��1lx&h�Ü¼�Ð l�x��>� �)a��. )�6 x
÷&��H 2lFP�� þj�è°úכ��� �©�I���H ��Ö�¦o� "é¶o�\�¦ 0AC��t�

·ú§�̧2�¤ � 9 ±ú >h_� QE[þts� QE–QE '��§4�s� þj@/�� ÷&
��H R = 3��� �©�I��� ÷&t� ·ú§�̧2�¤ [�v��H��. CS ���8̈��Ér y��
î�r1lx|¾Ós� l��� N>h �̀ØÔp� {9����Ð s�ÀÒ#Q��� >�_� 8úx y��

î�r1lx|¾Ós� L��� �©�I�_� ��×�æ�̧ gL(N, l) ��î�rX<"f s�_� ÂÒ
ì�r|9�½+Ë��� gL(NP, lFP)\�¦ ÆÒ�9�·p�� [63].

QE_� G�¹¡§���Ãº�� 2/3 ≥ νQE ≥ 1/3 ��s�\� Z�~��� �â

Äº\� QE[þt�Ér FP\�¦ +þA$í
½+É ��s	כ \V�©��)a��. G�¹¡§���Ãº��
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Table 2. Novel family of incompressible states resulting
from pairing of composite Fermion quasiparticles in the
lowest Landau level. All the states except the ones indi-
cated in parentheses have been observed in experiments.

νFP 1/3 1/5 1/7 1/9 1/11 1/13 1/15 1/17

νQE 2/3 1/2 2/5 1/3 2/7 1/4 2/9 1/5

ν 5/13 3/8 (7/19) 4/11 (9/25) (5/14) (11/31) 6/17

νQH 2/7 1/4 2/9 1/5 2/11 1/6 2/13 1/7

ν 5/17 3/10 (7/23) 4/13 (9/29) (5/16) (11/35) 6/19

s� ½̈çß�\� e���̀¦ M: �©� ñ���6 xs� �í�̧�o (�J$�[>� +þAI�s����

"f R = 1�̀¦ l�x�½+É Laughlin–Jain �©�I��� ����èß���. G�
¹¡§���Ãº�� νFP = 1/3, 1/5, 1/7 x9� 1/9��� FP �©�I�[þt�̀¦ d��
(58)_� �'a>�\�¦ +�"f ���8̈����� @/6£x���H QE G�¹¡§���Ãº��H
y��y�� νQE = 2/3, 1/2, 2/5x9� 1/3s���.s� νFP �©�I�[þtëß�s�

QE G�¹¡§���Ãº�� 2/3 ≥ νQE ≥ 1/3 ��s�\� Z�~s���H FP[þt
_� Laughlin �©�I�[þts���. ÂÒì�r&h�Ü¼�Ð G�0>��� CF ,��|9��̀¦
l�Õüt���H >�:�x ½̈�̧ s��:r (hierarchy scheme) d�� (49)\�
��ØÔ���, ����� G�¹¡§���Ãº νü< νQE_� �'a>���H ��6£§õ� °ú ��.

ν−1 = 2p0 + (nQE + νQE)−1 (59)

t��FK�Ér p0 = 1, n1 = nQE = 1 x9� ν1 = νQEs���. QH_�
�â
Äº\���H �©�@/ y��î�r1lx|¾Ós� R = 3��� QH �©��̀¦ s�ÀÒ���"f
R = 5��� �©�I�\�¦ l�x�½+É �Ü¼�Ð	כ \V�©��)a��. QH G�¹¡§���Ãº
νQHs� 1/3 > νQH ≥ 1/5 ��s�\� �̀¦ M: FP +þA$í
�̀¦ l�@/
½+É Ãº e����. s�ü< °ú �Ér QP[þts� �©��̀¦ +þA$í
���H �̧+þA\�"f
\V�©�÷&��H q�·ú�»¡¤$í
 Laughlin FP �©�I�[þt�̀¦ Table 2\� ��
��?/%3���.ï�r{9����©�[þt��s�_��©��'a���6 xs� Laughlin+þAs�
����� νQE = 1/3, 1/2 x9� 2/3ü< νQH = 1/5, 1/4 x9� 2/7\�
"f q�·ú�»¡¤ ��{���©�I��� +þA$í
÷& 9 s�\� ���� LL G�¹¡§���Ãº
�� ν = 5/13, 3/8, 4/11ü< ν = 5/17, 3/10, 4/13\�"fDh�Ð
î�r6£x»¡¤�©�I�\�¦ \V�©�½+É Ãº e��>� �)a��. Table 2_� F�c ñîß�_�
G�¹¡§���Ãº��H z�́+«>\�"f SX����÷&t� ·ú§�Ér �©�I�[þts� 9, Õªµ1Ú
_� �̧��H �©�I�[þt�Ér z�́+«>\�"f �'a8£¤÷&%3��� [53]. t��FK��t�
_� �7H_�\�"f��H éß�í�H�>� �̧��H QP[þts� FP +þA$í
\� �ÃÐ#�
���H �â
Äºëß� ��ÀÒ%3���. Õª�Q��, s��Qô�Ç ��&ñ
s� z�́]j QP
[þt_� �©�S!��̀¦ �-Áº�� éß�í�H�>� 2[/åLÙþ¡�̀¦ Ãº�̧ e��Ü¼ 9 s�

\� @/ô�Ç 7á§�8 �̧f��&h���� SX��©�s� É+½¹כ��9 Ãº�̧ e����.
\V\�¦ [þt#Q, #Qp� �©�I�_� ��{�� CF LL\� 5Åq���H l0 = 8
,��|9��̀¦ CF 17>h�� ��1pq G�Äº�¦ CF QE 10>h�� CF_� ��
l�f.Ë�FG [jl��� 2Q∗ = 17��� Haldane ½̈���\� Z�~#� e����H
�â
Äº\�¦ Òqty�����. QE ±ú >h_� y��î�r1lx|¾Ó�Ér lQE = 17/2s�
��. �̀ØÔp� {9����©�_� Ì�	Ãº�� NP = NQE/2 = 5��� �â
Äº\�¦
Òqty������ FP 2>h_� 8úx y��î�r1lx|¾Ó�Ér L′ = 2lFP = 16s���:

2lFP = 2(2lQE − 1)− (γF − 1)(NP − 1)

= 2(17− 1)− 4(5− 1) = 16

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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Fig. 15. (a) Energy spectra as a function of total angu-
lar momentum L of 10 QE’s at 2l = 17 corresponding to
νQE = 1/2 and ν = 3/8. It is obtained in exact diagonal-
ization in terms of individual QE’s interacting through
the pseudopotential shown in Fig. 4. (b) Coefficients
G(R), the amplitude associated with pair states of rela-
tive angular momentum R, for the lowest L = 0 state.
The solid dots are for 10 QE’s of the ν = 1/3 state in
a shell of angular momentum l = 17/2. The open cir-
cles are for 10 electrons in the lowest Landau level at
l0 = 17/2.

s�]j y��î�r1lx|¾Ós� lFP = 8��� FP\� CS ���8̈��̀¦ ô�Ç��� �8 &h�
6 x���� 2l∗FP = 2lFP−2pFP(NP−1) = 16−2(2)(5−1) = 0.
Õª�QÙ¼�Ð n2 = 0s��¦ ν∗2 = NP−1

2l∗FP
= ∞s���. QP G�¹¡§���

Ãº��H ν−1
QE = 2pQE + (n2 + ν∗2 )−1 = 2 · 1 + 0 = 2�Ð ���&ñ
�)a

��. #Qp��©�I�_� ��{�� CF LL l0 = 16/2 ,��|9��̀¦ CF 17>h
�� ��1pq G�Äº�¦ e��Ü¼Ù¼�Ð nQE = 1s� 9 νQE = 1/2\� @/
6£x���H ����� G�¹¡§���Ãº��H ν = 3/8s���:

ν−1 = 2p1 + (nQE + νQE)−1 = 2 · 1 + (1 + 1/2)−1 = 8/3

Õª�QÙ¼�Ð NQE = 10s����"f 2Q∗ = 17��� �â
Äº��H νQE =
1/2ü< ν = 3/8\� @/6£x÷&��H �©�I�s���.

Fig. 15��H (NQE; 2l)s� (10; 17)��� QE[þts� Haldane ½̈
���0A\�e����H�â
Äº\�@/ô�ÇÃºu�@/y���o���íß��̀¦:�xK�%3��Ér

±ú��Ér\��-t�Û¼&7�àÔ!3�õ� FP�©�I�_����;�¤�<ÊÃº G(R)\�@/
ô�Ç ���õ�s���. Fig. 15(a)_� \��-t� Û¼&7�àÔ!3��Ér Fig. 4\�
�Ð��� QE–QE Ã»�̧(�J$�[>��̀¦ +�"f %3��Ér ���õ�s���. L = 0
��{���©�I���H[þt��H�©�I�[þtõ���H\��-t�{�çß�����̀¦��s�\�¿º

�¦ e����. Fig. 15(b)��H )�6 x÷&��H �̧��H �©�@/ y��î�r1lx|¾Ó R
°úכ\�e��#Q"f L = 0��{���©�I�_����;�¤�<ÊÃº G(R)_�:£¤$í
�̀¦
����?/�¦e����.����Ér&h�Ü¼�Ð�����·p���õ���H Fig. 12\�\V
r�ô�Ç QE–QE Ã»�̧(�J$�[>��̀¦ +�"f l = 17/2 y��î�r1lx|¾Ó ,��
|9�\� e����H #Qp� �©�I��� ν = 1/3��� QE 10>h\� @/�#� %3�
�Ér �,s� 9	כ s�ü< q��§½+É Ãº e���̧2�¤ ��{�� LL\� Z�~��� �����
_� Ã»�̧(�J$�[>��̀¦ +�"f 2l0 = 17��� ����� 10>h\� @/ô�Ç ���
;�¤�<ÊÃº��H 5Åqs� ��� 1lxÕª��p��Ð ����ÍÇx��. s� ����� �©�I���H
y��î�r1lx|¾Ós� lQH = 5/2��� QH 2>h\�¦ ��t���H Jains� ]jîß�
ô�Ç ν = 3/5 �©�I�\� K�{©�ô�Ç��. ±ú��Ér \��-t� %ò
%i�_� 3>h
�©�I�_� y��î�r1lx|¾Ó °úכs� y��y�� L = 0, 2 x9� 4s� 9, G(R)��H
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Fig. 16. Coefficients G(R), the amplitude associated with
pair states of relative angular momentum R, for the low-
est L = 0 state. The solid dots for 10 QE’s in a shell of
angular momentum l = 27/2. The open circles are for
10 electrons in the lowest LL at l0 = 27/2.

���©� ±ú��Ér L = 0 �©�I�\� @/ô�Ç ���õ�s���. ��{�� LL\� e��
��H �����[þt_� Ã»�̧(�J$�[>��Ér �í�̧�o&h�s� 9, s� �â
Äº\� e��
#Q"f�í�̧�o(�J$�[>��Ð:£¤fç
t�0>t���H���©�±ú��Ér 3>h�©�I�
_� ���;�¤�<ÊÃº G(R = 3)�� þj@/°ú̀�כ¦ ��t� 9 G(R = 1)��H
þj�è°úכs���. s��Qô�Ç :£¤$í
�Ér 1/2 ≥ ν ≥ 1/3 ½̈çß�\�"f {9�
#Q����H Laughlin �©��'a �©�I�[þts� ����?/��H ���+þA&h���� :£¤
fç
s���. ô�Ç¼#�, XVII]X�\�"f \Vr�ô�Ç �� e����H QE\� @/ô�Ç
!Q�FK�̧�o&h���� Ã»�̧(�J$�[>��Ér �í�̧�o Ã»�̧(�J$�[>�\� q�K�

"f R = 1_� ���;�¤�<ÊÃº G(R = 1)�� ¿º×¼�Qt�>� 	�H °úכs�
�¦ R = 3_� ���;�¤�<ÊÃº G(R = 3)��H �����. s���� :£¤$í
�Ér
R = 1\�"f QE[þts� {9����©��̀¦ +þA$í
�<ÊÜ¼�Ð+� R = 3_�
QEçß� þj@/ '��§4��̀¦ x�½+É Ãº e��>� ÷&��H \V�©�õ� {9�u�ô�Ç��.

Fig. 16�Ér !Q�FK�̧�o&h���� Ã»�̧(�J$�[>��̀¦ ����?/��H

NQE = 10 x9� 2l = 27��� QE_� �â
Äºü< �í�̧�o&h���� Ã»
�̧(�J$�[>��̀¦ ��t���H N = 10 x9� 2l0 = 27��� n = 0 LL\�
Z�~��� �����\� @/ô�Ç L = 0 �©�I�_� ���;�¤�<ÊÃº G(R)\�¦ ����
�·p �.���s	כ QE_� �â
Äº\� G(R = 1) ≈ 1/9e���̀¦ ·ú� Ãº e��
Ü¼ 9, s���� ��z�́�Ér (10)(9)

2 = 45 ��t� ��0pxô�Ç FP �©�I�[þt
×�æ\� 5>h_� FP�� R = 1 �©�I�\� K�{©�H�d�̀¦ ·ú� Ãº e����.

Halperin_� ]jîß� [64]�̀¦ ���½ÓÜ¼�Ð �ÃÌîß�ô�Ç éß�í�Hô�Ç {9���
�©� �̧+þA [61,62]�̀¦ æ¼��� QE[þts� R = 1\�"f �̧¿º QE�©�
+þA$í
\� �ÃÐ#����H ‘¢-a��� ���½+Ë’��� �â
Äº\�, Table 2\� ���¹כ
ô�Ç ��ü< °ú s�, LL G�¹¡§���Ãº�� ν = 1/3, 1/2, 2/3, 5/17,
3/10, 4/13��� z�́+«>z�́\�"f SX�����)a �©�I�[þt_� �:r$í
�̀¦ s�K�
½+ÉÃºe��%3���.Õª�Q��, QP[þts� �̧¿º�ÃÐ#����Héß�í�H ‘¢-a���
���½+Ë’ �̧+þA�Ér �-Áº �è~ÃÌô�Ç �̧+þA{9� Ãº e����. �=������, K�
���÷&#Q�� ½+É ��6£§õ� °ú �Ér ¿º ��t� ë�H]j&h�s� e��l� M:ë�Hs�

��.'Í	P:, N = 8, 9, 10, 11x9� 12���>�\�@/ô�ÇÃºu����íß�\�
"f%3��Ér�©�I�[þt�Ér νQE = 1/3����â
Äº\� �̧¿º 2l = 3N − 7
>�\P�\� 5Åq��¦, N = 10, 12, 14, 16 x9� 18��� >�\� %3��Ér �©�

I�[þt�Ér νQE = 2/3\�"f��H �̧¿º 2l = 3
2N + 2 >�\P�\� 5Åqô�Ç

��. ‘¢-a��� ���½+Ë’ �̧+þA�Ér Ns� ���Ãº{9� M:ëß� &h�6 x½+É Ãº e��Ü¼

��, 2l = 3N−7>�\P��Ér �̧��H�����Ãº N\�"f��0px���.�8
Äºl�, ‘¢-a������½+Ë’ �̧+þA\�"f��HÃºu����íß�z�́+«>\�"f�'a8£¤÷&
��H 2lõ���H ���Ér °úכ��� 2l = 3N − 5{9� M:ü< 2l = 3

2N + 1{9�
M: y��y�� νQE = 1/3 �©�I�ü< νQE = 2/3 �©�I��� \V�©��)a��.
s��Qô�Ç Ô�¦{9�u���H ��r� >�\�"f��H ����t�>� ÷&��H >�_� Ä»

ô�Çß¼l�ò́õ�s��8���̧Ô�¦{9�u�_�"é¶����̀¦½©"î
���H �̧§4��Ér

_�p� e����H {9�s���. y��î�r1lx|¾Ós� l��� k>h_� �̀ØÔp� {9���[þt

s� �̀ØÔp�{9�����µ1Ï (cluster)�̀¦+þA$í
���� Laughlin�©��'a
���6 x�̀¦ ×¼�Q?/��H 2l = mN − [(m− 1)k + 1]��� 6£x»¡¤�©�I�
\�¦ s�Ò�¦ Ãº e���� [5,65]. s��Qô�Ç �̀ØÔp� {9��� ��µ1Ï�Ér Ãº
u����íß� z�́+«>\�"f �'a8£¤�)a ��ü< °ú s� 2l = 2N − 3 >�\P�õ�
2l = 3N−7>�\P�\�"f�©��'a���6 xÜ¼�Ð���½+Ë�)a����©�I� (pair
states)ü< 3×�æ���½+Ë �©�I� (triplet)\�¦ y��y�� ×¼�Q?/ �Ð�����.
¢-a���ô�Ç 3×�æ�©�I��� +þA$í
÷&�9��� N�Ér 3_� C�Ãº�� ÷&#Q��
� 9 ÕªA���ëß� 2l = 3N − 7 >�\P�\� ��������H �©�I�[þt�̀¦
[O�"î
½+É Ãº e����. éß�{9� �̀ØÔp� {9���, 2{9��� ����©�I�, 3×�æ�©�
I��� [O���� Ô�¦¢-a���ô�Ç ��µ1Ï �©�I��� ëß�[þt#Qt���H ��0px$í
\�

@/ô�Ç�7H_���H7á§�8 �̂>�&h�����ÃÐ½̈���9¹כ����. ¢̧ ���Érë�H
]j&h��Ér �̧��H ���Ãº N °úכ\� @/�#� 2l = 2N − 3 >�\P�\� 5Åq
���H{9����©��©�I�x9������–f.Ë@/g�A\����Ér 2l = 2N +1\�
5Åq���H /BNÓ�o �©�I�[þts� Ãºu����íß� z�́+«>\�"f �½Ó�©� SX����÷&

t���H ·ú§��H����H &h�s���.
Fig. 17�Ér s�]j��t�_� Ãºu� z�́+«>\�"f SX�����)a 2l =

3N − 7 (νQE = 1/3), 2l = 3
2N + 2 (νQE = 2/3),

2l = 2N − 3 (νQE = 1/2) x9� 2l = 2N + 1 (νQE = 1/2)_�
�'a>�\�¦ ¹���ô�Çכ ����s	כ [60]. ¿º >�\P� 2l = 2N − 3õ�
2l = 2N +1�Ér νQE = 1/2\�@/6£x���H"f�Ð/BNÓ�o����©��©�
I�[þts���. Fig. 17_� ����Ér &ñ
��y��+þAõ� ����Ér &h�[þt�Ér y��y��
Ãºu�z�́+«>\�"fSX�����)a νQE = 1/3õ� νQE = 2/3�©�I�[þt�̀¦
�����·p��. \P��Ér Ò�o_� 1lxÕª��p�ü< ��y��+þA�Ér Ãºu����íß�\�
"f SX�����)a νQE = 1/2 �©�I�\�¦ �����·p �.���s	כ 2l = 17\�
"f����Ér&ñ
��y��+þA (&h�)õ�1lxÕª��p� (&ñ
��y��+þA)\�¦���5g��
���·p ��Ér	כ νQE = 1/2õ� νQE = 1/3 ¢̧��H νQE = 2/3{9� M:
s� 9 Ãºu����íß� ���õ�ü< {9�u����H �©�I�[þts���. (N ; 2l)s�
(6;13)õ� (8;13), (10;21)õ� (12;21), (14;29)ü< (16;29)��H
{9����©�s�����µ1Ï+þA$í
 �̧+þA\�"f��Hl�@/÷&�8���̧ Ãºu����

íß�\�"f��H SX����÷&t� ·ú§��H �©�I�[þts� 9 y��y���̀¦ Fig. 17\�
‘+’�Ð ³ðr�Ùþ¡��.
�̧4Sq Ã»�̧(�J$�[>� Uα(R = 1) = 1 − αü< Uα(R = 3) =

α/2��H y��y�� α ≤ 0.25ü< α ≥ 0.75 ��H%�\�"f G(R =
3) À G(R = 1)��� Laughlin �©��'a �©�I�ü< G(R = 3) ¿
G(R = 1)���ìøÍLaughlin�©��'a�©�I�:£¤$í
�̀¦�����·p�� [66].
α ≈ 0.5{9� M:��H 'Í	P: [þt��H LL_� �����[þt%�!3� ���;�¤�<ÊÃº��
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Fig. 17. The sequences of νQE = 1/3 (at 2l = 3N − 7),
νQE = 2/3 (at 2l = 3

2N + 2), and νQE = 1/2 (at
2l = 2N − 3 and 2N + 1) states shown as straight lines.
The values of N and 2l at which L = 0 ground states sep-
arated from excited states by a substantial gap are shown
as solid dots and solid squares (for νQE = 1/3 and 2/3,
respectively) and by open circles and open squares (for
νQE = 1/2). The locations where L = 0 ground states
of N QP’s each with angular momentum l would be ex-
pected in the simple pairing model but are not found
numerically are indicated by the symbol ‘+’.

G(R = 3) ≈ G(R = 1)s� 9, s�M:��H Moore–Read �©�I���
&h�]X�ô�Ç �̧+þA{9��Ü¼�Ðl�@/÷& 9	כ ν = 5/2�©�I�\�f��]X�&h�
6 x ��0px½+É ����s	כ [67]. Moore–Read �©��'a���6 x�Ér 3-{9���
y��î�r1lx|¾Ó L′õ� s�[þt_� �©�@/ y��î�r1lx|¾Ó R3 = 3l−L′�̀¦ +�

"f �����·p 3�̂ �̧4Sq Ã»�̧(�J$�[>� V3(R3) = δR3,3 [68]�̀¦
+�"f l�Õüt½+É Ãº e����. Fig. 18�Ér �©�@/ y��î�r1lx|¾Ós� þj�è
°úכ (R3 = 3)��� 3×�æ���½+Ë_� L = 0 ��{���©�I�\� @/ô�Ç ���;�¤
�<ÊÃº G3(R3 = 3)\�¦ {9���_� Ì�	Ãº Nõ� 2�̂ Ã»�̧(�J$�[>�
Uα(R)\� ��������H ���Ãº α_� �<ÊÃº�Ð �����·p �.���s	כ ���
Ãº α�� 0.4 ≤ α ≤ 0.5{9� M: G3(R3 = 3)s� þj�è°ú̀�כ¦ ��t�
Ù¼�Ð R3 = 3��� 3×�æ���½+Ë �©�I�\�¦ þj@/ô�ÇÜ¼�Ð l�x��>� H�d
�̀¦ ·ú� Ãº e����. Õª�Q��, α ≈ 1��H%�\�"f��H G3(R3 = 3)�Ér
7£x���#� α = 0{9� M:_� °ú̀�כ¦ 0px��ô�Ç��. s��Qô�Ç Ãºu� z�́
+«> ���õ���H 2-{9��� �©��Ð�� 	�H ��µ1Ï +þA$í
\� @/ô�Ç ��0px$í
�̀¦
ź»��gË>ô�Ç��.
þj��H\� Pan 1px [53]s� �'a8£¤ô�Ç ���õ���H, “����� G�¹¡§���Ãº
�� 4/11õ� 4/13����©�I���HÛ¼�2;¼#��FG�)a CF �̂>�_�q�·ú�»¡¤
�©�I��� |̈c Ãº \O���”��H ]jîß��̀¦ ÂÒ&ñ
�l� �Ð����H, “Laugh-
lin �©��'a���6 x�̀¦ ×¼�Q?/t� ·ú§��H :£¤&ñ
ô�Ç °úכ_� νQP\�"f��H

QP[þts� �©��̀¦ s�ê�r��”��H �̧+þA�̀¦ z�́+«>&h�Ü¼�Ð ź»��gË>���H
8£¤���s� e����. ��Ö�¦�Q, QP�©� +þA$í
 �̧+þA\�"f��H, Õªçß� ]jîß�
�)a���ª�ô�Çr��̧\�"f$í
/BN&h�s�t�3lwÙþ¡~��, 3/8s��� 3/10õ�
°ú �Ér ��{�� LL_� ���Ãº ì�r�̧ ì�rÃºG�¹¡§ �©�I��̧ \V�©�½+É Ãº
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Fig. 18. Triplet amplitude G3(R3 = 3) plotted as a func-
tion of α in the lowest L = 0 state of different numbers
of Fermions N interacting through Uα in a shell with
2l = 2N − 3.

e����. VQP−QP(R) [21,32,39,40,50,52,53,69,70]_� :£¤$í


�̀¦&h�����t�·ú§�¦ Laughlin�©��'a>h¥Æ��̀¦ (QP�̀¦?/�í��¦

e����H) ¿1Ï �©�I�\� Áº���&ñ
 ìøÍ4�¤ &h�6 x���H ~½ÓZO��Ér �½Ó�©� $í


/BN&h�{9� Ãº��H \O��� [71,72]. s�/BM\�"f ��[jy� ·ú����:r ‘CF

QP[þt_� �©� +þA$í
’ Bj
�m�7£§õ� ‘QP �©�[þt ��s�_� Laughlin

�©��'a���6 x’�Ér ì�rÃº �ª��� f.Ë �©�I�\�¦ ×¼�Q?/��H �����Ó�o�̂\�

e��#Q"f ‘Dh�Ðî�r 7áxÀÓ’_� QP >h¥Æ�õ� q�·ú�»¡¤$í
 �©�I�\� @/

ô�Ç ���)� Dh�Ðî�r >�:�x ½̈�̧\�¦ ]jr���¦ e����.

Pcp��8ý òk>

�:r 8úx[O� �7Hë�H�Ér p�²DG \��-t�$í
, ô�Ç²DG�<ÆÕüt���<ÉªF�éß�, ô�Ç

²DGõ��<ÆF�éß�,ÂÒíß�@/�<Æ�§���½̈F�éß�_�t�"é¶Ü¼�Ðt�èß� 10#�

�̧�çß� Ãº'��ô�Ç $�	�"é¶ �ª��� f.Ë >�\� @/ô�Ç ÅÒ¹כ ���½̈���õ�\�¦

���½ÓÜ¼�Ð �ª��� f.Ë �©�I�_� ï�r{9���[þt çß� ïß�#� �©� ñ���6 x_�

%i�½+É�̀¦ F��̧"î
ô�Ç �.���s	כ s� 8úx[O� �7Hë�H�̀¦ ï�rq����H 1lxîß�
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The occurrence of incompressible quantum fluid states in a two-dimensional system is reviewed

as a result of electron-electron interactions in a highly degenerate fractionally filled Landau level.

Novel quasiparticles (QPs), called composite Fermions (CFs), have allowed a simple single-particle

description of the most prominent incompressible states. The properties of the pseudopotentials

describing the QP interactions are examined. Residual interactions among these QPs determine

the type of daughter states that can occur at the next generation of the CF transformation. We

show that the subharmonic pseudopotential describing the quasielectron (QE) interactions of a spin-

polarized system is different from the Coulomb potential and prevents the second generation of CFs

in partially filled QE shells. The subharmonic potential does not produce Laughlin correlations,

but favors the formation of pairs or larger clusters of QPs. Laughlin correlations are explicitly

shown not to occur for the lowest energy states in the spectrum when the pseudopotential is not

superharmonic. This new type of pairing correlation leads to a nondegenerate incompressible ground

state.
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